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FOREWORD 


i 

The Department of Education in Science and Mathematics has been ' 

working in the area of curriculum development in science and mathematic^ 

since a|ong time. After the publication of the Rational Policy on 

Education (1986)? a new mathematics curriculum has been developed with 

the active collaboration of mathematics educators from all parts of 

the country. To aohieve the desired goals of Mathematics education, 

the Department is bringing out not *nly the textbooks but the entire 

books 

Instructional package consisting of Problen/enrichment materials, 
Teachers’ Guides and other materials. 


The new textbook of mathematics for Class XI was already published.. 
It was first introduced in all Kendriya Vidyalayas during the year 
1908-39. All other schools affiliated to CDSE, introduced the bouk 
from 83-90. Several other Joards of Education in the country are 
adopting/adapting this new curriculum & textbook and these would be 
in uBe in the coming years in many parts of the country. 

Teacher’s Guide is an essential component of the instructional 
package and an instrument for effective classroom teaohing/learning. 

The first draft of the materials for this teachers * guide was 
developed in a workshop held at The Ramanujan Institute for advanced 
study in. mathematics, University of Madras, Madras from August 21 to 27, 
1989 under the guidance of Prof. M.S.Rangaoharl who was also a member 
of the IdEBT’s writing team. Later the draft materials were finalised 




:: il :: 

- \ 

in a workshop held at SOERT Udaipur from 15.1.90 to 24.1.90, We 
are aware that there is still scope to inprove these materials. 

We thought it would be more useful to circulate this materials 
among a larger group of teachers and teacher educators of mathematics 
and get their valuable suggestions so that these suggestions could 
be incorporated in the final printing edition. The Department of 
Education in science and mathematics will be grateful to all those 
who would favour us with their valuable suggestions/conments for the 
improvement of these draft materials and their contributions will be 
acknowledged. 

'I am grateful to all the participants of the two workshops for 
their valuable contribution^ whose names are appearing separately. I 
am thankful to my colleagues in tho Department Prof. K.V. Eao, 

Prof. S.O.Das, Dr. B. Deokinandan, Dr. Hukum Singh and Dr. Mukti Acharj 
who took active part in tho discussion on various topics in the workshc 
This book would not have com o in the present form but for the untiring 
efforts and hard work of Dr. Hukum Singh, who coordinated the whole 
activity. I am very thankful to him. 


ITew Delhi. 
February, 1991. 


Head 



, DBS<SM and Dean 
(Academic) 


IT *0 .E.H.T • 
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CHA PTER - I 


SETS, RELATIONS AND FUNCTIONS 


1.1 In trod uc tIon 

' . ‘ ' , i 

The concept of sets, relations and functions 3.’rve as a funda¬ 
mental part of the present day Mathematics. Tne study of sets 
have already been carried out in class IX, The main aim of 
this chapter is to study the sets, relations and functions in 

' 1 * 1 >. 1 i 

detail as these concepts are important for the study of advanced 

II 

mathematics. Sets are'used to define -the concepts of relation 
and functions. The study of sequences, analytical geometry 
etc. requires the knowledge of sets. Sets open a new era in 

I 

generalising oertain concepts and their application. 

i ' 

In a nutshell, thin chapter forms the foundation for 
modem mathematical knowledge and yet the concent is so simple 
and primitive that it does not con’iradzcts anything that our 
students studied earlier in the previous classes. 

, G, Cantor (18^-5-1918 ) vjas the first who introduced 
and used the set theory in mathematics. He developed an 
intuitively grounded general theory of sets, treating parti- 
■ cularly those' sets having intuitively many members. R. Dedekind 
defined real numbers on the basis of sots of rational numbers. 
Eor example, if we divide the rational numbers into two sets 
such that one set, say L, contains all the 'numbers which are 

. * f 

not greater than 2 and the other set, say R, contains all the 



me Albers which are greater than 2 ,’ then it is interesting to 
note that R has no leagt*merab^i’■ yihlls L has the greatest 
member 2.' According to Dedekind, this division defines the 
number '2'. In case L (Lower class) has no greatest member and 
R (Upper class) has no least member, the section made b 7 the 
sets L and R, defines an irrational number. The sections of 
this type of rational numbers made by the sets L and R where 

( i) and Pg are two .'.mutually exclusive properties, 

* ’ * - 

(,ii) One of these is necessarily possessed by every rational 

- 1 * 1 ’ 1 

number, , * 

and . v 

(iii) L has all the rational numbers"having property 

and ft has all the rational numbers having property P->,! 

, are called 'D edekin d guts' 


' 1.2 Content Analysis f 

Ip. this section the number of each subsection is in accordance 
with that ift the textbook. > * 


1.1 Sets ' ■ r> - \ 

By a set, we mean a, collection of objects which nru definite 

s t _* \ , 

, , , ’ r - 1 i*r * , , , 1 

and distinguishable. The objects.., in a set. can, be anything, viz., 
boys,, girls, people , 1 letters, -rjbyars, number a etc. These objects 
are called members or. eleme nts, of the set,’The important 
thing about the set is that it is,>considered to be a 'whole' 
i.e., an entity in itself., .Cantor defined the set as 

-V “ ' f , 1 
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sr ' A set is a collection of definite, distinguishable 
objects of our intuition or of our intellect to be conceived 
as'a whole ' • • 

It i's important to remember that if the objects are not 
well defined, they do not form a set . For example, 'the coll¬ 
ection of delicious dishes' is not well defined and thus does 
not form a set because a certain dish may be delicious according 
to one person and not so accord jag to others. Similarly collect¬ 
ion of good students is not a' set and collection of tall persons 

in’ the world is not a set. ' 

* / ‘ 

The concept of a subset of a set and the operations of 
unign and intersection have been defined nnd discussed in the 
text book at length. It may be noted here that 'ACTB ' implies 
that ' each member of A is also a member of 3', It may happen 
sometimes that A = B and in that case also, AC fl. However, 
if the teacher wishes he may discuss the concept of 'Proper 
Inclusion'. In that case L J iff ov< ry number of A is a member 
of B and there is at least one member of B which is not a 
member of A. If we are interested in proper inclusion, then the 
symbol 'CT* is .used for a subset and '£[/for a proper subset. 

f 

The set containing no elements is called the n ull ,.(or 
?J 5 P, 1 i 3 [)._set_ i and it is denoted "by 'S. „ It should be note'd here 
that ' , * ' 

(i) null set is a subset of every se-t, 

(ii) every set is a subset-of-itself. 



The students often fail to see the reasons "behind these ty;o 
theorems. The logic for these mny be given as follows: 

( i) If A is a subset of B, there are no elements in A .-which 

do not belong to B. Since there-are no elements in ^ which 
do not be] -ng tp givon_ Set, ^ is a subset of every sets. 

(ii) Since all-the elements of a given set A belong to 
- itself, every set is a subset of itself.' 

When we talk of any subset of a given se t a, naturally 
the curiosity arises to know how many subsets of a given set c.an 
be formed. It is important to note that we denote ' the sot of 
all subsets of A* by P(A). P(A) is callld the Power set of A, 

The following theorem which gives the solution of problem 11 
in Exercise 1.1, is of great significance, 

f 

Theorem 

If a set A has n elements, ttrcn the ,.j.t P(A) of all subsets of 
A has 2p elements. " 1 

?J2°£!. n is always a non~nugative integer. Therefore there 
arc 

^1 subsets each containing only one element; 

V |C 2 subsets each containing only two elements;; 

> IC 3 subsets each containing only three elements; 

^ c n subsets i.e., 


one subset con taming n elements 
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Lastly we note that £> is also onu subset of A, Thus the 
total number of all subsets of A 

- i + + ^c 2 + . " h v )c n 

=* V| Co + v ic 1 + Hc 2 + . + y fc n 

. ( 1 ♦ 1 )“ - S* 

Difference of. Sets... 

The difference of sets A and B is tne set of elements which 
belong to A but which do not belong to £, We denote the 
difference of A and B by A \ B which is read as ’A difference 
B' or'simply ’ A minus B \ . 

Thus 

i 

/ 

A \ B a jjx : x £_ A and x ^ B | 

It may be noted that A \ b ^ 3 \ A 


leaving aside the particul .r c rf- when A s B, because 
B \ A = y £ B and y ^ A J> 


The following Venn diagrams related to difference sets 


help in cleaning the concept 



AV B is shaded 

Fig.1*1 


A 



B \ A -is shaded 
Fig.1.2 






A \ B is shaded 
( Cases B C A ) 

Fig.1,3 



B \ A is shaded 
(Since no portion is ^shaded, 
it implies B \ A- = Q 'when 
B CA ) 

,Fig # 1.4 ^ , 


A • . • 8 ■» 



A \ B is shaded B.^ A is shaded 

(-whep A and B are (Wien A and a are disjoint 

disjoint sets, ' sets, B \ A = B 

A'\ B & A" ) ' Fig.l, 6. 

Fig.1.5 

* , 

Remark ' - 

■- ^ V 

t l * 

It is easily seen that 

( i) A \ B CT A because ■ a £ A \ B a A " 

(ii) B \ A Cl B because big, B \ A ^ h £ B 

(iii) A B , B \ A 'and A f) B are disjoint 




-7- 


S e ts as is obvious from the following Venn Diagram. 

A e 



i , * 

Fig.1.4 

1.2 C artesi an,, P roduct of' Sets, R el ations, . 

‘As a result of operations of union, intersection and difference 
of two sets, we got another set. Now we explain how we can get 
another set, called the cartesian product of two sets, with 
the help of the Oxdered ^ 4 The ordered pair of two elements 

, i 

a and b ‘is denoted by (a,b). This is called ordered■ pair 
because the'order in which we write these elements is 
important. So the ordered pair (a,b) is not the same as (b,a) 
because the order of elements is not the same in both the 

I J 

pairs. In fact, the order in one pair is reverse of that 
in the other. Thus the basic property of ordered pairs is 

that (x,y) = (a,b ) x = a, y=b, 

and so (a„b) « (b,ci) A asb. 

r ^ 

Tn the ordered pair (a,b) , a is called the fir^t member and 
b the second member., 










Tne g artesian product'of two V 6 ** A ^ nd ' B is the k5et 
of all possible ordered pairs such th,:,t the .first member of each 
pair belongs to A and the second member of each pair belongs 
to B, The cartesian product" is..written as A x B t 


A x B 

={(a,b) 

• a £ ( A, b £ 

i ■ - 


If a' 


'2,}“ 4 B *{ 

b r h 2' h 7 } 


then A 

xB =[ 

^3*^ j b>j ) f 

b 2 ) , (a v b-j), 

( fi^ 9 b ^ ) 9 



( &2 9 ^2 ^ 9 ^ a 2* 

V } 


Also 

A x A 

$ Q-g) 9 

t 


> } 


-if* n 

Similarly, the cartesian product of two sets B and A, i.e 
B x A will be the set of all possible ordered pairs whose 
first and se ' members belong to B and A respectively. 


• t 


Let [ S | aonote the number 01 elements in a set S 
(The number j S( is called tne cardi nality: of the set S ). 

Now we see that for a particular element ’a 1 of A, the number 
" of ordered pairs in A x B having a as its first member is B . 
Since there are J A | different first members among the 
ordered pairs being considered, it follows that the total 
number of ordered pairs in 


A x B is | A | j B { So 

|A * B| « \M |B| 


i.e. ,cardinality of A x B is equal to the product of the 
cardjjnalities of A and B, 
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Relat ion^, 

r„ ^ ^ 

f . 

Every'set df ordered pair i> retire pent s some relation. If this 
set. of ordered pairs is a subset of A x B, it is said to be a 
relation from A to B. It may be noted that every relation is a 
relation in some product set, say A x B. We c§lL1 A x B the 
universe of discussion -when v/e are discussing relations from 
A to B. 


Exampl e 

1. Let A 0,1,2 jand B = £*3,4 

Then 

AxB =£( 0,3), (0,4), (1,3), (1,4), (2,3), (2,4) J 

Since R & £ (0,3), (2,4) ^Jia a subset of A x B, R is a 

2 j I' and 

It may be noted that the set of the first elements of all 

■ i . » 

ordered pairs in R is called the. dome Ln of R and the set of all 
second elements of-these ordered pairs is called the range 
of R. Thus for R : A =^B, 

Domain R CA , , ; 

Range R C B , 


its range is ^3,4 J 


relation. The domain of R isnO, 


8 = 


2, If X « Y = R (set of all real numbers ), we may define a 
relation r on R by setting 
r m f ( x »y) ; x r y _ iff x gyj. 

Thus (4,5) £ r since. 4 and so on. Remember (5,4) 

^r since 3 is not, less than‘4* Thus this relation fis 

’ ' ? 

a proper subset of R x R 


’ f 
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3. Let X be any set P(X) is,the set of all subsets-of X. 

A relation R between X and P (X) may be defined as 

R = ^'(x,A) £'X x P (X) $ x £ A, kC. P(X) J 

This relation R is the relation of 1 belonging 1 between 
elements of X and elements of P(X) such that if ,x £ X 
and A £ P(X) then x RA x £ A, 

4. Let R (m,n) j£NxN:m=5n- j 

Then R-C N x N . Therefore R is a relation 4 on the 
set Nf. We white -g5 R5 , 30 R6, 4'5 R9, 45 $ S, 8 48» 


inverse cf a Relation. • - * 

n ■»» 

Let R be a relation from a set A to a. Set B, The 
relation R“^ from B tQ A is said,, to 1 be the inverse relation of 

R iff , . , , , , 

v 

R" 1 ^ (y,x ) • (x*y) £ R J,* 


i 3 

u 


Example V r , .. ,• 

Let A =£ l,m, n ']and B = 
If we take relation . 

1 t 

R - { (1, a),. (l,b) , (m, 'a) 
from A to 3, then relation 




from B to A is the inverse of R. 


Remark 

Every relation has an inverse relation. 

Equivalence Relation 

A relation R from A to A is an equivalence relation i. if 

(i) R is reflexive, that is, for every a£A, (a,a) £ R, 
i. e., a Ra -Y- a £ R 

(ii) R is symmetric , that is , (a,b) £ R implies 

(b,a) £ R, i.e., a R ba^b Ra 

(ii'i) R is transitive that is, (a,b) iR and (b,c) £. R 
implies (a,c )£. R, i.e., a Rb, b R o a R c . 

Example 

Let T be the 'set of all triangles in the Euclidean plane. 

Let R be a relation defined in T by ’x is similar to y 
Then R is an equivalence r.’j.’tioii because it is 

-(i) reflexive since every triangle is similar to itself, 

(ii) symmetric because if triangle x is similar to y, then 
y must be similar to x. 

(iii) transitive because if triangle _x is similar to y and y 
is similar to z, then triangle x is similar to z. 

All the following relations are equivalence relation in the 
indicated sets, 



(i) " Is in the same class’' 'in the set of students in a 

i 

school. 

(ii) '* Is parallel to t! in the set of lines in the same plane. 


(iii) " Has the same modules as " ih the set of complex 
■ numbers. 

(iv) " Live in the same house as " in the set of persons in 
a house. 

(v) " Has the same number of pages 'Lon the set of all books. 
Following relations are not equivalence'relation. 


(i) " Is a brother/sister of " on the set of brothers/sisters 

1 1 1 

in a family. For, this relation is not reflexive. 

(ii) ’ Is a husband/wife of " on the set of husbands/wives, 

",V 'Fqt this relation i*s hot 'symmetric. ’ 1 

_ „ . L . -h * ,v 

* One of the most important properties of the equivalence 

relations deal with what are called " pa rtitions of set.s il . 
This, is explained below. < ^ . 


i ■ 


t r [ 1 * 1 x 

Let R be'an equivalence relation on a set A. Then 
the set 

X':xRa,x£A, a^A ^jis a subset of A and is 
called an equivalence class of A determined by on element 
fc of A. The equivalence class determined by an element 
a e A is denoted by a , Thus a s f x i x R ^ x [ A 
Similarly we define b , c , .... where b, c ,fcA. 



The family consisting of all equivalence Classes 
_ c - of A is called the quotient set of A w.r.t. 

the equivalence relation R and is denoted by A . Thus 

A =< TL ** °. * 


Partition of a_S_e_t 

Let B r ( C A ) be a non-empty set for each value 

of r in an index set A. Then a family of non-empty sets 

f « 1 is called a partition of A if 

l .. r j r£,A 

(i) A = U B 

(ii) For any B p , B 0 \ }r £ A 

either B r ‘= B s or B r Q ^ 

E xample 

Let A =.[ 5,7,9,IX, 13,15,17,19 J 
B 1 .{■ 5,7,9 J, B 2 p { ll,. 13 }, B 3 -[_15,17,19. } 

B 4 = {ll, 13 J, & * £ 1 , 2 , 3 ,4 }• . • 

Then the sets B^, B£, and have the following proportie 

4 * 

(1) A,U >r Ul) BpO B s .p (or Bp - B„ ) 
r=1 

for r £ s. Evidently the family of sets r£J ^determines 

a partition of the set A. With these definitions in mind, 
we can now present the, following result. 



Theorem 
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Let ' R! r be 'an,'valence relation iii d set A, then the 
Set S = f ’ fcf 'C(iuivni!eiicd''ci L ass^s is a? partition■ 

of the set A. 


1 , 


Proof ( ‘ r 

* \ 

In order to prove the theorem, -we must show that the set 

j ! ■ i • i 

of equivalence classes satisfies the definition'of partition ' 
of A. First of all, we observe that if c is .an equivaldrisa 
class, then c is non-empty since c g c . Furthermore, for 
an arbitrary element b £ A ? we have b £, b j therefore, the 

s , * A , > 

union of the elements of, S is A, ■ • ’ 

> ' .( I ^ *• 5 ■ , r { 

> - t i U - < - J r ^ t 1 1 Z 3 

> , » . i 1 i 

Now it remains to show that every two distinct elements 

C t 1 -■ • ; ’ 

of S are disjoint. Suppose b and c are'two disjoint elements 
of S. We shall a&skiiid■ that B. and.& oare not_disjoint, u Th^fi-i j 
under thus assumption we shall prov^ tftat r B> ( = c which will 
contradict that B and c are distinct, implying tha't■ bur 
assumption,-that B ancjr o*. ,are not disjoint is iqcor.rect, . . 

Now if Tv''and' c : - are not 1 ' 1 disjoint, i-t; fallows 'that < • 

B r> c = 0 which implie-s 1 that the ; re -existsu'at l^astuone r .■ 
element x £ A such that x & B 0 c. Hence x £. B and x £.c . 

Thus x R b and x R c . Since R is symmetric, therefore 
b R x and we have b R x and x R c. Since R is transitive, 
we get b R c and so c R b also. 

We now show that b ■ c . We do this by verifying 
that each of b and c is a subset of the other. Suppose 
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y ^ br',y R b and- we have shown that b R c, therefore 
y R c, since R is transitive. 

=£* Z £ * 
b CZ e 

Similarly if d £ c d R c 

^d R b ( */ c R b ) 

^d £ b 
^cCb 

Hence b = c 

N 

This proves the theorem. 

The following example illustrates the above theorem. 

Let A = £ 1,2,3,4,5,6 J and let R be a relation such that 

R =£(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), 

(3,2), (3,3), (4,4), (4,5), (5,4), (5,5), (6,6) : J. 

It is clear that R is an equivalence relation in A, 
Hence according to the a. wvv. sneorem „ a £ A^ is a 
partition of A, Here the choices for , a* are 1,2,3,4,5 ahd 6, 
We have 1 = { 1, 2, 3 J, 2 = .£J, 2, 3 •'} 

3 -ft. 2, 3 }, 4 =[4,5 }s=.f 4.5 } 

6 =£ 3 Hence 

{ S : a {% 2 ,.3 , 4 , 5 , 6 } 

’ f f. * • 5 3 , 

the last equality following because 1=2=3 and 4=5* 

It is clear that£^i , 4, 6 J is a partition of A. This is 
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shown D y tho figure below uhere we see howthe set A is 
partitioned by the equivalence relation R. 



Partial Order Relation 

First we will define what is an anti-svmmetrie relation; 

A relation in a set A is said to be antisymmetric if 

x, y £ A, x R y and y ft x ^ x ■ y . 

V \ . 

For example, in the se l a- an* .-M numbers N, the relation 

'• r 15 '>r 

1 is divisor of * is anti symmetric because a/b and b/a 
will only be true when'a at'; ■ . . w l 

In the get 1 of all sets’, ^fchef relatioq 'is a subset of* 
is anti symmetric', v ! ' . 

A relation which is (i) reflexive (ii) anti 
symmetric and (ill)‘transitive is called a partial order 
relation. , • ‘ , 
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1.3 Functions 

Let X and Y be two given non-empty sets. A relation 

i j . 

f from X to Y is called a function from X to Y written as 
f s X-*Y iff 

(i) the.domain of the relation f is the whole set X, 

/ i 

i.e. each element of X is related to some element of 
-Y.' 

(£t)n for each x X, there is exactly one ordered pair 
(x,y)£ f , i.e. if (x, y 1 ) and (x,y 2 ) £ f, then 
7 l * y 2 . This means that each element of X is related 
to a unique element of Y. y is called the map or image 
of x under the mapping f and is written as y *= f (x). 

Example 

1. A single real valued Junction f(x) of a single real 
variable x'is identical with the mapping f : R-^R where R 
is the set of all real numbers. 

When y = f (x) and x, y £ R, we say that y is a real 
single-valued function of the real variable x iff for each 
x £ R, there corresponds a unique real number y, i.e., f(x) 
which we calculate from the formula y = f(x). Hence the 
function ‘f 1 associate p with each x £ R, one unique y £ R. 

Thus we note that (i), the domain of the function f is R and 
(il) for .each x there is exactly one ordered pair 

(x,y) determined by f, These are exactly the characteristics 
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of a mapping f; R *^R. Hence the real single valued function 
*f(x) is identical with the mapping R —^ R. 

21 Let R he the set of all ,real numbers’ and R + < be the ' 

set of all non-hegative real numbers. Show that the mapping 
f: R-$>R defined by f(x) = x for each x £ R is an* on to mapping . 

i. i- 

- « 1 * - 

For, since the square of every real number x £ R is non¬ 
negative real number, it will belong to R + . Also every element 

1 

in R + will surely occur as the second element of some 
ordered pair in f because given a £ R + , it is always, possible 

P " 11 * ,fc 

to find some b £■ R such that b * a. Consequently, the mapping 1 
f; R~^tR + ' is onto mapping, 

\ i < 

3» Let R^ be the set of all real numbers greater than -1/ 

9 

Then show that the mapping fj R-}R 'defined by f(x) « x 2 for each 
x £ R is into mapping . 

t J /C 

Since the range oi mapping is R* which is a proper, 

subset of R y hence the range of f is not the set R„ and 

* 1 , 

therefore, the mapping is into. ’ 

Note that the mapping f; R . R defined by f(x) ^rx 2 i > 
is also an into mapping. It is said that 'f is ^ mapping of 
R into itself*. 

, » { 1 
;; , * 1 ’ 

4, The mapping f: R-^ defined ;by f(x) = x 2 ' of Ex.3 ’ " 

is an example of, a mapping which is many-to-ona and- into; 
vihile f: R-^R + defined by f(x) ^x^is an.example of a 
mapping which is many-to-one and onto. 
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r\ 

5. The mapping fs R + —> R defined by fCx)^ is an example 
of one-to-one mapping which is into. It is one-to-one because 
no two distinct elements oZ R + can be mapped with the same 
element of R. It is into because the range of f is a proper 
subset of R, 

6. The mapping f; R + -^ R + defined by X(x) = is an example 
of one-to-one mapping which Is onto. It is one-to-one Ducause 

no two distinct elements of R + can give rise to the same element ' 
of R + and it is onto because the range of f is the whole set' 

R + . , , 

7. The mapping f; R —^ R defined by f(x) =s cos x -V- x R 

is neither one-to-one nor onto, for _ 1 

(i) f(x.) ■ f (2n f* + x) where, n is an integer showing 
many elements of the domain give rise to the same element 
in the range. Hence mapping is not one-to-one, 

(ii) £(x) always lies in the closed interval £-1, 1 3 and 
hence the mapping is not mi[-n, 

i 

Now if we vary the 'domain and range of tne above mapping 
according to the rule f(x) = cos x V x in the domain in a 
manner that 

(a) f: ^0, it will be one-torone mapping but not onto. 

(b) f: R“£> £-1» 1] , it will be an onto mapping but not one-to-one. 

(c) f! [0, £-1, 1J , it will be one-to-one as well as onto. 



Composition of Functio ns 


Two functions if and g are said to be c }mpo sable 
iff the range of f is at subset of the domain of g. Thus if 
f: X Y and g: Y —> Z are Wo functions, th$n silica the 
ra,nge of f is a subset ^of the domain of g, i.e # 'thesfe .Wo 

functions ate composable. Let 11 s define a function fi • X ^ Z 


by associating with each element x £X, the element 0 (x) of 
Z such that J0(x) = g j"f{x) } . .This function 0 is,also denoted 
by go f and is read as 'g composition f. Thus g 1 f * f(x) 


Thege mappings can be shoiwn in a .pictorial for% nu.as follows. 



,._Fig.l.ll ... ■/ . - ! 

If there are two mappings f: and g; R-^R, then 

since range of f will always be a subset of the domain of g, 
f and a are compo sable (i.e., go f exists). Also, since the 
range of g will always be a subset of the domain of f, the 



! 
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mappings, g and 'f are.composable ( i.e. , fog exists).Thus 
here go‘f and f o g ‘both are defined. It will bd found that , 
in general, gof^fog. For instance, let f; R R be a 
mapping defined by f(x) * x 2 for every x £ R and g; R-?R be 
a mapping defined iy g (x) =coSx^3c g.R. 

Then ( g o f ) (x) = g£ f(x)j= g (x 2 ) = cos x 2 
x fc R, 

and ( f o g ) (x) = f^'.g(x) f (cos x ) = (cod x ; 2 
*f~ x £ R . : Obviously g o f ^ f o g. 

Thus th§ composition of two mappings is not necessarily 
commutative even if g o f and fog both are defined, 


f^ , ±2 £3 » £5 and fg are functions from the rationals 

in the open interval ( 0,1 ) to the rationals defined by 

f 1 : x-^x, f 2 s x p’ 1 —x, f- 1 x . , f 4 s x^_jl_ , 

' 1 -x 

, 1 

fc s — . fg : x—^ x-_ 1 _ , Using composition 

3 x ~1 . . x 

of the mappings as the operation, an operational table may be 
constructed as follows. 




*5 



f 

4 


3 
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No t ice that in ord§? to determlhe that fg o f^ = fy 
the students have to he able to simplify cis follows! 



o f 5 ) (x) = fg 


{ £ 5 <x) .} 



X 

x-1 


- 1 

x-1 


_ X, 

X- 1 


_J~ = f,(x) 

X 5 


f 6 0 f 5 " f 3 

Similarly (f^ o f^) (x) = f^£ f^ (x) .}= f^ ( J- ) 




■ ■■ ^■■ni ■ 

1 - 1 _~ 

X ( 


= f 5 (x) 

x-1 


By carefully observing^the bperational table, the .students 
will be able to discover that the set£ £^, f 2 , fy f^,f^,fg J 
under this composition is non-cofnmutative. 


Inverse' of- an Element Under a Mapping 

■ ! J ' 'i ■ 

If mapping f; A B f then the ihWrse.' element of an 
element b £ B is a £ A if f(a) = b- and we write f-.^b) =,a. 
It is likely that a particular element of set B may not have 
or may have more than one inverse, element. This depend s upon 
the type of mapping. The set of inverse eleraents of b £ B 
is denoted by 

f -1 (b) a: a £ A , f(a) » b^K, .2 
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Tn verse Function , 

If fs A —^ B is an one-to-one function, then -we define a 

function g from B to A, i.e. g ; H -^A such that g(b)= f" 1 (b). 

> \ 
This function g is called the inverse function of f and is 

-1 

written as f . 

Example 

If A a,j, d.^, & ~ b 3 j 

and f: A B, fCa^ = bg» f C a 2 ^ = b v f ( a 3^ = b 3 » Then 
f“^j B A and f”"^(b^) =, Up * ^ "^(bp) = a^, f ^(b^)=s a^ • 

1.4 Binary Operations 

Let A be a non-empty set. Any function or map f: A x A -t’A 
is called' binary operation on A or binary composition in A. 

The ‘image of an ordered pair (a,b) £ A x A under f 
is denoted by a f b . Mostly addition ’ + * , multiplication 
1 x * .or 1 are used as binary operations. 

If '0 r is a binary operation on A then we also say that 
A is closed with respect to the binary operation 0. 'O' is being 
operation on A iff (a.b) £ A, 

Example 

1. Addition is a binary operation on the set N of natural 
numbers, where, as subtraction is not a binary operation on N. 

For addition of two natural numbers is always a natural 
number, but subtraction of two natural numbers is not necessarily 
a natural number. 



2. Addition is a binary operation on ihfc set R of real 
numbers. For sum of two red numbers is -/always a real number, 


3 . Subtraction is binary operation on R. For difference 
of two real numbers is a real number. 


4. Division-is not a binary operation on R but division is 
binary operation on R -|0 . j - 

5. Multiplication is a binary operation on the set 

A = j" i, - 1 , i, of 'four fourth roots of uniev. For 

product of any two elements of A is an element of A, which 

1 

'can be' seen in the following composition table. 



6 . Addition, subtraction and multiplication are bin lry operatic 
on the set of matrices. For, let A and B bo two matrices of the 
same type m x n , Then tneir sum (to’be denoted by A+’B) is 
defined to be the matrix of the type m x n obtained by adding 
the- corresponding elements of A dnd B. Thus if 


A 



mxn 


and 



then A + B 
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matrix of order m x n , 

Similarly, if A » [a^ ] mxn and B * jb^J are 

nxp 

two matrices such that the’ number of columns in A is equal 

to the number of rows in B. Then the m x p matrix . C =, [c ik “] mxp 

n 

such that C. k = ^ a A b^ is multiplication of tne 

* 3 

matrices A and B in that order and we write C = A B 

7. Multiplication is a binary operation over the set of 
permutation. For, let 

X B f a 1? a 2 ,.^ j. bet f s X — >X and g 5 X —^ X be 

one-one onto maps. Then f, g are permutation of degree n. 

Clearly g o f : X—>X and fog: X-^X are one-to-one 
maps. Hence fog 1 and g o f are permutations of decree n. 

Thus the product of two permutations of degree n is a 
permutatioh of the same degree. 


8 , Addition is a binary operation on the set of poly¬ 
nomials. For addition of two polynomials in a polynomial. 


Cojim^atativity_ and Assoc'lati ylty oi Binary ..Opera tions., 


A binary operation 'O' ov~r a set A is said to be 
commutative if two elements a, b of A, o o b » bi-o a. 

Exa mple 

1. "The operation 1 +* is commutative in N, I, ,i , R and Cl. 

2. ' + ' is commutative over'the set of matrices i.e,, A :■ B ^ 
B + A for any two matrices A and B of order m x n. 

1 9 
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3 , is not commutative over the sft of matrices. 

1 f , '■> .* * ( 

•' Assocl atlVliy ,-- , , S _ , ’ * " V '■" ‘ 

' % * ' j v -* 1 * „ 

-A -binary operation *0* over a |iet A 'is said "to"be 
- - - * , 

‘ associative if for'every''three elements a, ,b, c of ’A # ( a o b) 

■’6c =0J0 ( b o c ). • ' ' , r, 

• t V" - : , ■ . ' - 

,i , j 

-' Example^ - , t f , 

1. 1 Ordinary addition is 'Associative over the set N f I, Q, 

* s , It v 

R and C. 

) 1 1 1 
f * ~ 

2 . - Ordinary subtraction is neither commutative nor associ- 

^ Up i 1 1 * 

ative over- the, sets I, Q, R s £, J • , ' 

3. Addition of matrices' is-associative. i.e. if A,B,C 

M rfl A ■ 

are three matrices each of the type m x n,. then , 

(A + B) + C. = A + (B + C)., , ■ 


4v , Metric multiplication is associative; jif t ,conf or inability 
is assured i.e., 

(A B ) ,C a A ( B C ) if A, B,C are m x n , u * p , p x q 
matrices respectively. - ■ ■ ' 

- . , , r _ 1 * 

Identity Ele ment with Respect to,,a Bin ary Operation/ 

r k , 

Suppose 'o’ is a binary operation'defined’ over the set 
A. Then the set ,A is’ said to have ’Ah’iLdtuitity.element vJ.it h 

> s 1 * 

respect to the binary operation *0 * if 3- e .V. A suoh that when 
e is applied to an element:A'under the -givers, operation 0, 
leaves the element unchanged i.e. , 
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eoa=ao<s=ia (l) 

TVhen e o a = a, we soy iho.t e is a left, identity for 'o'. 
When a o e = a we say that e is a right identity for 'O'. 
When (ij holds, we say that e is a (two sided )identity for 0. 

Example. 

1 , The set N of natural numbers has no identity element with 
respect to addition, but it has the identity element 1, with 
respect to multiplication, 

2 . The sets I, Q, R, C each has an identity with respect 
to addition as well as multiplication, these being 0 and 1 
respectively. 

3 , Null matrix or zero matrix is additive identity in the 
set of matrices. 

(A+0=0+A=A) 

4. Unit' matrix is muJ -ipl'cv tivo identity in the set of 
matrices. 

(Ala A si A) 

Inverse of an Element of A 

Let 'o’ be the binary operation defined on the set A, Then an 
element b of A is said to be inverse of on element a of A with 
respect to the identity e. (relative to the binary operation 
0 ) iff 
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a o b « b o a « e ( 1 ) 

’} * 

b is called left inverse o t a + v Votive to e if b o a « e , 
while b is called the right inverse of a' relative to e if 
a o b = e , while if (i) holds b is called the inverse of a . 
On the basis of the definition of an inverse of an element it 
is easily seen that a is inverse element of b. 


Example. 


1 , The set N has no inverse for any of its elements with 
respect to additions as well as multiplication. 

5* The set I has inverse for each of its elements with 
respect to addition but does not have inverse e or ell elements 
with respect to multiplication .-Find which elements of I hove ’ 
invarsos with respect to : multiplication. 


3* The set Q (R, C ) hoy inverse 
'with respect to add{tion ’and for each 


for 
o C 


eJc'x of its elements 
1 

its elements except 


0 with respect to multiplication. 


4. In case of matrix, the matrix - A is the additive inverse 
of th$ matrix A. Obviously - h + A * 0 -„A + i('-A). 

3. Learning O utcomes^ 

(a) Essential Lear ning Outco mes 'for An f ” 


After going through this chapter a- student should be 


able to 
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(i) Understand the concept of a set, relation .and function. 

(ii) perform the operations related to the sots such as union, 
intersection, complex ntrtiou and difference, 

(iii) have the knowledge of different type ,3 of relations, to 
identify and distinguish between them. 

(iv) have the knowledge of the function and its different types 
and have ability to distinguish between them. Students 
should know, the meaning and'understand the inverse- of a 
function. 

(v) know the difference between relation and function and 
difference between their domains, Here it may be noted that 
the domain of a relation from A to B is a subset of A 

and its range is a subset of B wh< re as domain of a function 
is the entire set A, 

frvi) able to perform the composition ol functions. 

(vii) Understand the raeauiiv; jf c, binary operation. Given a 

I 

I 

binary operation the pupil should be able to state whether 
the operation is commutative, associative admitting 
identity and inverses. 

(b) Learning Outcome s. f o r the Higher Grou p.. 

After going through this chapter, students of higher 
group should be able to 

(i) have ability to use the knowledge gained in solving 
problems connected with se bs, relations and -functions. 
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(ii) Solve difficult and challenging problems. 

(iii) Use their knowledge for solving puzzles, quiz etc. 

(iv) Construct composition table with the help of a given 
finite set and binary operation. 

4 . Teach ing. Strat egi cs.., 

Learning takes place effectively if the subjecL is 
taught in an inters sting way and it is .insured that the 
students are understanding whatever is bring taught. For this 
the content should be related to day to day lifp situation. It 
should be from.'oagy to difficult’ and 'from concrete to 

I t 

a bstract* , Below are. given some) hints for effective teaching 
of this chapter. However.it depends largely on a teacher's 
resouxCttfulness that how effective his teaching is. 

Th~ students have already learnt the sat theory in the 
previous classes, therefore the teacliei should teach sets 
mostly as a recall. Tht .relation, function <nd binary operations 
should be taught in detail. 

Mot ivati on. 

Oniere d Pair. * 

The ordered pair should be -’xplainnd by introducing pairs 
as representing a certain fact. For example* if pair (a,b) 
represents that a and b live in the same country, then (Ashok, Ari] 
will mean Ashok and Arif liv-j in the same country. Similarly 
if (x,y) means x is father of y, then (Rokesh, Vijay) will mean 
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C ‘ 

Rake; sh is" father of Vi jay. Now in the first cage Ijr we write 
(Arif and Ashok live'in the: y no country which expresses the 
same fact as i-xpressed hy (Ashok, Arif). But; in the second case 
if we change the order we get (Vijay, Rakesh ) which moans 
Vi jay is father of Rakesh which is not true. Thus if the 

pair (a,b) represents the fact that 7 n is father of b 1 then 

\ 

we can not change the order. The order is important; such 
pairs in which the order of elements is important, are called 
ordered pairs. Similarly 

(a,b) = a and b are class fellows is nor an ordered pair. 

(a,b) s a is capital of b is ordered pair. 

1.2 Relations 

The concept of relation should be introduced by 
taking some prevalent relation in our society for example 
the relation of is maternal uncle of 1 . It should be made 

j v 

“clear to the students ‘by 'askin * tiy following questions; 

(i) When a person x is maternal uncle Lo another our son y ? 

(ii) If x is the 'brother of y*s mother, who will be matern 

uncle i '°f‘ 

The answer to first question illustrates that a relation 
is established when a particular condition is fulfilled.The 
answer to second querry shows the importance of order. 

In order to show that a relation is from a set A to 
another set B (B may be equal to A ), the following two sets 

of adults and B of children should be taken. The arrows show 

* 
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which. element of A, is maternal uncle of "which element of B, 


A 


Karim, 

i* 


Anamd 


J 


f* • y v ^ 7-a, ^ n 

B r=» Pintoo, Simon,- Latif, Ashok, Ram j 


This relation R is represented by the set of ordered pairs 
/ * 

(Mohan, Pintoo), (Joseph ,Simon); (Karim, Latif), (Mohan, Ashol 

i 

■which is a subset of A x B, '■ 

Another example of a relation may be taken as - 

follow ss 

Consder two sets of persons X and Y, Suppose X consists 
of persons: 

i ' # 

a, b, c, d, 0 

with ages 5 , 10, 14 , 17 , 20 

years respectively and Y consists of the persons, 

P» Q., r, s, t 

with ages 10, 25, 50/ 28 , 34 

years respectively. Thus 

X - { a, b, c, d, e J '<■ . 

Y =[ ‘P, q, r, a, tj. 

Now observing the ages of the persons, the relation 
between the ages of a and p, c and s, and d and t is in the 
ratio 1 t 2 . If we assume that a person £_X will be related 

i 1 1 

a person £Y if the ratio of their ages is 1: 2. Thus as' 
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IttgardS their agCS>i iicVC/1 Ol Lht! pairs {, U, b) ,j \Cj b), (d,t) 

ijs in the said relation. If wr denote this .-elation by a 
Jingle letter R, then this relation will be denoted by 
a R p, t R s and d R t . 

The relation R, therefore , is c set of ordered pairs 
(a,p ), (c, s)» (d,t ^ L.e, 1 

R ® l (a,p ), (c,d), (d,t) } 

Which is a subset of X x Y 

Each pair is said to 1 be an ordered oair since sac,'a pair has 
been written in one and the came order. Tnere .are pairs in the 
above .example, which are not in the above relation R. For 

i 

s 

instance (a,q ) R, since age of a; age of q = 1:5 , which is 

a i-elation different from the ,'bove ‘relation R. This fact 
iis albo written as a ft q. 

a next example, suppose we collect pairs of persons 
one .from X and the other V ■ ■ ' '.hose ago: ore in the relation 
1: 5. Obviously there are only two pairs viz (a,q 'l and (b,r ) 

I 

which are in this new relation say s . In this cage the relation 
s contains only two .elements, 

These examples- show that a relation lvtween two sets X and Y 
is nothing but a set of ordered pairs (x,y) with x X and y 
ei’Yj, The’number of elements i.o. ordered pairs in eaoh relation 
between two secs X and Y will depend on the nature of the 
relation prescribed, T 

It may happen that a relation between X and Y may conrain 
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no elements at all. For instance, in the above example, 
if the ages of two persbnr. - on$ in A and the other in Y 

are to be in the ratio 1 i 3 , there is no pair* which is 

this relation. Such a relation is called an empty relatii 
v/hiGh is the smalle_st rela tion. 

There is another extreme case in which a relation m,r 

, 1 , t 

contain all the ordered pairs (x,y; -with x^X and y^_y 
For instance suppose persons in the set X are right-han^L 

badminton players, and those in the set Y are left-hand*!* 

badminton players nnd we have to collect pairs based on 
relation that in each pair one player is to be right-haiu 

and the other left-handed. If we denote, this relation bi 
then 


i. 


•t = X x Y 

Obviously this relation Is the .lsifgest possible relatloj 
between X and Y, ■ 

These examples show that -any relation R between two 
X and Y i 3 always such that RC x x Y. - 

Since a relation is a collection of ordered pairs r 

than ordered trippies etc. We call it a binary relation 

But it is customary to use the word 'relation’ in place 
'binary relation’. 

§ ^.Y^ nce^5 iation and Par tition ' 

This topic may be motivated to the students in the 


way. 
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1 * "Let A represent the set of people resi^in^ in a town* 

' r i 

No-w we define, a -relation on' ;/ -n.Tsnv>ly .£■ L b iff a and b, 
live in the same house, assuming ■ that Jill people live in 

* v * * 1 ; 

one or the other house. Then this relation is an equivalence 

I , 

' 1 L ' ^ I 

relation. This will partition the set A. The set of houses" 

i ■ j 

forms partition of A. Thus i^- P is the partition of A, 


then 


P 





is 


the set of people living in the htfuefi i v 


2. Consider a'school which has" classes 1 to 12. liet $ 
denote the set of students in the school .. Lu t. us define 

i 

a relation'R on S as follows; 


i 

a R b iff a and b are in the same class . This 

- ' i i * > 

relation is an equivalence relation which partitions tiie " 
set S into 12 disjoint Sets, Each class forma on«? such 
disjoint subset, called equivalence class* In this case 


" A P =» j S- S. is the set of students in class 1. i 

" "I 

varies from 1 to 12. > 

I 

More pr g c ise’ly i 

> t 

5^ =* set of students in class 1, 


f ,... 

\ 

- s 12 = , set of students'in class 12. 





3. 


-■* '. •! . 

Ti..s folio-wing relaticr in th«. set of ,all .scob'tdrs .at 

t 

a particular scooter stand ShbUldfbe -ti.keja r 

V 

» I ’ 

' 

x R y if scooter x is of the aajfte tnake is y/ This 
example -will help students Lo see the conct-pt of ’’partitioning’ 
A particular equivalence class' will contain the scooter 
of the same make. 


'lJ3 * ... v Functi ons _ 

' t t - r 

■' JS;,- 

Functions should be introduced as particular cases 
of relations, i.c.,, a. .relation from A to B whose domain is 
the whole Set A and every element of A has no mor,e than one 
relation in'B. A relation from a set of enliven to the set 
of all male adults, defined'as ’is son of’ ia iul Sample'of 
a function, 

rl ■ , ' 


* - Injebtiye, surjective and bijective 

demonstrated by taking the gft of students 
of Chairs, The students' should be made to 


functions can bo 
in the class and the 
sit,on the chairs 


so that mapping'of different types may b>-. defin.-d 


Tl* composition of mapping should bs explaint , d through 
charts and diagrams, - 

Misconceptions/Common Errors . 


type 

(i) 


Expe rienc e s . sho w that' ’ tlie 


students have the 'following 


of learning difficulties'and misconceptions 


The gti^ents pan not distinguish b^t 
set- and the null- set, They take the 


waen- the ^ single ton 
singleton£ °h& J 
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as null set . It should, bu -xploined to th:m that 

<j^0 J has one element nan ly 0 , 

{> > has ono element 

Trfhile Jior^ ( 5 has no ^lenient 

(ii) They confuse among, the symbols 


& 


The difference should be explained. 


(iii) They con not see the difference between a relation 
and a function, this should be explained (sec the content- 
analysis). 

(iv) The students some times misconceive that as in the 
case of a function from A to B the domain is the set A, so 

is the case for a relation from A to B. T \is should be cleared 

that ir. case of a relation "rom A t^ B tho domain of R a 

a ; (a,b) £ R which may or mu * not be equal to A, 

(v) Often g o f and fog are not understood properly. 

The students take g< o f for fog and vise versa. The 
meaning of these should bo explained cl.nrlv. 


So 1 ut ipn s/h ints for difficult Problems Tgjx t Book., 


Exercise 1.1. 

1« Proo f; Let £ x £ A c N*. B c 
This ^ x £ A c and x B C 

zz^ x ^ A and x £B 
, £ B and x jb A 

£. B x A 
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\ k°\B Q CZ. B \A (i) 

Again 1 • , , 

x £. B \ A ^ x £_B and x A 

^ ,0 x <£ A c ' and x ^ B c 
x t A c - \ B c . „ 

By CA° \ B° (ii) 

From (i) and (ii) 

A c \B C « B \ A 

‘ \ 

4. Let (a,b) , (o,d) and (e,f) £N x N 

l " 

(i) R_ jj a .. reflexive 

'ji - / *, 

We know that addition of natural nun be r s satisfies 
commutative, lavi viz 

I 

ft + b • b + a -V- a, «b- £; 

Hence (a f b) R (a,b) .Therefore R is reflexive, 

/ 

( ii ) R i s syjmnetr-> c 
Let (a,b) R (c,d) 

Novi (a,b) R (c,d)^a + d « b + c (by dcf. of R ) 

< ^ > b + c = a + d (' y * equality is symmetric) 

g + b « d + a ( ■ * *+’ is commutative) 

* 

4^?(c,d) R (a,b) 

R is symmetric 

( iii) R.is transitive 

Let (a»b) R (cjd), (c,d) R (e,f)-, 

No« (a,b) H Co,d)4^a + d » b + c (by def. of R ) 

( V»> R<e,f)<^o + f . d+ e (by daf , of r ). 
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* (a,b) R (c,d) and (c,d) R (e,f) 

a + d + c + f b b i* c + d+ a 
< ^p a + f -i- (c + d) « b + e + (c-i-d ) 

a + f = b + e 
(a f b ) R (e,f ) 

Hence R is transitive 

Thus R is an equivalence relation 

6 . Suppose Xp x 2 £_A and x^ x 2 

( g o f ) (x^j ) = g (f (x^)) ( definition of composition of fun¬ 
ctions). 

(g o f) (xp) = g( f (xg) ) (definition of composition of 

functions ) 

Since f „ g are one-one 

x 1 4 x 2 =^f(x 1 ) £ f(x 2 ) 

and 7^72^6 (y^ h g(y 2 ) 

No W f( Xl ) ^ f(x 2 )^g(f (x^))4 g (f(x 2 )). 
i.e. (go f ) (x^^t (g o f ) (x 2 ) if / x 2 

Therefore g o f is al.so on'.’-one by the definition of 1-1 
functions. 

9. YeSpsince a o b « b oa a,b,c £Ta,b,c 
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1 1. Proo f. 

Th£ g are VIq^ aubsetsi-ach containing cult, single 
element 

There are "^C 2 subsets each containing two elements 


There are ^C n subsets i.e, one subset containing n clenu^us. 

Lastly 0 is also one subset of A. Therefore! the total number 
of subsets of 

A = 1 + >]C 1 + 'ICj, >.. ^C a 

12 f (i) f 2 R —^ R a.t, f(x) = y^~ is one-to-one and.*, not onto ' L 

(ii) f : R -rfi; ij s. l. f(x) = cos x is not 
one to one but onto 

(lii) f: R-? R defined by f(x) « cos x is neither 

i J 

one-to-one nor onto . Ftt (i) f(x; « f(2n + x ) i.e. 

V 

different elements nav r same images, 

(iv) f(x) always lies in the closed interval [ll, l~j 
and hence not onto 

13. To prove that f and g are bisections, we shall prove 
that f is one - one. Let 

x 1 *' x 2 sA such that f( Xl ) = f(x 2 ) 

Th<m f( Xl ) = f( X2 )=?g Ef( Xl )]. e[t(x 2 )J ■ 

(1) (*,) =■'( g o f ) (x 2 ) 

^ I *’ (x 1 ) “ X A P • g o f . f o g .= 1 A J 
=^ x 1 " x 2 
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Hance f is one—one • 

Similarly, to prov- that g ir ono-ont, we $ee that g (x^sglxg 

i 

= 5 ? f(g(x 1 )) * f(g(x 2 ) 

_=p (fog) (x.|) »(lo( ) (x 2 ) 

^>I A (x^ = I A (x 2 ) 

■=^*1 “ x 2 

Hence, g is one-one 

Now, to prove that f is onto, let x, y £ A ond ’g(y) £ A. Let ■ 
g(y) = *. 

Then, g(y) = x nrp f [g>(y)J ■ *(x) 

(f o g ) (y) ss f( x ) 
i A $y -= f(x) 
y = f(x) 

Thus y £ A x£ A such that -C(x) = y, 

• ■ *1 

Similarly g is onto. Thus x and g -ire bijoctions. Hence f 
- 1 

and g exist. 

Now, to prove that £“^=-. g, we see that 
f og = I A 0 ( f o g ) = r 1 0 I A = f” 1 

(r 1 o f ) og = r 1 
I A o g = r 1 

'=* s * £ “ 1 - 

Similarly, it can be proved that f = g“^. 

15. Let (a,b), (b,c) and (o,f) N x N 
(i) R_is reflexive 

Since multiplication of natural numb, r is commutative. 
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a.b = b, a 

This=^(a,b) R(a,b) 

R is reflexive. 

(ii) R is svnrn- trie 

Let (a,b) R (c,d) 

Novj (a,b) R (c,d)^ a.d = b.c. (by def. of R ) 

_^> b.c. = a.d (’/ equality is syenite trj.c ) 

—*■? g.b = d.a. (commutative law holds in N) 
~>(c,d) R (a,b) 

• »R is symmetric - 

(iii) Let (a,b) R(c,d) and (c,d) R (e,f) 

(a,b) R(c,d) =r>a.d, = b;c. 

"'and (c.d) R (o,f)-=pc.f = d.e. 

. . (a.by R(c,d) and (c 9 d) R (e,-°) - 

— ^ a.d. c.f. ss b.c. d.e. 
a.f. c.d. = b.e. c.d 
a.f. b.e 
( a»b) R (e,f) 

. . R is transitive 

Hence R is an equivalence relation, 

16 . f(f(x)) '= f(x 2 - 3x i-2 ) 

= (x 2 ~ 3x + 2 ) 2 - 3.(x 2 - 3 x+2) + 2 
= - 6 + 10 x 2 - 3x 

t ' ► ' 
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17. (i)U o g )■ (x) = f (g (x)) - / (2x - 3) 

= (2X-3) 2 i- 3(2x-3)+ 1 
c 4x? -- 6x + 1 

( g o f ) (x) a g (f(x)) g (x 2 3x + 1 ) 

= 2(x 2 + 3x + 1) ~3 
= 2x 2 •* 6x •* 1> 

Note; fog =fc g o f] 

Similarly f o f and g o g can also be found out, 

19, Since Aneed not imply B cZ. A. Therefore relation 
of inclusion is not symmetric. Hence it is not an equivalence 
relation. 

Test Paper 

1. Prove that a relation R defined in a set A is symmetric 
iff R] a R“ 1 

2. .Let R be a relation in the set I of integers such that 

x R y<J^ x-y is fin even integer . Sho-w that R is an 
equivalence relation, 

3. Classify the follovdng functions as surjections, 

! Injections or bijection. Also determine their ranges; 
f : C^R : f( z j = )z) 

Ans; No injection, 

• , and No surjection. 
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4. Is the function f ; U^H define by 
f(x) = 2x + 3 surjective? Ans; Jo 

5. Let-a function f: R-^R be defined as follows: 

f(x) = + 3 

Prove that f is one-one and onto in every case. Obtain a 
formulae that defines . Ans. jT 1 2 3 (x) « (x-3)^^ 

6. If the function f and g are both bijaction prove that 
their composite g o f is also a bisection. 

7. Given A x B »£ ‘(l,l)‘, (1,2) , (2,1), (2,3), (2,2); (1,3) 

Find A and B Ans; A =[l,2 J 

B — ^ 1,2,3 

8. .{1,2,3 } , B .£l,2,3,4 1 

Definfe R from A to 3 sucn that a R b if b « a+i . Write 

R as a set of ordered pairs. Ans; 1 R2, 2R3, 3R4 

&£ K±,Z), (2,3), (3,4)5- 

9. Prove that A c f} (B c ) »'rAU(B f) C \~j* 

.r 

tj-Ph. nl. R e ading MatebiaiLs. , ■ 

1. Some Introductory Lessons on Modern' Mathematical Concepts, 

P.L.Bhatnagcr, East West Press, ' >' ■ 

2. Modern Mathematics , 'Vol-, >1 & -II , Papy, Mac Milan. 

3. Modern Mathematics (Course I, Course 11 , and Course 111 ) 

John Sweeney, Gill and Mac Mill an. 
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4. A Survey on Modern Mo ;h-.*mnt ios, Uirkhof and 
Made no. 

5 . Modern Algebra, I.N. H^rstein, Vikas Publisning 
House, Pvt. Lid. 

6 . What is Mathematics, R.Cowc'ont & H,Robbins, 

Oxford University Press. 

7. Theory and Problems of Group Theory. B. Haumslag and 
B. Chandler Schaum's outline series, Me Graw Hill 
Book Company. 

8 . Introduction to Modern Algebra Meal H, Me Coy, 
Bostons Allyn and Bacon Inc. 




CHAPTER-2 


COMPLEX NUMBERS 


j t jntrog uct I on 

The need for complex numbers arose when mathematicians tried to 

2 

solve the equations of the .form x + k = 0 where k Is a positive real 

2 

number; for example, x +1=0. 

Its solution Involves the square root of a negative real number. 
Today It Is well known that complex numbers play a very Important 
role In the field of science and technology. The students will be 
using complex numbers tn many branches of mathematics like Trigonometry 
algebra, analysis, etc. and also In physics and a number of other 
fields. This makes the study of complex numbers more Important. 

2 2 

Let us now consider the equation x = -1 l.e. x tl =0, There Is 

no real solution of this equation because the square of any real 

number can not be negative. This difficulty was first stated by the 

famous Hindu-SI.', hematic Ian Mahavira at about 850 A.D. He wrote "In 

* 

the nature, of things, a negnM''’ i' not a squjr'. It has therefore 
no square root". The Italian Mathematician Luca Pacloll explained 

In hls article 'Summa Arithmetics’ In 1494 that the quadratic equation 

2 2 
x + c = bx could be solved 6nly If b > 4c. This meant that the 

2 2 

solution of an equation such as x = -a where a Is a real number, 
was Impossible In the set of real numbers. 

The origin of the set of complex numbers Is credited to the 
Italian Jerome Cardano. In 1 545 A.D. In hls ’Aro Magna 1 , Cardano 
used the square root of a negative number In the solution of a 
problem such as "divide 10 Into two parts whoso product Is 40". 

This amounts to solving the equation x(IO-x) = 40, The square roots 
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o ■» 

i * 


of +ho negative numbers were called 'sophistic' numbers by 

, * 

Cardano. , , . 

The square root 4- of negative numbers were considered as 
fictitious and hence, Descartes gave them the name "Imaginary numbersl 
In 1630 A .0. 

In 1572 A.D., the Italian mathematician Rafael Bom be I I I, 
motivated by the solution of cubic equations, also stated the rules 

of operations with square roots of negative numbers. Tho letter 'I' 

to designate /-T was first used In 1748 A.D. by the Swiss mathematlclj 

Leonhard Euler. 

A geometrical interpretation of a complex number was given by 
Wassel In 1797 A.P.^and by Argand In 1806 A.D, The German mathematic 

( f ' i 

Carl Friedrich Gauss In 1832 A.D. named a number having form "a + bJ-T" 
as 'a complex number', to distinguish It from numbers of thej form a/-T 

As. a consequence of a theorem proved by Gauss In 1797 
(Fundamental Theorem of Algebra), the complex number system Is adequa 
for the purpose of solving polynomial oquations of all types. Finally 
In 1837 A.D., Sir William R. Hamilton published his rigorous develop¬ 
ment of the set of complex numbers as the set of ordered pairs of 
real numbers. 

Now the theory of complex numbers has become a highly developed 
branch of mathematics.. The students will often be required to use 
the complex numbers while studying the other branches of mathematics, 
Hence tho teaching of complex numbers becomes very Important and 
©very attempt should be made to teach It effectively* Though ©very 
aspect of the content In this chapter Is very Important, yet concepts 
of a complex number, Arnand Diagram, LapIace-de-Mo!vros * formula etc» 

V 

deserve special attention. 



2. Ana)V3.tsj 

In this section, the number of each subsection Is in nccordanco with 
that of the text book. 

Tho complex number system is an extension of fho real number 
system In that tho complex numbers nro defined in forms of tho real 
numbers and every reel number x can bo viowc-d as a complex number of 
the form x+lo. Thus the set of real numbers can bo put into one-ono 

cerrospondoheo with a certain subsot of the sot of complex numbers: It 
may be hoted that this subset has as 1+6 members tho complex numbers 
of tho form e+io. 

2.1 The Alnobra of Complex Numbers ; 

Complex numbers can bo vlowed In different ways as follows:- 

(I) Numbers of the form a+lb whore a,b e R 

(II) As an orderod pair of real numbors. 

It Is better to Introduce a complux number as an ordered pair 
of real numbers such as (4,3), (/2,ir), ( ,o) utc, so that tho 

ordered pair (x,y) Is actual!" 

(x,y) = x+iy, x, y e R and 1 = /-f. In the complex numbors 
(x,y), 1,e, x+ly, x is called tho rcaI oa rt a nd y the 1 mao I nary part . 

In' tho text book* purely Imag i na ry numbors havo not boon 
discussed, |t should be made clear to the students that a complex 
number (x,y> Is purely imaginary If x = 0, |,e. those numbers are 
purely 1-mqglnary which are the square roots of nojatlv^ real numbers. 

The equality of two complex numbors also has not boon defined In 
the text book,.' It Is very Important to doflne this concept as It load 
to Important de-d,uctions. ‘ It may bo doflnod as follov/s: 
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Two complex numbers z - x+iy and z' = x f + Iy r arc equal Iff 
X = x’ and y * y', t.o. z = z' <=> x = x' and y = y' Thus two 
complex numbers arc eoual Iff their real and lm*] Inary parts arc 
soparateIy oquaI. 

The concept of equality of tw" complex numbers leads to the 
Important result that a+! b = 0=>a = 0*b = 0. 

The operations of addition and multiplication of two complex 
numbers have boon defined and discussed precisely in tho text book. 
The properties of those operations, i.e, associative, commutative 
etc. have boon proved. Identity element for each operation and Inver 

of a complex number have been determined. 

> 

While explaining to the students tho identity oloment of 
addition, tho following points should be made cloar: 

( i ) 0 npaps 0 + la 

(if) 0 Is tho Identity element of addition, and it Is unique. 
Similarly the identity '1' for multiplication means 1 + 1o and 
It Is unique. 

In order to prove the un-lqueness of fhe Identity element for 
an operation, +he following nrocedure may bo adopted. 

Let, If possible, 0 and 0* bo the identity element for add 111 op 
Now If Q, O' e C and z e P, then 

z +0 = z (1) 

z t O' = z (?„) 

0 = 0' because O' t 0 = 0’+0. 

Similarly it should be emphasized and proved that inverse of an 
element (complex number) with resnoct to an operation Is unique. 

It may bo proved In tho following way:- 



Lot, if possible, pnd z 2 bo two additive Inverses of z 


whi I O' 

Therefore 

and 

Hence 

Or, 


if -J » Z 2 ® ^ * 
z + =0 

z + z 2 = 0 
z + z 1 = z + z 2 


In this section (2.1) while discussing tho properties of addltior 
and multiplication, It has been pointed out that set C with those 
operations is a field. It will be clear If it is told to the students 
what a 'field* means. A field may bo defined as follows:* 

If A Is a nonempty set on which there are defined two binary 
operations (called hero + end ') and If for any arbitrary elements 
a,b,c e A, 

(I) c ■ = b+a 

(II) (a+b)+c = a + (b+c) 

Ull) an element 0 e A such that a+0 a a 

(iv) if a c A, there exists \ r \ ouch + hnt a+x = 0 

(v) (a. b) ,c = a. (b,c) 

(vi) a, (b+c) = a,b + a.c, 



In addition to above properties, If (vli) a.b = b.a 

(v,n) an element o e A such that ao = oa = a 

(ix) for each a e A y e A, such that a.y = y.a = e 
hold, then A Is said to bo a f told. 

Tho Important concept of conjugate of a complex number has been gtvon 

and the following properties rolatod to It are proved In the toxt book: 





Modules or absolute value of a complex number has been also defined 
^nd the following properties pertaining to it have been proved: - 


i) 

h * 

* 2 l 

h + N 

ii) 

fa - 

*2\ 

IN - fall 

iii) 

tVzt 

ii 

y 

■ fa\ 

iv) 

l-y 

iii*, 

z 2 ^ 0 

2.2 

Argend Diagram: 


The representation of complex numbers as points on a plane 
ie known as Argand diagram . This has been discussed in this section, 
Conplex plane~ real axis and Imaginary axis have been defined. 

Some of the operations and properties discussed in Art. 2.1 
have been illustrated through Argand diagram in this section. It 
will be better if seme more nrone^ties are also illustrated through 
this method. For example, </o nrovo associative property of addition, 
we may draw the following diagram: 





2,3 Po'lu'r Representation ’ 

In this sect Ion,'tho 1 polar form of a comply number has been 

' *’ t , ' ■* 

dlscussod. 

If 1 ' z = x +. ty 


thon we can v/rlto z =■ yens 9‘+ l Y. sin 9 


where 


Y 


/7~7 


T 
y » 


cos 9 


X 

/x 2 + y 2 7 


sin 9 


--.y - 

/x 2 + y 2 , 



The argument of a complex, number written ns 'arg.z' ts defined to bo 
6 and its Principal value is that value of 6 which lies between 
-ir and ir. 

2,4 The powers and roots of a complex number have boon dealt with 
In this section. Tho Laplaco-do-MoIvro formula has boon proved and 
wltfjthe help of the formula, the method for finding tho nth root of 
a comp I ex-number has been evolved. 

The content prescribed In the syllabus has been dealt with 
thoroughly In this chapter. Hew"v >r, followin' 1 not nts' shou Id be kept 
In mind in order to avoid confusion's and wrong notions: 

_ i i 

(I) The number a+lb is not the sum of a and lb. This Is a way of 
denotlnn a complex number, 

' F 

Ul) In the number a+lb, only b is called Its imaginary part and 
not ib. , 

(ill) The standard def 1 nl.tlon , 0 /f a complex number should be atlb 
where a,b£R, l = /^T. 

' ’ r, ■ *, ■ 

1 | 

3 • learning Outcomes : ' r ' 

The followings are the essential I earn I nh’ outcomes for all:- 
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(I) The students shou (cl' acqd I re ttie concept of a complex number 
and the relationship between the set of reals and the set of 
complex numberfe. Complex numbers are an extension of real 
numbers* 

They should be able to define add' det-erfnlne the real and 
Imaginary parts of a complex number. 

\ I 

(II) The students should be able-to represent a complex number on 
Argand diagram and as an ordered -pair. 

(III) The students should be able to perform the operations of 
addition and multiplication on the set of complex numbers. 

(Iv) The students should learn the properfies^oi the operations 
of addition and multiplication on complex numbers. 

(v) The conjugate, modu1 us^argument of a complex number and the 
triangle Inequality should be clear to the students. 

f r 4 

They should' learn Certain ru I eS'connected with the,moduli I and 
conjugates. 

(vl) The students shorn Id, develop the ability to represent a complex 
number ,ln the polar form (r,9). 

1 1 i ’ 

(vll) De-Molvre's formula should bo clear to the students and they 
should be able to prove It. 

(vl 11) The students should be able to extract nth roots of a complex 
number. 1 ' ‘ 

* i 1 

(lx) The students should be able to solve tho questions on complex 
numbers as given 'hi) the.text book, 

4 , r 

It Is also expected that higher abl’lPty group of the students 
develop a better understanding and 1 Insight Into the complex numbers. 

* 4 '*■ * # j * .. * 

They should be’able to.solvd the ( problems which require more under¬ 
standing and Insight such as:- 
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^-a,..! ig. t'hei uniqueness of Identity for an .operation,, unique¬ 
ness of the Inverse of ,an'element. 


(11) finding the 4+fi. 5+h‘roots of ‘a compI ex 'num’ber. 

(I jV) proving the fdrmula for £1n(9^+' Q ^)» cos(0^+8^)^coS 39,sIn 49 

etc, * ' 

' • • • ■ 2 2 

(lv) factorizing expressions' like x t a etc. 


4 ,, Teaching Strategies: 

It Is needless to say that the studonts should be properly 

i 1 

motivated for learning a certain concept and a good teacher will 
always try to motivate hts students In order to Infuse In them the 
readiness to learn. There may be numerous ways to do so and It depend 
largely on the skill and resourcefulness of the teacher In that how 
he does It. A good teacher should keep in mind that a person 
becomes motivated to do something I fi — 

(i > he Sees a' need for It 

(II) he gains an understanding of It. 

As far as complex numbers are concerned, the need for these may be 
shown as follows by asking the students to solve the given equations: 


2x - 6 = 0 (I) 

2x + 6 = 0 (II) 

3x + 5 * 0 (III) 

x 2 - 9 » 0 (lv) 

i l 

n ! , 

4x -26 4 0 (v) 


- ^ =i 0 


9x + 1 M 0 ' 




25x‘ 


t 4 

i 1 

+ t * 0 


(v t) 

(v I I) 

(v 1 II ) 
(lx) 
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" i. 

r 1 I] ‘i 

If the replacement sets are taken to, be N,QjI and R respect I v © l y f 

• 1r . / ' 1 * 1 

the students will be able to sob .that 

/ * ! 
Ca) '.when r the replacement 'Set Is M, equation (I) has the solution 

and other equatlons f dan"not be solved (only ono solution 

x ■ 3 of (fv) belongs to M). 

(b) when the solution set Is I, equations and (iv) 

aro solvable* ; 

I * * 1 t 1 ,1 1 * 1 1 l 

(c) when the solution set Is R,-equations (I) to Cvl) are solvablj 

. - "* i 

Equations <v1l)-<lx) cannot be’feolved In tho field of real 

1 I 

numbers because there are no real numbers whoso squares are 

i t „ 

negative. Tho need for finding tho square roots of negative 
numbers lead to the discovery of the complex numbers. The 
historical background given In the 'Introduction 1 may be used 
to motivate the students. 

■ I 

The students may be motivated by making them realize the 
Importance of complex numbers by letting them know the part played 
by these numbers In the field of technology, engineering and 
proba bI 11ty. 

The teacher may explain to the students the meaning of ' l 1 
as an operator. 
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The operation ’!' consists of simply,In turning 0A,through 90° 

In the antt-c,lockwlse,d Irectlon. Thus .the operation sends A 

to A • This Is clear that ’l z ' l.o. repeating the operation twice, 
will send A to A 2 . 1 w!I I send It to A 3 and i will bring It back 
'to A again. Since 0A 2 ■ -0A, obvlousl y I 2 = -1 . 


The students can also'be motivated to find the scries represent* 
Ing sln9 and cos9 by using the following facts:- 

i 

2 

x . . ■ x .x 

e^ * cos9 + 1 sIn9 

_ ' 

aiuT " a+ Ib = x t I y ^ a = x, b = y. 


The sense of achievement works as a groat force for motivation. 
It will be better if the teacher assigns some easy exercises from 

I 

1 

some of the additional exorcises given at the ead "of"^-h 1 s ‘c hdpter, 
which are related to the concepts just taught. For example, when 

i 

the addition on complex numbers has I'. oen jt d of 1 ppd,.. some problems on 

* 

addition may be given to the students to solve. , 



The following misconceptions are likely to tako place. Care 
should be taken to remove them. 

ID a+lb Is the sum of ,a real number a and ■ an imaginary 
number lb. This concept Is wrong because addition of real 

, i 

a and Imaginary numbers Is no,t d affined.’ Actually atib' I s' 

* 

’ 1 "1 , 

one of the ways to represent a complex number whose real part 

1 s a’ and I mag 1 nary' part’ Is b. <, " 1 



• * 
» • 
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(li) In the number x+1 y, sometimes It is mistaken that iy is the 
Imaginary part. The Imaginary part of this complex number 
Is on Iy 'V’ not Iy, 

Cl II) Sometimes It Is misconceived that real numbers are not 

complex numbers* It should be made clear that real numbers 
are those complex numbers whose Imaginary parts aro zero, 
Of course, real numbers cannot be Imaginary numbers. The 
complex number system may be ’Illustrated as follows:- 


Comp lex number 


Rea I 

(of the form atlo) 


comp I ex 
(of the form 
a+lb, a^0,^h ) 


IrratlrnaI 


Rat Iona I 



r __ t 


1 p.tf 

ger s 

( 

Ffi 

It 1 V0 

Non-negatlvo 

Ne 


Pure Imaglnar 
(of the form 
0+i b) 


actions 



Po s h 1 v e 


Positive Integer 0 
(Natural number) (zero) 


(Iv) It Is very likely for the students to think that the comple* 
numbers are ordered. Actual ly, there Is no order relation If 

the set of complex numbers. This precisely means that give! 

I 

two complex numbers z^ and Z 2 , wo cannot say which one is 
greater or less.' 
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( v ) The btjection between C and RxR should be explained 

explicitly as 

(I) to every member of RxR, there corresponds a un.Ique point 

I n the xy-pIane. 

(If) to every complex number, there corresponds a unique member 
of RxR. For examp Ie 

3+21+ (3,2) 

(vl) The students generally commit mistake In using formulae (2,1) 
to (2.5) and (2.15). Sufficient practice of these should be 
done. 

J 

(v 11) The rule /a" /F = /a"b Is true only when a and b be both are not 
negative real numbers. If both a and b are negative and this 
rule Is applied, we got the Incorroct result. The students are 
susceptible to this mistake. For example, to find the value of 
/tttt x , wg have 

( I) /-T"6 x /TTg - 4 | x 3 | = 1 2 F 2 = -12 

(II) V -1 6 x /r? s /1 4 4 = 1 2 
Here (I) Is correct because 

/-a 2 - |a | 1 

(c) Additional Exercises; 

I. Simplify 

(a) (3 + 4 1 ) + ( 2 + 3 |) 

(b) (2 + 31)- ^2 + 51 ) + l/T 

(c) (2 + 51 ) - (4-1 ) 

(d ) (1 - 3 1 ). (2 + 51 ) 

(4 + 51)(2- 31) 1 

(f) (5 + 2) ) 5 1 * 

( g> 


(3 - 21 ){(2-41) + (5+21)> 
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II. Solve for x and y: 

(a ) x + ly = 3-41 

(b) x + iy - (3+21 ) = 5-61 

(c ) 3x + 2y + 1 + (x+2y)i = O' 

(d) • x + 2y1 = i + (-2 + 51) 


ITT. 


IV. 


Write 

In the 

standard form a + lb 

(a ), 

3+4 1 
21 

' : . & 

(c) 

1 + 1 
1-1 

ld) itff 

(e) 

3-51 
4+3 1 

1 

Solve 

each of 

the following for z 


(a) zz + 2 (z-z ) = 25-121 

( b) zz" - 3 (z-z ) = 4+6 i 


V , Solve for x and y: 

(a) (1,1 ).(x,y) = (1,3) 

(b) (2,5).(x,y) = (1,12; 

(c) (4,0).(x,y) = (-11,-13) 

VI. Prove each of the following whore z,w e C: 

(a) |wz| = |w||z| 

(b) 1 z l = *pT. 

(c) I w+z | 

(d) |l+z| <, 1 + |z|. 

VII For each of the followings, find (i) z.z 2 and (II) 
(a ) zi - 2-21, z 2 = 


- 1+1 
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(b) z, s 31, z 2 s 2-51 

(c ) z i = 2 (cos ^ + ! sin ~ ), 'z, 2 = cos-y + 1 s I n j 

VIM. Write the multiplicative Inverses of tho followings: 

i 1 

(a) 2+1 (b) 3-41 (c) x+’ly 

IX. Express the followings In the form a+Ib: 

(a) 3(cos 30° + I sin 30°) 

(b) 4(cos 45° + I sin 45°) 

(c) 2(cos 120° +1 sin 120°) - . 

(d) ^ (cos 60° + I sin 60°) 

J 

(e) *■ 5(cos 0° + I" sin 0°) 

X. Use De-Moivro's Theorem to compute tho followings: 

(a) (1 + 1) 7 (b) (-1-I) 5 (c) (-/*3 -1) d 

I 

' ’(d> . (-1 ) 12 (e) (- j + —■ l) 6 

(f) - r (-1 + l') 10 - (g) (cos 36° + l slh 36°) 5 

(h) [ 2 (co s fj + I sin yj )3 6 

(1) [3 (cos y~ + I si n ~ ) ] 4 

XI. , Show that (2+ /-121)^ ^ + (2-^-1 21^ Is a real number, 

i 

XM. Wrlto the conjugate of 3(cos ? + I sin )^. 

O 'O' 

XIII. Write the product /-a 2 , J - b 2 . 

So I ut ton s/-Hl nt s-For The Difficult Problems: 

Exerc 1 so 2.1 . 0.3:' The answer given.In the te>:t book Is j-M- . 
This may be put In the standard form, by making the denominator 
real, l.e. ' '. . 

f \ 
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1 + i _ < 1 +1 ) 2 

1-1 “ ? 1 2 
' 1 t - 1, 

J 

1+21 + I 2 
1+1 

_ Zi 

~ 2 

= 1 

' i 

Ml sc el landous Exercise: . 

Q. I Let z = x+iy; +hen’|z| = /x z +y . 

ii i' 

Now If z = 0, then x = 0, y = 0 so,that |?], = 0. Conversely, 
assume that |z| = Oj'thorl' /x 2 +y 2 = 0 => x 2 +y 2 = 0 => x = o,y 

, =s> z = 0 + ’ 10 = 0. 

Q.4 Refer' to the figure on^pago 28 In tho text book. In the 

Flauro, 0 represents the complex number Therefore 

, C 

°0 = I 2 1 1 "*‘ f 3 tnce 0QP 1 P2 Is a pata I |,o I ogram, OQ = P,jP 2 . 

Therefore, P 1 P 2 « r- T ... 

Q .8 | z + 2- i | = 4 * *. • , 

I * 

|z-( 1-2)1 = 4 ” .... 


0.9 


Therefore tho d 1 sts net?., between the points representing z and 
(i-?2) is 4 (refer ‘to 0.4). Also^l^Z Ls‘ a*'t,;lxod point. Hence z 

J ir “ —- " i "* 1 i* „ ^* 

lies on a clrcle'bf rad i u 5| .4 , w 11 h centre at t j-2. *' 

' , v i- ( > . ' -j 1 - 

Lot /-I 5-8 | = x+1 y 

7 _ f ~ 7 „ 

(x+ly) - =_r.t5-8 L " •, , , { 

2-2 ' ‘ 

or x -y + 2lxy-»,-15-84.’ . .. . 

Equating real and i'mag inary parts; w e have , , 


x 


2 




(1 ) 


2xy - 


-8 


* r* 


( 2 ) 



Now 
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(x 2 +y 2 ) 2 - (x 2 -y, 2 ) 2 + 4x‘y 


2 , 2 


* 225 + 64 

* 289 

x 2 + y 2 = 17 (3) 

from (I) and (III), 

x =1 or x = +_ 1 
y 2 = 16 or y = +_ 4 

According to (II), product xy Is negative; thcr-eforo cither 


x = 1 , y = -4 
or, x = -1 , y = 4 

Therefore the required square* root Is 
-1 + 41 or 1-4f ‘ 

Thus ' /-I 5 -8 I = + 1 T 41. 


Q^I 0 _ Lot A, F and P represent the complex numbers ,3, -3 and z 
respectively on the A rinnd d Ianran, 

Given that 



\ Z ~ 5 \ = 2 

1 z+3 1 * 

I .e. . 

= 2 

1 z- (-3)| 

Henco 

* 1 » 

PA _ 2 


PB " 1 


T»hls is ,the locus of a point P(z) which moves In 

A 1 ^ f j i> ' . , ■> 

—-K I Ur I % .■ I 

such g mapper tbatthe ratio of tts distance from A(3,0) 
to Its d I stanch f row-- BX -3 ,-0). Is.2. . . 



We shall now show that this locus Is a circle. Taklnn 
z = x+ly we have 


I <*-3> ±—U I . 2 

' (x+3) + I, ' 


or 

* t 

- s &i Sr.2 = 2 



/(x+3) S t y 2 


or 

(x-3 ) 2 + y 2 = 4(x+3 ) 2 + 4y 2 


or 

x 2 -6xt9+y 2 = 4x 2 + 24x + 36 

+’ 4y 2 

or 

2 2 * 

3x +3 Ox + 3y + 27 = 0 

- r 

2 2 
x + lOx + y + 9 « 0 

■ 

or 


or 

i*. ’ ’ r 

x + 10x + ,25 + y 2 +9 - 25 = 

■ 0 

■ « 1 

or 

(x+5) 2 +'y2 £ V6T‘' “ - 

j 1 

This 

Is the equation of a circle 

with centre 

and 

radius 4. 

, i 

This 

problen should be solved by 

the tonchor 


Chaoter 11, 

Teac h i nq Md s i - - 

Films on complex numbers of 15/20 minutes’ duration are 

available In the market. These can bo used os audiovisual aids 

.baforo f njroduc 1 nq the formal lessons on complex numbers. Some 

charts may be prepared to indicate property of: mathematical 

* f ^ v : > 1 _ 1 

operations on complex numbers. , • 

' 1 1 r 

<CI) Projects and I nvss t tnatorv* Prohi om., t 

Students may bo encouraged to take tho projects such as 
finding pairs of complex numbers so that their sum is oquad to 



tholr product or f i nd 1 m the p.glrs of points on the unit circle 
such that distanco between them Is a rational number. 

(k) Some Challenging Problems 

(a) Use De Holvro's Theorem to find the trigonometric Identities 
for sin 39, cos 3®, sin 46, cos 49. 

(b) Provo that the Dofnts w It h coord I nates (cos 60’°+ I sin 60°)^ 

i 

for n = 1,2,3,4,5,6 arc the vertices of 3 requ lar hexagon 
' . , Inscribed In an unit clrclo, 

(c) Find the fifth root of unify, 

(d) Show that multiplicative Inverse of 3 nth roots of 1 Is 
a I so a nth root of 1 . 


Chapter Tost 


(I) 

(p. 

(ID 

(ill) 

CD) 


(v) ' 
(v I) 
(v IT) 

,(H) 


Oral Questions 

What are the modiH 1 I of 

2-1, 3+41, p+q I ? 

What aro the conjugates of 7+4 1, -3 1-2? 

1 [ * * j 

l~f- x+1 y- >=-~7 -4 i,- w-ha-t- -a r u hho values of x and y? 

If ' ' * 

£ O A ^ t * hi k . 1 * ~t _1 

2 


a) TT^+zJT a 2+3 i‘; what Is z^-z s 7 

if - > > 1 i . 1 


4 * I 


Z 1 • Z 1 
b),' (• 7 -!). = what Is — ? 

i, 2 1 . z 2 

• 1 , ' ; 

What are the »/\rn* of /TfT,' '1 + 1? 

I r ' » ■ * , 

(cos 30° + | sin 30°)^ Is equal to what? 

139- »>■ r 

0 Is equal to-what? 

1 ! i r 

Written- Tost , 




Tlmo: 1 hour 
M.M.s 25 



* « 


3 . 

4. 

5. 

6 . ", ' 

7 . 

8. 

l|!f ■ 


65 • ’• 

. . . . ■ ; ; i 5«.* i S) v11.i"K/ 

C'-infip 2(cos — + i sin jr ) In the standard .form. , . 

\ 1 . . ’ • ' 1 1 \ „; 1 .r . *• - ' ( , „ 

Wha r Is the modulus of the com p I ox ' numh t 
(-2/6-1 2/7IT I 1 V 1,1 , ■ ' , 


UsG Do Molvro’s Theorem to comou^to v 
1 %/T - 6 " , " r f. * 

: rhi :<»- i-M- “■ rr 

^ z 11 f • 


, i 


rid*- _ <. f t J— \ f . 

r -a 


‘Find the' Square .root 

< 

F Ind x and ,y such, that . ’ ■ 1 > •. ■- - ■ 

' ! 1 1 t I i-: »•!.'» M I )“ pI,/ 

(2x-3y-6 ) + (x -4y<);I; = r Of . * . * * i 

, _ ( i ' lU,i -' ' f I <“ uf - ^ I V‘0> ritj i * -f. _>) (Iv 

If z, = r,(cos «,*+ I .sin Yki& s » h**' 1 ' 5, "( l’?J 


( 1 , 

i 5 i 

i ‘i 

i l 

i 1 

( V 


1 ■ * 


I 


9. 

10 


prove that ! * 

r J ( : ^ m i I 

<7<\ 147^*2 = r 1 r 2^ coste i +e 2 ) + 1 s I n (9 1 +9 ^} r . . iV l 

Show 11 geofn^tt^ck \ |.y .to vn I \If r- I IpIM n*■ :,rl+. f j y~, 
Express J~5- \ in polar form. ‘ 1 '' 1 ' ' f ' ’ I I ‘ ' 

' ' t , 1 

F Ind ^ II tho ’sixth roots of unity. 


(i 


i 


j 


' I 


* , • f J t ! 1 '* * r W 

« r i * 

" v* J 1 ’ * ’ - ^*■ x -) 

, « »,, i « ^,, , j. . 

‘ ‘ . ' I* «' | 1 * ” n 


l 1 » 1 "{ f' 


f V 


l tv 


l l 




I 1 M I » «*- 1 11 /x 1 jJ J f . 

'i i, < ' i , 

" l» '■* 4 ^ il ( ?l-y * \ ^ " 

- ’ i ( i ^ 1 l- J ' ■’ ■ ^ 



ANSWER 


ahh i + Iona 1 Excre 1 so (Answers) 

1 . (a ) 

6+7 t 

(b) 

( 2-/2 ) - ( 2-/5") i 

(c) 

-2 + 61 

(d) 

17-1 

Co) 

23-21 

(f ) 

65 + 1421 

(q) 

17 - 61 

2. 

Value of x and y 

(a ) 

X- 

3 -4 

(b) 

8 -4 

(c ) 

_ L + i. 

2 4 

(d ) 

-2 , 3 

3. 

Standard form a+Ib 

(a ) ’ 

2 + I_ . * 

Cb) 1 ! * 

0 i. 1 

(c ) 

0 + 1 


' ' r 

(d ) 

5 1 2 

* —— + J_£. j 

13 13 1 

"i * 

i 

\ * r 1 * 

(o) 

4 i 

3 29 . 

• 25 25 1f 


4 . (a) >*2 =-4 - 3J 
z : 4 + 31 

r 1 1 

• r 

(b) Z = v'T-j 

T=' /3+i 




F • 
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• « 


7, 

(a) 

8, 
(a ) 

(b) 
(c ) 

9. 

(a ) 

(b) 

(c) 
(d ) 
(o) 


Z 1 Z 2 z 1 /z 2 

4i 2 

15+61 -| + 3' 

Hu 111 p Meat 1 vq I nvorso 




) 



4_ 

25 


) 


2 2 
x +y 


2 2 
x +y 


) 


Form of a+ I b 

2 2 1 
(2/7) + i(2/7) 
-1 + I (/T) 



5 f Cl. 


10 . 

(a) 

(b) 

(c) 
(d ) 
(e) 

(f ) 
(q ) 


Using 0e Moive ^s Theorem and computing value , 

7/2 

2 [cos 7(2m + f > + I s!n<2rTT + ], r = 0,1,2,_,6 

5/2 

-2 [cos 5(2rir + J- ) + I sin 5<2nr + j )], r * 0,1,2,.,.,4 

2 8 Ccos 8(2rir + f > + i s I n 8(2rTt +,!■ ) 1, r = 0,1,2,...,7 

Ceos 12(2nr + f ) -I sin 12(2rir + J )] , r * 0,1,...,11 

[cos 6(2rn + ~ ) + i s 1 n 6(2rir + J ) ] , r = 0,1,;.,.,5 

Ceos 1 0 (2rir+TT) + | s { n 10(2nr + j ) j , r = 0 , 1 ,2,...,9 

[cos 5(2nr + > + , s j n 5(2r7r i- ^ZL r . 0,1,2,...,4 
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4 * 


s; 


(h) 

2 6 rcos 6(2rtr 

+ > 

+ 12 

+ 1 

sin 6(-2nr 

+ JJ )3. r = 1,2,. 

(1) 

3 4 [cos 4(2riT 

+ §i ) 

+ i 

sin 4 (2 r TT 

+ I 21 ) 1, r = 1 ,2,3 

12. 

3 (cos - 1 

. 3 TT 

sin — 

) 


' 4 

13. 

-ab 






(I) 

1. 

2 . 

3. 

4. 

5 * (&) 

6 . 

7. 

(II) 

1 . 

2 . 

3. 

4, 

%5. 

7. 

9. 

10 . 


Chapter Tost (Answers) 

Ora I Quest Ion 

a) /? (b)' 5 (c) /p 2 +a 2 

7-4 1, -2 + 31 

x = 7, y ,= -4 
a) 2-31 (b) -5+1 

7T f K > 21 

3 , , (b) 4 

H l/T 

2 

(co c 30 + i sin 30) 


Written Test 

( — , — ) 
/TT /TT 


(49 - 101) 

(1 t /T i ) 

4/1 


Ceos 6(2riT + —) + I sin 6(2riT + )], where r = 0,1>2,.. t# 5 


-24 


6 


* = “T ' y ■ 5 
2(cos ~ > j sln Z. ) 


1, cos~ + I s’ln j- , cos + i sin , cos tt + 1 si n n , 

enc + i „ 4 tt 5tt , . . 5tt ' 

cos + i sin j*- , cos j— + i sin — . 
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CHAPTER 3 


QUADRATIC EQUATIONS 

1 . introduction 

Students have como across quadratic polynomials in tholr 
earlier classes and are also famlllnr with, how tp factorise a 
quadratic polynomial. An equation whoso left hand side Is a 
quadratic polynomial ax 2 + bx +c = 0 (a / 0) an 1 riqht hand side 
Is zero Is ca 11 od a ouadratlc equation. 

Many quadratic equations cannot bo solved by factorisation 
method. Thus factorisation method is not a qenoral method for 
flndinq solutions of quadratic equations. For example, 

+ x+1 * 0 cannot bo solvod by factorisation method. So the 
neod for having a general method of solving a quadratic equation 
arIsos. 

From ancient times, mathematicians have u sc-d various 

teqhnlques to solve a quadratic oquation In one unknown variable. 

The ancient Greeks used qo> m ,t' n .•thods bocaus^ of tholr logical 

difficulties with Irrational and cumbersome nature of ->reok 

numerals. The Hindus and Arabs used a method very similar to tho 

'completlnq tho square method* as given In tho toxt. Tho mothod 
was first discovered dn 11th century by Indian mathematician 

* SR IDHARACHARYJK *, The discovery of complex numbers lead to tho 

acceptance of complex roots for a quadratic equation. In this 

chapter, a qenoral formula for flndinq the roots of a quadratic 

oquation is arrived at and the relationships between the roots 

and the coefficients of the equation are dlscussod. Some appl f- 

cation aspects of the quadratic aquations are also dealt with. 
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The knowledge of quadratic equation and Its solution Is 
necossary and essontial In^many branches of mathcnatics like 
coordinate neometry, tr icon im tr y, complex numbers etc. 

2. ' CONTENT ANALYSIS 

f 

* c i 4 - * 

In this s gc 11 n n i the number of c?c h subsection Is In 
accordance with the text-book. 


2 ,1 Solution of qaadraMc equation 

(1 ) The qeneral form of a quadratic equation is 

' \ * 
i 

ax^ + bx t c s 0 (a t 0) 


and the solutlonsor the roots of the equation arc given 
by the formu I a 


> -b ± /b - 4dc 

2a . B , -k 

•> 

- ' J 

(2) It is important that;a. t,0} f cr'-'othcrw 1 se the polynomial 

2 - ’ 

ax +bx+c - 0 d^cs not remain a quadratic one. 


(3 ) 


2 

The expression A 5 b -4ac Is cal led the discriminant for 
2 

the equation ax , + bx + c * 0/ (§3 .-1 ), It is cal led so, 
because considering the nature of th i's 1 expression, the 

i, ' ' 

nature of tho roots are dt scr im I nated . - Similarly, If a 

2 “ 

and p are root? of ax + bx, + i-o = 0 (a ^ 0), then 


• A ■ 

(t) ,« ,;a'nd. fi'are roa I and' distinct if A > 0 

l 

( i I ) , 0t r '= If A a 0’ 

. . t *' 

' ' * ' f 

U f I) a and R are pomp I ex tvumbers (Imaginary 1 ) if 

** i j C f 1 » ■ 1 s t 


I V 


A < 0. 


1 


t 


„ r« 
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h o 

1 9 


2.2 symmetric Functions of Roots. 

2 

If os and P arc roots of ox + bx + c = 0, a + ft and al? aro 
called elementary symmetric functions, because oil symmetric 
functions of a and ft aro expressible as functions of these olomen- 
tary synmotric functions. Examples of symmetric functions as 
functions of Momentary symmetric functions are qlvon In the text¬ 
book. a+fl and aft aro symmetric in the sense that they remain 

unaltered by I nterchnnq i nq a and ft. Expressions for a + ft and aft In 

2 

forms of coefficients of ax + bx + c = 0 aro also given In tho 
textbook. 

2.3 Graph of a Quadratic Polynomla I 

2 

The graph of the quadratic polynomial y = nx + bx + c, 
la t 0) Isa parabola. The roots of the polynomial are given by 
the x-coordI nates of tho points where the parabola Intarscc + s the 
x-axIs. 

2.4 Probl oms 

Quadratic equations hav. important uses. ftometlmo, wc can 
easily solve a biquadratic equation by roducinq It to a quadratic 

r 

equation. Quadratic equations aro often used In solving word 
problems from everyday 1 ifo and othor branches of science. 

3. LEARNING OUTCOMES 

After studylnq this chapter, tho students aro expected to - 

(1 ) differentiate betweon ? quadratic polyhomial and a quadratic 
oquat Ion;. 


adopt a correct method for solving a quadratic equation; 
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(3) find solution of n quadratic oquntlonj 

( 4 ) find relationship betvnoo’n the roots and the coefficients 
of the given equation; 

(5) draw tho qrap.hs of the quadratic polynomials;^ 

(6) solve, different typos of problems I ood 1 nn to quadratic 
equa tions. 

I 

4. TF4CHIH? STRATEGIES 

In this section tho number'Wf '■'do-h - s,u bsoct Ion is In accor¬ 
dance with the text book. 

3.4 P r o bIem s 

To make the teachlnq of quadreti'c equations more Interesting, 
it is better to start the teachinq with a word problem, e.g. the 
following problem is oiven In the text (Ex. 3.9). 

" A , two-digit number Is four times the sum and three times thf 

1 

product of Its digits. Find tho number". 

Hero the teacher should emphasise that once tlv 1 two dlql + s are flxi 
the required number is known. So tho two digits arc? denoted by 
two symbols x and y which have to b^e evaluated so that the condlth 
of the problem are satisfied* In this connection, it will be wort 
while to Doint out, what Is tho role of an unknown variable In an 
equation and the distinction be+woen an equation and an Identity. 

In the above word problem, the required equation has to bo 

qot from tho students by proper questioning. In this particular 

case, the teacher may show that the problems loads to tho quadratl 
2 

equation 6x -1 2x = 0, where x Is the numbeh in tho tens place In 

the digit. This equation can be solved by factorising tho polynotf 
2 

6x -12x. But there n re quadratic oountlons which cannot be solved 
by factorisation method e.g. 2x 2 t 14x +5=0. 
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3,1 Elution of Oundratlc Equations 

2 

To selvo a genoral quadratic equation-ax + bx + c = 0 (a ¥ 0), 
a formula for the roots hss to In.- nivon by the method of 'completing 
the square' as glvon In the text. 

The teacher may solve a numerical problem by using completing 
the square method'. Then ho nay ask tho students to solvo the 

7 

qencre I equation ax + bx + c = 0 by uslno the same method so that 
the students will arrive at tho formula for tho roots. At this 
stago, students may be advised to solve numerical problems for 
practice. 

3.4 ProbIem s 

'Ifter sufficient practleo In solving numerical exorcises, 
students may bo oncouragod to solve word probloms. In dealing 
with word probloms, the toachor may see that tho students develop 
tho skill of translating tho verbal language Into tho appropriate 
mathematical symbols. 

3.3 Graph of e Quadratic Polynomial 

The uso of Quadratic equation In mechanics can bo stressed 
through the fact that the path of a projectile Is a parabola whose 
equation may bo written In tho form y = f(x), whore f (x) is a 

quadratic polynomial In x. 

\ 

Special Cases 

Somet imes 1 wh 11 e solvlnq an equation with radical symbol, wo 
square both the sides of the equation.to gc>t_r1d o-f radicals and 
reduce the oquatIon 'Info'the'forni ax 2 + bx + c = 0 (a / 0). This 
process may bring, In some solutions of the glvon equation whl’ch. 

In fact, do not satisfy the solution. Those are extraneous solutions 
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This Is because, convent Iona I I y by / "n, wo neon +/a , but while 
squaring /“, we I r, p I Icltly admit ( both th- .values of I .© 

+/T and -/I, In this way wo-hrifn In s”mc extraneous solutions 
Tho.fo| lowing examples will clarl.fy the situation: 

Exarrcn I o 1 i Solve: x = 2+ /2x -1 ' (I) 

1 . ©. , x -2 ■ /2x -t 

I.e., x^-4x + 4 = 2x-l 

1 ’ f.’ft'. , (><■—> =0 

1 * , 

I . o., x = 5 c r 1 

, \ 

But x =1 does not satisfy the equation Cl). 

Hence, x » 5 Is the only root of tho oouation. In this case, 
x = 1 i s an extraneous mot. 

Ex ^ m p I & 2 : Solve: x = 2 —/2x- 3' 

r -*■ 

, Then x-2 = - y 2x-5 t 
2 

l .©., x -4x+4 = 2x-5 
I. a ., x^-6x +9 = 0 
i.e., (x-3 = 0 

' f 

. i.e., x = 3 

But x = 3 dpos not satisfy tho equation and sc, It Is not n 
solution of the equation., . " * t; 

■ ' .. ** * t 

Hints and Solullons to Difficult Problems In rxercisos 3.1 
(Chapter 3 ) 

3. /x* = x-2 

2 

I * G ■ > X X *" 4x+4 
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] . 0 ., x 2 - 5x + 4 = 0 
i. e., (x-4)(x-1) = 0 

i.o., x = 4 or 1 

Put x = 1 dros not satisfy tho equation. Sr x = 4 Is the 

only solution, 

05 . Lot a,ft be tho roots of the given equation. 

Then a+P = -(2a+1 ) 
aP = a 2 + 2 

Let P = 2a, then (I) bocomes 
3a = -<2rit| ) 

2a 2 = a 2 + 2 

loading tc 2( 2 - ^*~ ) 2 = a 2 t 2 

i . 0 . , (a-4) 2 = 0 

which gives a = 4. 

^6. Lot the length of the cloth bo x motors. 

Then from the given data 

(x+4)( — - 1 ) = 35 

which gives x = -14 and x = 10. 

Since, length cannot bo negative, hence tak>. x = 10 
length of the cloth = 10 m. 




Let x = number of students : i'n the group. Thsn the share of 
each student = p/x, where n * fhe price of the tape-recorder 

r 

in rupees. 

From the given data 

p/x + 1 = p/x-2 (1 ) 



On solving wc net p = -—|—— (2) 

Now, the price Is In between Rs. 170 and Rs. 195. 

.*. wo have 

17 0 <_. p <_ 195 

1,0., 170 < * 2 2 " 2x <_ I 95 

I . o., 340 < x 2 - 2x <_ 390 

i .o., 341 < x 2 - 2x t 1 <_ 391 

i ,G., 341 <_ (x — I ) 2 <_ 391 

This 324 < 341 < (x-1 ) 2 <_ 391 < 400 

=> 324 < (x-l > 2 < 400 

=5- 18 2 < (x-1 ) 2 < 20 2 

=> 18 < x-1 < 20 

=> 19 < x < 21 

=> x = 20 

i 

.. x = 19 Is the only positlvi indregor satisfying this 
1negua 1 Ity. 



Substituting x = 20, In (2) wo have 

p = 180 

$ n t tho prico of the tapo-rocordor Is Rs. 130. 

/•jVx + /a*-x~ _ 2. 

/a+x - /a -x x 

By componondo and divldondo, wo got 

/a+x _ atx 

/- a -x 

/a -x 

Squaring both sides and simplifying wc got 

2 2 2 
x[2a - a - x j = 0 

1.o.,x=0andx=±n 


Lot x be the percentage of Incroasi In output at one year 
and ’a’ be tho output before 2 years. Than from tho data of 
tho problem 


o + 



(o + 


1 00 


x_ 

1 00 


2* 


I. e. 



( I 



x 

1 00 


2 


Put 



then wc have 


1+y + (I+y)y = 2 
2 

I .o., y + 2y - 1 = 0 

I .e,, y = (-1 ± /7) , 


Here y = -1 -/? Is not admissible, as y has to bo greater 
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So y = -1 + /7 
l.o. x = 100(/2 nOjt 

t 

012 Lot the number of points marked on the piano bo n. Then 

the number o-f the I Ine segments - n ..‘VAA . ^ . 

.. n (n-1 ) _ , „ 
then —2 1 0 

1 

i . o., n^-n - 20 = 0 
I . e., n = -4,5 

But n being a positive Integer, so n .-4. Hone©, n = 5. 
Thus 5 points are marked on the plane. 

Note: As the number of line segments = n c 2 the problem 
'should bo solved after Chaptor, 5,. 

L t ^,P be the roots of the equation 


t hon 

0E+ R 

= -P 1 

- 




1 

- | 

r 

(i) 


aP 

= 45., 

\ 



9 

Squared difference of rooTs = (ot-P) = |h 4.(1) gives 

2 2 - ’ 1 
144 = (a-P) = (a + p^ - 4ap 

= (-p) 2 - 4.45 
= o 2 - 180 

q I v I ng p = + 1 0 

Now, wo have two sets 


a+p 

= 18 

a+R 

= -1 8 , 

aP 

= 45 

and 0 

ap 

l 

= 45 

> .i. i 
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.. g i v i nq «+£.,=. I 8 a+0 = -1 8 

a-P = 12 a?1d a-B = -12 


loading to 


a =15 


a nd 


f 


= 3 


014 V'e have a+P =6 
a P “ 0 
3a + 2R = 20 


lA = 

(1 ) 
( 2 ) 
(3) 


-15 
- 3 


From (1 ) and (3) a = 8 and B = -2 
Frop 12) a = -16 


Misconcoptlons/Conmon errors 

Somo of the common errors committed by hhe students aro: 

(t) In writing down the values of the coefficients a,b and c 

2 

from the given equation ax t bx tc = 0, especial ly with 
respect to negative s I <’ n . 

,12) In translating the word 'rot I cm & to oquational form l.c, 
reduclnq statements to oquatlons. 

13) In writing a two digit number whose dljits Ip tons and 

units places are x and y respectively, students ofton writo 
the number as xy or x-ty in place of lOx+y. 

14* In wrftlnq the formula x = ~ h 1 ^ b - 

’ 2a 

as x = dl t iSHI sk 
2 

- t /b 2 -4ac 
2 


or as x 



Proof s of Important Theorems Loft Out in tho Text Book 

I. "In a oolynomidl, enuatinn '"ith real coefficients, complex 
roots occur in conjugate pairs". 

Proof ; Lot f(x) = 0 be the q Ivan polynomial equation of degreen 
and a + iB be a comolex root of this equation"; Wo wilt prove that 
a- i B is another root. We have 

(x-ot -1 (?) (x“d+ IB) - (x-a)^ + p? . 

2 9 ' I 

Let f (x) be divided by (x-a) + p , whoro dog. f (x) = n. 

2 2 

Then f (x) * q(x){(x-a) + B } + cx+d f whore dog. q (x) = n-2. 

We have 

f tut+1 P) = q (ct +1 P) { (oc + i P-a ) ^ + B^} + c(ot+iP)+d 
■ c (a+ IP) + d . • • ’ ’ ' 

l - N 

But fCa+|p) = 0, since a+ ip I s 1 a' root of f (x) 3 0. 

So c (a+ i P) + d = t). 

Now f equating real and imaginarv parts of this oquaI 11y. 

We get ca+ d = 0 a nd cP = 0 giving c = d =0 (Because a t 0 andpV 1 

So f (x ) = q (x ){ (x-a )^ + p^} 

- q (x ) (x~a-.| P) (x-a+? p), 

l.e. a-IB Is a root of f(x) = 0.‘ 

2 

M * If ax + bx + c = 0 has three distinct root, then a = b =c = 
£ CPQf .i Lot a,P,y be three distinct toots, of ax ^ + „,hx-..+ . c 


0. Thci 
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From the set ^ wo havo * 

aCa 2 -P 2 ) + b(ct-B) = 0 etc,. 

|,e. (a-pHa (a + f3) + b> = 0 , etc, (2) 

Thus we have 

aCa+p) + b = 0,,a(B+Y> + b = 0, a+(y+a) + b = 0 (3) 

Since a-B V 0 etc., 

By subtract Ion In set (3), we have 

a (a-B) = O’ etc,. (4) 

Since a»B,y are distinct, therefore from (4) we have 

a * b * c = 0 

Note: As mentioned In the text book,.a.= b = c ■ 0 Is a trivial 

2 

case for which any xeR Is a solution of ax + bx+c = 0, Thus a 

quadratic equation cannot havo more than two distinct roots. 

CHAPTER TESTS 
ORAL TEST 

2 2 

In the equations 3x +4x +7=0 and x -x+1 = 0 

I) What Is the sum of the roots ' 

II) What is the product of the roots? 

III) Which of the two equations have reciprocal roots? 

In each of the equations 
!)x 2 +5x+3=0 

o 

II) x - 7x + 4 = 0 

III) X 2 - x - 1 =0 

Iv) x 2 + px ' q s o 

What Is the value of the discriminant? 


5. 

(a ) 
(1 ) 


( 2 ) 

and 
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(3) In the quadratic equation 

2 1 4 i • 

ax + bx + c * 0 

» ' i 

i ) When are the two roots ooti'ai? ‘ ■ ' 

ii) When are the roots real? 

i 

• 1 

ill) When are the roots complex? 

Iv ) When are the roots rec iproca I ? *' 

(4) Let S and P denote respectively the sum and'product of two roof 

of a quadratic equation. Give your comments about the nature of 
tho roots In each of the following cases: r 

1) S > 0 and P > 0 ; , 

• * 

ii) S > 0 and_ P ^ Oj 

111) S < 0 and P > 0; 

iv) S < 0 and P < 0 . 


(5) 

(6) 

(7 ) 
(b) 
U ) 
J2) 

3) 

4 ) 
5) 


If a - b = c In the quadratic equation ax^+ bx + c '= 0 , what is 

« i < 


.'infure of its roots? 

i ! i* 1 I 1 t h , j <■ 


, ! v •* 1 1 ■ t h , , > 

What type of roots does the equaticn ax 2 t bx + c = 0 have when 
h = n? 


b = 0? 

To which typo of eouat.cn d~c. ox' f fcx t 0 ='o reduce"^.,, . 
WRITTEN TFST - • 

‘ ‘ » I 

O ' 

Solve 3x + 5 x -7 = 0 

. i ‘ , 

Solve - —3L = i x -1 

x+ 3 ^ 2^9 3 - x • What restriction has to^bo put on 

tho valu«j,f x 'so that tho equation makes sense' ' 

Solve /r^— + A5T _ 13 '•> - 

/ 1 -x / x ~ 6 


Solve \x Z +z\ + | x | = , 

• < ,l ib 

Hnd the values of d 3 + G 3 If c, and p ,rd fhrf foots of 
5x + 6 x +1 = 0 . • ■ a ■ - 

f • J '' I'*' . f t . » * 



( 6 ) A lank can be filled In'4 hours by two pipes whon both art; 
usod. How many hours are required for each pipe to fill the 
tank alone If the smaller pipe roou>"s 3 h<~urs more than the 

larger one. Compute answer to two decimal places. 

1 # 
i 

( 7 ) The sum of a number and its reciprocal is 10/3. Find the number. 

( 8 ) Find the base and height of a triangular flold with an area of 
2 square mts, if its base Is 3 mt longer than Its height. 

I 

( 9 ) If P rupees are Inverted at \r% compounded annually, at the 

' 2 

end of 2 years the amount wl.rl be A = P(1+r) . At what Interest 
rate will Rs. 1000/- Increase,to Rs. 1440/- in 2 years? 

. , , ^ 1 ft >■-**»(■ • * * ** ■ ' 

( 10 ) Form the equation with Integral coefficients where roots are 


Answers: 


1 . 

-5 ±/T0U 

6 

„ -3± /B7~ 

L > 4 , the restriction on x, x / t 3 

3. 

9 4 

13 » 14 

4. The solution set is <J>. 

5. 

-1 98 

, 5+ /73~ . 5+ /7T . , , 

® 7 hrs ^ 3 hou r 5 



i.o. 6.77 hrs and 9.77 hours 

7. 

3 ' \ 

8 . helqht = 1 mt, baso = 4 mts 

9. 

r = 1/5 

1 0. 54x 2 - 21 x -20 0 ." 

6. 

additional 

REAPING MATERIAL FOR ENRIOHMFNT: 


graph of a 

OUADRATIC EQUATION 


Ex ampl e J_; Construct the graph of the function 


y ■ x 2 + 2x + 3 
y z. x 2 + 2x+3 = (x+1 ) 2 + 2. 



So the vertex of tho parabola Is C(-1,2) and (0,3) Is the 
point of Intersection of the parabola and the y-axis. The branches 
of the parabola are directed up>^rd_' r; 3 shown in Mi* figure given 



Exerc1ses 

Draw the gra^h of ths_*ollowlng -unction* 

1. y = -2x 2 + 4x+1 

2. y = -2(x-1 ) (x+3) 

3. y = x 2 + x+1 

4. y = 5x 2 + 3x + 2 

Difference Between Inoquallties and In equa 'r i ons 

‘I ’ - 

We note that^fyrdeF-j:e|a t i rn exists In the set of real numbers 

i 1 

i.o. If a ancj .b are two'r'eW-l-nuffi'ber's.only one~oi tho following is+f* 

1 t 1 

a < b 1 < 1 

a - b 


a r b 



• • 
* • 


•ffS ;? 


Note, the following relatlons:- 

(I) 3 < 7 * (| | ) 1 > 0 (III) -4 4 I (Iv ) x < 3 

(v) 4x > -6 (v i ) 2y < 6 

The, first three relations containing the known numbers are cal led 
Inequalities while In the last throe which contains unknown are called 
In equations. 

Solution Sets of Quadratic Inequations (In terval method) 

Here we will consider the solution set of inequations of the 

2 2 2 
form x +bx+c> 0 orx + bx+c < 0, where x + bx + c = (x-oi) (x-@)., 

a, R being rea I. 

The following examples are self explanatory and will clarify 
the situation. 

Ex. 1 ; Consider y = (x-2)(x-5) > 0. 

Here y > 0 only when x-2 and x-5 arc both posttlyo or both 
negative. This means that y wl I I be positive only when x < 2 cr x > 5 
So the graph of the solution set of this Inequations can to shown on 
the real I ine as fol lows. 



Fig, 3.2 


Here, the solution set Is shown by thick line ——-having breaks 

' i / 

a+x = 2andx = 5, 

The solution set Is (x|x e (-®, 2 ) u (5,®)} 

-—* *—v Consider y = (x-2)(x-5) < 0 . 

Here y < 0 only when out of (x- 2 ) and (x- 5 ), ono is positive 
and other Is negative. This can happen only when x £ (2,5). 



The solution set of this, Inequations on the real line Is as 


shown belov/t 


0 2 S> 

Fig. 3.3 

Here the solution set is {x|x e (2,5)}. 

Exercl ses 

Find the solution sets'^f' fol I owl ng -i neq-uat ions and also represer® 
the solution sets on the real line. 

1 . (x+2 ) (x+5) < 0 

2. (x+2) (x+5) > 0 

• i 

3. (x-2)(x+5) > 0 

4 , (x-2) (x + 5) < 0 

.5,--fx-rg Mx-5> > 0 

6. (x+2) (x~5t < 1 0 

Additio nal Problems with Hints aiy! Answers 
Ex . i Solve |'2x-3| = |/+7 | 

i j 

Tho statement |f(x)| = | g Cx) | Is equivalent to the statement 

{f (x)}_ - (g(x)}^,^ So the given equation is equivalent to 

(2x-3) Z ’ = Cx+7) 2 

The answer Is x * |0 or - - 

3 ' • ■ ■ 

Fx.2 Find all values of a for which the equation x 2 - ax+1 = 0 does 
not have any roaI root. 

Ans: a e (-2,2) 

Ex.3 Find the equation whose roots are and - - 

5 9 ’ 
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Ex.4 The sum of a number and Its reciprocal Is 13/6, find all such 
numbers. 

Hint: Let x be the number, then x + 1/x = 13/6 

3 2 

Ans: x = j or j 

Ex.5 Find two consecutive positive ©von numbers whose product Is 168, 

Ans: 12 and 14 



0 Q 

* ■ 
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CHAPTER 4 


SEQUENCES AND SERIES 


1, ^ INTRODUCTION 

The purpose of this chnptor is to Introduce the essential 

features of sequences and series of real numbers to students In order 

that they can apply the corresponding results in different situations 

In Mathematics. Not only the concept of sequences and series, but 

also the corresponding formulae are used in different branches of 

* 

Mathematics I I ke Ca I cu I u s, fr igonnmetry, Mathematical Analysis and 
Probability etc. Further, these formulae arc* also used to solve 
problems in Accountancy, Eank and Industry. 


As far as the history of sequences and series is concerned, one 
has to go back in the period of Vedas. In Yajurved, ■ the sequences 
1,3,5,, , and d, 8 , 12 ,... have occurred with reference to some rituals 
In Kalpasutra of Bhadrabahu the result 1+2+4+,,,.t 81 92 = 16383 has 
been quoted without mentloninq the concept of geometric progression. 
The formulae of section 47 of the ! *,<■> hook were studied first by 

L 

Aryabhata 1 (see Aryahhatiya bjashya by NMkantas). The general 
formula for t^io sum to an Infinite geometric proqrosslon was first 
given by Vleta in 1590, though the concept of convergence was not 
mentioned. 

The formula 


aivps the value of tt and was proved by Gregory, but there Is sufficient 
evidence that this was known to'Madhava (1350 A.D. - 


1 425 A.D.) of 
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Iringalakuda of present day Kerala. Kmohg other series known to the j 

. , * \ e 

Hindus earlier than the Westw-nV for sine and cosine 

f unct Ions. 

^._ ? 

2. CONTENT ANA LYSIS 

; < .'ii' i ’' ■ '" 1 1 1 

In this section the number of each subsection is in accordance 

i ■> , T ■ . > • ■ • ‘ 

with the text book. 

f f I T 

With the help of sufficient number of examples, relationship of 

n with a Is to be made clear. In an arithmetic profession, the ■ 

n a 'I 

difference between any two consecutive terms remains same, .while ina 

■ i 

geometric progression, the ratio of any two consecutive terms remains 
same. Not only tho formula for sum to n terms i s to bo given but + he 

t i 1 

procedure for the same should also be demonstrated with tho help of 
some sequonces. Reason for inability to sum to Infinite forms of a 

» * i . 

G.P.", when |r| >_ 1, should bo made clear. Students should be qiven 

I 1 mt 

such a practice that even if they forget the formulae, they may be 

* j i 

able to use the procedure Involved In them. 

Seauences following certain patterns are more often called 
progressions. A progression Is a particular type of sequence for 
which a formula for nth term can be given, 
e.q. 3,6,12,24,.... Is a progression. 

i»i i. . 

Here + n ® 3*2 n , n e N. further, a term 'series’ needs to be 

explained clearly. If all the terms of a sequence are written In th e 

\ , " F 

form of a sum, then such a sum is called a series which may or may 

I 1 4 1 

not be finite according to the situation i.e. the corresponding 
■ eequence bG'inn ' f i n ito.or inf'iVJ + e'. 1 > “ - * •'u.'v - 

series 1 + !—”+ ^ g*+'*.*Y T§"inflnfte as It corresponds to an 

infinite sequence 1, \ , L , l- . 
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j,2 Arithmetic Progression (A.P.^) 

Problems I I ko Example 4.6 should be taken before Exorcise 4.1 
jnd before deal I ng with the roc' jnltlon of an A. P, 1 G.P. etc as well. 

1,3 Examples of A.P. And Insertion Of Arithmetic Means 

Problems of the typo of Example 4.1 should be de^it with after 
Exercise 4,1 and oven after deallnq with ^he easy problems like 
ft ,2,3 ,, 2,4,6,.... and 1,3,5,... etc. students should be encouraged 
|'tp use the appropr I ate formula for tho sum of an A.P. viz 
|~ [2a+(n-1 )d], j (a+JI) according to tho terms given. Further, to fix 
|the Idea that {a n + b n ) will he an A.P. If {a^} and {h n } are A.Ps. 
Students-may be asked tc verify the nature of {a n +b n }, Its first 
term and common difference, e.g. 


If {a n > = {2,4,6,8,-}, { b n > = {3,6,9,12,...}. 

Then { 3 ^ h n > = {5,10,15,20,_}. 

Its first torm, 5, is the sum of the first terms of { 0 .} and 

n 

{b^} And the common difference is the surn their common differences. 

The students may also be encouraged to verify the nature of a 
sequence obtained by 

U) Addlnq a constant +o each term of an A.P. 

(II) Multiplying each term of an A.P* by a constant. 

, Harmonic progression may be introduced as fo|lows. 

If {a n ) Is an arithmetic progression (A.P.), then { —• } Is a 

a ^ 

harmonic progression (H.P.) e.o. {2n+1 > being an A.P, {^jy } 

be an H.P. Some easy problems involving harmonic progressions 
Y also be taken. More questions of each type should be given for 
sufficient prac+ice. 



Ln,K ' Mo OUTCOMES 


U, 

(a ) Essenl a I Learning Outcome*- For "A M. 

After going thro' 'h this chapter b student should be able to 
(!) Recognise Si, A.P., G.T . and A.G.P, 

(11) rind the common difference d and the common ratio r of given 
A. n . and G.P. respectively. 

(Mi) Find whore a,d,n (of an'A.P.J or a,r,n (of a G.P.) are g| 

(iv) Find n when . 1^,3 (of an A.P.) or a,r,a (of a. G.P.) area 

n 11 3 

(v) Calculate S„ of an A.P. or a G..P. 

n » 

(v 1 ) Insert given number of arithmetic means or geometric means 
nelwoen two given numbers. 

(vi!) State whether the sum of an Infinite G.r. can be found or no 
and find sum to infinity. If possible. 

(v I i I ) Ca I cu I ate sum of an infinite A.G.P., if possible 

to n terms of some special sequences. 

(b) Learning Qu rcomes For The Hlghe 1 * Group 

After 1 *'lnc throuch this chup f CT,~ student of higher'group 
shou Id be abIe to 

1 

(i) Calculate S^ o* an A.P. or a G.P. even without using a formu 

the n-}■ h term of an H.P, when its first'two term's'ar 1 © JI' 

(ill) Insert given number of H.Ms between two given numbers 

Lsl ob! 5 sh order relation between A.M., G.M. *nd H.M. of two 
givei, positive numbers . 1 1 • 

(v) jum ,0 n terms of some special sequences which are not G.P.*3 
but reducihi 0 to G.P.s 

I I 

I | 

fi.c problems of apollcation type. 


r . . * ' >* 

vVn 



tfacHING strategies 


a) Mntivatioq For the Development of Concepts 

Every exper I enceAteac her know; that any mbi hemat i ca I topic can 
e ll taught to the students If they are woi I fnotivated. Motivation 
an be given through Simple examples. 

I To start with the topic, different day to day life situations 

|ay be presented where We come across. To judge whether the students 

lieve recognised the pattern, they may he asked to find successi-vo terms. 

Sone interesting sequences like Fibonacci sequence 1,1 ,2,3,5,7,,.. may 

be explained with the logic l-r-hin 1 It. 

? 

Sequence 1,2,2 ,... may be presented relating it with the story 

2 63 

of a king and a chess maker 1 +2+2^+,. . + 2 being the total number of 

grains to be paid to the chess maker as a reward. 

Series 2+1+ ~ + ^-+... may be presented with the story of a 
rablt who wishes to cross a distance of 4 metres. In his first Jump 

he covers 2 rri but in next jumps ho covers half of Nig distance 
covered in the preceding Jump. Now fho aucstlon 1s ; v/III he ever be 
able to reach his destination? If 'yes', in how many jumps? 

V'hile introducing S^, nc-od to find ? may be exp Is i ned/d i spl ayed , 
The students will feel motivated. Even to derive a s Imp I e ,f ormu I a, It 
Is always bettor to consider a corresponding example. 

Suppose We want to find the A.M. of two numbers a ond b, give 
example of the following type. 

— ai PP le JL l Find A sue h~that" 3“,~A and- 1-1 -are in A;P; 
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Consider the following example 

2,1 ,7, -7, /T,8,7, 5, 1,100 

J , 

This is a finite sequence consisting of 10 elements written 
In order. One can tell any of the 10 terms even when It is not 

possible to give a formula fer a n< 

(c ) Additional Exercises 

(i) A oerson working in an office nets Rs. 2000/- as a basic pay 

and 50$ D.A. per month. The Increment per year is Rs. 60/- in 
the basic pay. He saves 10$ of his basic pay in his providont 
fund account every month. F1 nd the total amount of his contribute 

tt 

towards the provident fund at the end of 5 years. 

(Hint: Additional Information about D.A. Is of no use In the 
solution of the problem) (Ans: Rs. 1 2720). 

v *. 

(11) The cdo natural numbers are grouped as follows 
I;3,5;7,9,11; -13,15,17,19;.... 

Shew that the sum of the numbers In the nth group are n J . 

(lli) Give an example of a sequence which Is A.P., C.P. as well as H.P. 

(iv) If a,b and c arc In G.P., prove that 

a + b + b+c b 

(v) Find the sum of all numbers between 50 and 150 which are 

dIvIs1ble by 7. (Ans: 1421) 

(vI) Sum to n terms the series 

------ 

(Hint: ^ (9+99+999 +...} = {(1 0-1 )-l (1 0-1 )+ (1 O 3 -1 )+. . . i ) 

(Ans: f-p < 1 0 n —1 )- 4- n ) 

31 9 
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(d ) Solutions/Hints For D i f f feu It Probl ons 
Exerej se 4J_i_ 

02. Hint: Find a 2 ~a 1 and a 7) -a 0 to show that 

a 2 ^ $ ^3*^2 

Exercise 4.2 : 

Q3. Hint: S 6 = 5tS t 2 - ,S & ) 

= >6S 6 = 5$ 1? 

or 6 [ | C2a + 5d ) ] = 5'[ (2a+11d)] 

V, 

Fxerclse 4.3 ; 

2 3 

Q2. Hint: Suppose the numbers are a, nr, ar , nr 


2 

ar - a = 9 -- 


(1) 

ar - ar^ = 18 — 


(2) 

Multiplying (1) by r, we get 



ar^ - ar = 9r — 

- O’! 

(3) 


From (2) and (3) we got 


9 r = -18 
=> r = -2 

Ex ore I se 4,6 ; 

Ql« Hint: 2 2 + 4 2 +, . .+ (2n ) 2 

" 2 2 [ 1 2 + 2 2 + , . .+ n 2 ] 
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Miscellaneous Exercises on Chapter 4 


Q7 . Snl ut ion : The sum of tho distances covered is given by 


s ■ 1+ ? + r + --- 


1 


This is a G.P. with common ratio, ^ < 1 

= 2 < 3 


s - a _ __L 

~ i - r ~ i - 


which shows that the insect can never reach the target point. 


Oil. So IutIo n: 


We have A G - /aF and H = . 

■c at b 

Now A.H. = —■ . 2-Sjk = ab = (/iTT) 2 *= G Z 
A, G and H are in G.P. 

Further, A-G - - /a¥ = ( a +b-2/a¥) 


8 ~ (/a - /b) 2 > 0 


A > G 


Again G-H = /ab - 


r 2 a b 


a + b 


(a+b)/ab - 2 ab 
a + b 


_ /a~b 
3 + b 


Ca+b - 2/ab] 


“rr t/o - /F) 2 > 0 
a+ d 


Q1 2, 


Solution: 


e - n t n+1 ) c _ c 2 

5 1 2 ’ S " S 1 

and _ n(ntl )(2n+1 ) _ S i > 


2 9xs 2 (2n+1 ) 2 


9s; = 


= S^(2n+1 >■ 


= S j (4 n +4n+l ) = s [1 + - ( JJ + ] 1 a -j 


= s^i+ss,) 


O.E.D, 
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n+hor Methods of Solving Some Of „Tha , Problgn^ 

. . 2, 2 . 2 . , 2 _ n(n+1)(2n+1) 

Problem t T ? : Prove that 1 +2 +3 + ...+ n - g ; 

Proof* Wo shall adopt the miM'oc’ of induction discussed In Chapter <5 

of the text book 

4 2 1(1 + 1) C2t 1 ) 

P (1 ): • 1 = 6 


or 


1 = 1 which is true 


PCI) is true 

2 _2. _ 2 . 2 r(r+1 )(2r+1 ) 

P (r); 1+2 + 3 +...+ r - g 


Let us assume that It is true 

P (r+1 ): 


LHS: 


i z k>W +...+ (r+n 2 - 


777 ? 

J + 2+3^ + .»,+ r_l, + (r+1) 2 


r(r+1 )(2r+1) + 6(r + 1 ) 
6 


(r+1 ) r o _2, 

—-—l 2r +r+6r+6 i 


(r+1)(r+2)(2r+3 ) 


= RHS 


This shows that P(r+1) is true whonevor P(r) is true. 

•’* By principle of mathematical induction P(n) is truo for all neN, 

Probl em (II) : Derive the formula 

a+ar + ar 2 +...+ ar 0-1 = — ^rJ } 

r-1 . 

Solution: Wo shall prove It also by the method of induction 

a = = 3 which is true 


• • 


P11) Is trua 
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4 « 


P ( k): a+ar+ a +,. 
■Lot us assume 

P(k+1): a+ar + a r ^ 
L.H.S.' = ^S + ar 2 


k + ar 


k-i a (r k -1 ) 
rrl 


that It Is true 


, . k a(r 

+ . . . + a r = 


k+l 


r-i 


, ^ k-1 , k 

+ ...+ ar + ar 


-1 ) 


a(r^-1) , k , .. PCk) is true) 
—i—; + a r ( 


.r k - at »r ktl - ,r k 
r-1 


, k+1 . . 

a (r _-1 ) 

r-1 


= R.H.S. 


This shows that P(k+1) is true whenever P(k) is true. 

B'« principle of mathematical induction P(n) is true for all neN. 

(f ) Some Challenging Problems 

0(i) The odd natural numbers *r* r> s fol’^ws 

1; 3,5; 7,9,11; 13,15,17,19; 

Show that the sum of the numbers In the ntft group Is n^. 


Sn I u 11 o n; 

The first terms of each group are 
1,3,7,13,21,.,. 

Those can be rewritten as 

0x1+1, 1x2+1, 2x3+1, 3x4+1 , 

.‘.The first term of the n+h group is 
Cn-1)n+1 = n^ -n+1 

Then there are n terms fn the nth group. 
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Those terms form an A p with common difference 2 
S = f C2a + (n-1 )d] 

= £ [2(n 2 -n+1 ) + 2 '.n-1 ) J 

= n(n 2 - n+1 + n-1 ) 

3 ' 

= n 



1 r n(n+1)(2n+1) , n(n+l) , 

2 C - 6 - - 2 — - 1 


n(n+1 ) 
1 2 


C 2n+1+3 1 


n 1 n+1 )(n+2 ) 
6 


9< 111) If the sum of the first m torms of an A.P. Is equal to the 

t 

sum of the first n terms of the same A.P. then show that the 
sum of the first (m+n) terms of the A. r . Is zero. 

So I u 11 o n; 

Let a be the first term and cl, the common difference of the A. 
Then we have 

| r2a+( m -1 )d] = £ C 2a+ (n-1 )d] 

2a (m-n) + dCm(m-1 )-n(n-1 )] = 0 
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• « 
• • 


i.e, (m-n )[ 2a^ (m+n-1 )d ] s 0 
but m ^ n 

2a (m+n-1 )d = 0 

C 2a+ (m+n-1 )d ] = 0 

I.e. sum of the first (m+n) terms of the "\.P. is zero. 

+ h 

Q(iv) If Pth term of an A.P. is q and q term i s p, then show that 
1 * h 

(p+q) term of the A.P. Is zero. 

Hint : Use the procedure adopted in Q(ili) above. 

0(v) Sum Hie series 

1x2 + 2x3 + 3x4 +...+ n (r.+1 ) 

Hint: n"*"^ 1 term = n 2 + n 

Sum = Fn 2 + Fn (Ans: - n - ( ^P 1 ”t 2) ) 

0 (v I ) Sun the series 

7x2 4 2xT + 3 xT + - up+0 n + erWs 

So I u 11 o n: 


n + h 

term = 


1 


n(n+1 ) 


term = 

1 

1 

1 

2 

2nd 

term = 

1_ 

l 


2 

3 

3 rd 

term = 

1 

3* 

1 

4* 

n +h 

term = 

1_ 

_]__ 


n 

n+1 


* = i__ 3 _ - ft 

** s n n+1 n+1 
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A rota+inc wheel coming to rest rotates 300 revolutidns In 
the first minute. If In -ach subsequent minute it rotates 
two thirds of the rotations In the ,-ocedlng minute, how many 
revolutions will the wh^^l m-j Ue before* com inn to rest? 

(Ans: 900) 

) A gives Rs. 20/- as a donation to a school everyday while B 
gives 50 p on the first day. Re 1/- on the second day, Rs, 2/- 
on the third day and so on. At the end of 10 day^whose donation 
will be more and by how much amount? 

(Aris: B; by Rs. 11.50) 


CHAPTER TESTS 


Oral Test 

There can be various types of oral questions related to the 
topic concerned. A few questions are mentioned her*. A teacher 
can frame his own questions. While framinq such questions more 
stress should be given on concept unoerstand 1ng than on the 
apDllcatlon of the formulae involved 


What Is the 5"*"^ term r f t' r --i -i - nc * 21 n 2] 

What Is fhe formula for the n term of the sequence -3,-3,-3,.. 

What Is the 7th term of the sequence 1 ,-1 ,1 , -1 , ... (Ans:1) 

What Is the common difference of on A. n . whose n +h term Is 4n-1 

(Ans: 4 ) 

What Is the common dlfforence of an A.P. whose n +h term is 
3n 2 -5n 

(Ans: 6) 

Give an example of a sequence which Is A.P., G.E. and H.P. 

es the sum to Infinity for the following 0.T, exist? Why? 

,+l -< *; <' .1 > 2 + (t.n 3 +... 


(Ans: no, because |r| > 1) 
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<vMl) What ’ s the sum of ,+he series 
' 1+2+3+...+ 100. 


(Arts; 5050) 


(lx) 


Cx) 


Cx I ) 


h f h 

What is the 4 term of the sequence for which m T term is 


5m-7, 7 


(Ans; 13) 


What Is the 2 nc * term of J ^sequence whose r ^"* 1 term Is 3n^-4? 


(Ans: 8 ) 


3 ■. n=*i 


What Is the common ratio of a G„P. whose n Th term Is 5( ~‘) 

(Ans: — ) 

(x i [ ) What Is the first term and common ratio of a G.T. whose n ^* 1 


term Is ( ~ ) n+ ^ 
4 


(Ans: fg ; \ ) 


(xiii) Find If the sequence 1 • \ » 5" > 7* »-• • is 

(A) A .P. (B) G. P. (C) H,P. (D) A.G.P. (E) None of these 

(Ans: C) 

(xiv) Find If the sequence whose n^ term Is 3n+4 Is ’ 

(A) H.P. (B) G.P. (G) A. P. (D) A.0.1'. (E) None of these 

(Ans: C) 


( b) Written Tost 

(i) Derive the formula for the n +h term of an H.F. whose first 
two terms are a and b 

(Ans: t = 

• n 

(ii) Insert" 3 ha rmo n I c moans between — and 

c 


—-i- ) 

7 + (n-1 )( ^ ) 
o a b 

1_ 

42 


(i i i) Sum the sorIes 

(2x5) + (3x6) + (4x7) +. .. 


(Ans: 


1 

1 5 


1__ 

24 


33 


) 


to n terms 

(Ans: 5 - (n 2 +9n f2C ) 
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(iv) How many terms should be taken so that the sum to that number 
of terms Of a G k P. whose 1st term and common ratio are 1 and 2 

9 

respectively, is 2 -1. 

(Ans: 9 terirls) 
h 

(v) If In an A , p . S ? = S g = 9, show that 6 term is zero. 

(vl) THe angles of a triangle are in A.P. and the greatest angle is 
100°. Determine the smallest one. 

(Ans: 20°) 

(vI i) The digits of a pln^code number, taken in the order, of a ■ 

-^vjv\ are in A.P. If the number Is divisible by 3, find It. 

(Ans: 765432, 123456) 


(viii) Sum to Infinity the foiiowinn series 


1+ i + 1 + 10 + 

1+ 3 + 9 + 27 + ' 


(Ans: ) 


(lx) The sum of an infinite G. p . is 4. Find the common ratio 

fIr st term Is 3 . . 

(Ans: — ) 


Mr 

ur 


(x) 


6 . 

(I) 

(II) 

(III) 
(i v) 
(v) 
(vl) 


The ratio of the 5***^ term n G. p . fn Its 2 nc * term is 
Determine the ratio of 4^' term to the 2°^ term. 


(Ans: ) 

ADDITIONAL READING MATERIAL FOR ENRICHMENT 


College Algebra by Raymond A.Bornett 
Higher Algebra by Barnard and Child 
Higher Algebra by Hall and Knight 
A I gobra by Fu ter 

Exploring Modern Mathematics by K.V. Rao 

Hlqh School Mathematics Part 1 by G.N. Yakovlov, Mir 
Publishers, Moscow. 




CHAPTER 5 


PERMUTATIONS ± HO COMBI NAT I O'NR 


1. INTRODUCTION 

/ 

Thsre are certain situations where one Is interested In knowing / 
the number of ways a thing or a work can bo done, Somotlmos one also 
deslros to obtain this number, not by actually counting the different 
ways. In dealing with such problems one has to arrange different or 
Identical things or has to find the number of groups without bothering 
the arrangement of things in each group. All such and other related 
problems In which the question of counting occurs are dealt with. In 
this chapter. 

Permuta+lons and combinations are used In dealing with Binomial 
Theorem, which Is dlscussod In tho next chapter. Further, the Idea 
oApermutatlons and combinations alongwith the corresponding formulae, 
I s u sed in dealing with problems of Probability. 

' / I 

Combinatorial Analysis, a well known branch of mathematics, 
which deals wit.h descrete obj 'C 4 conf Igur-'t I 'ns obtained -by thBm, 

has 'ts origin in tho theory of permutations and combinations. There 
Is another tranch of mathematics called ’Graph Theory' which Is 
closely related io Combinatorial Analysis. These two branches have 
theio applications In Computer Science, Assignment Problems and 
Number Theory. 

HI stor I'cat’l 1 y, tho problems related ,to combinations and permuta¬ 
tions arose while solving rlesprote probahil 11y problems (A non-' 
contl nti'Ou s variable Is, knoiwn as a d esc ret e var I a b I c). Pa sea I , Eu I er, 
La^iranqe, Laplace, Bernoulli, Leibnitz wore pioneers in this field 
and solved many problems on probability by using combinatorial 
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techniques. Among Indian mathematician's, Bhaskarncharya (Eighth 
Century) dealt in some problems related ,to permutations and combina¬ 
tions In his wor k. 

‘ 1 s * 

’* * v > ' t ,* 

No prerequisite knowledge Is required to understand this chapter, 
2'i- CONTENT ANALYSIS 

In this sectloh the numbers of each sub-section aro In accordance 
with the text book. 

5,2: A student may be able to understand the fundamental principle of 

\ 

cou ntlng (also known as prlncipleof multiplication) in a better way 
If the same may bo stated as follows. 

9 1 

"If one thing or one operation can be done or performed in m ways 
and to each way of doing the first t-hing (or'the first operation), 
the second thing can bo done In "n ways, then the number of doing the 
two things simultaneously Is m.n". 

Along wi' - h this principle, ire following principle may also be 
stated, since this Is also equally important. 

Principle of Addition : If a thing can be done in m 

ways, and a I .so by n ways, all the ways heigg different, then, the 

thing can he done in (m+n) ways. 

Sometimes one has to use both the prihciples in solvinq some 
problo'ms depending on the nature of the problem and the cases arise 
therein. See for example Exercise 6 on page 99 of the Text Book. 

5.4 to 5.7; In thEs^sect I ons the concepts of Permutations ahd 
combinations are dealt In, along with illustrative examples. These 
sections also deal with certain theorem*:,. Tho proofs of these 
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theorems aro very short and need more elaboration. The more elabo- 

* f t « 

rate proofs are liven In section>4 rtf this chapter. 

i 1 

Teachers may go through tho . rooth and form their own proofs 
written In an easier language. 

The difference between Permutation and Combination can bo 
Illustrated and explained by giving a stress on "rder of the things 
In an arrangement. Further while dealing with permutations and 
combinations, the following problems should be discussed and explained 
separateIy. 1 ! 

(i) Problems dealing with permutations and combinations of DIFFERENT 
Things. 

(II) Prnhl ems d oa I i ng with permutations and combinations for which, 

i 1 , ■, - i - 

somo or all the things are identical, 

1 r \ i , t 

There is n possibility of using a formula related to different 

things for solving a problem in which some things are Identical. A 

/ 1 ' 

repeated warning Is to be given to the stu'ents regarding this point* 


I 

3. LEARNING OUTCOMES 

(a) ^ Essential Learning Outcomes For All Students 1 

After learning this chapter each ; -student is supposed to 
Cl)' ■ recoqnlse the fundamental principle of cou nt i nef ETid lt.5 use 

/ I.| 

In solving sTrnp-l>a. 1< probl ems, 

jr I— m ^ 

(ii) recognise the factorial nofation for whole numbers and its use 

• . JT 1 * 

and purpose ' 

(HI) recognise tho meatilnp of*~the form’s ''p-Orm-utat ion" and "combination”, 
and the d if forence 'between them. . -' 
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(Iv) remember and use different variety of formulae rdla+ed to 
permutations and combinations, in solving sinple related 
probl ems 

(v) analyse and solve simple practical problems. 

(b) Learning .Outcomes Fob Students Of lUgbor Group. 

A student of higher group is expected to, 

(i) prove the theorems on permutation and combination, 

(ID apply the formulae on permutation and combinations, to solve 

harder problems. 

4. TEACHING STRATEGIES 

(a) Motiva11on ; In order to motivate the concept of permutation, the 
following simple oxample can be discussed with the help of a 
figure. .... _■ r 

''How many possible outcomes can be obtained if throe coins are 

tossed T" 


SolutIon; Let letter H represent the occurrence of Head and T represent 

' i / / 

the occurrence of Tail. • ' 

Then the outcomes are shown in + ho following flgur-e. 

First coin Second coin Outcomes 

H H H 


H H T 
H T H 

H T T 
T H H 

T H T 
T T H 

T T T 
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The problems discussed i s, a I so equivalent to fine 1 oil possible 
three letter words using the letters T and H. 

For further motivation of th > cvnr.jnts of permutation and combi¬ 
nation the following examples will also be useful. 

(I) A student has 5 shirts and 3 pants. How many different dresses 
can be formed, each dress consisting of one shirt and one pant. 

(ii> A person desires to travel from Bombay to Delhi via Ahmedabad. 

He can travel from Bombay to Ahmedabad either by a Pall or by a 

bus; while from Ahmedabad to Delhi thero are three ways of 

travel II ng (i) by train (II) by bus (iil) by air. 

In how many ways can the person perform the journey from 

Bombay to Delhi. Illustrate 1 he number of vMys by drawing a 
figure. 

(iil) A father has asked his son to bring one pair of hand gloves out 

of 5 pairs kept in a room. When the son reached inside the 

room the lights were off, (If was a n'iqht time). The father 

was In hurry as h>-„ wantp-f +' h^^vol a noarh*' vll lago, How many 

minimum number of hand gloves the son should take and give fo 

his father so that the father should be able to use at least 

one pair of hand qloves. 

\ 

A teacher after discussing such problems nlongwith the solutions 

thereof, may ask the students to tell such similar problems. 

1 1 

i 

* F 

A problem of the following type may also be constsened. 

(Iv) Write down all English words that can he formed by using letters 
of the word "MATHEMATICS" partial solution I*s HE, I, AT, + fl'IT, 


MAT, HIS etc. 



112 


In order to clarify the difference between permutation and 
combination, following examples may be discussed. 


1 »■ , ' 

(v ) Arra nge t he sym bo I s 2 jV-» » 1 n: * ' n * * * orn nt wa ys a I ong a lino, 

(v 1 > There are five coins in : my podket. These are 5 psj 10, Ps, 20 ps, 
25 ps and 50 ps respectively. I want to pick up any three coins 
at a time wltttnut looking into the 1 pocket end without bothering 
wh I ch three cn i ns are going to be pdekerl up. In how many ways this 
can be done? In which way, what Is the amount I' s ha II get? 


This last example also Illustrates and motivates the formula. 


C (n,r.) = C (n, n-r ) 

i 

Here we have 0(5,3) = C(5,2) « 10 


Raroar k: A teacher Is welcome If he or sho explains some of the above 
cited examples with the help of figures and diagrams.' For * 1 Ins+anco 
the 2nd example (If) may be Illustrated through the following figure 



The differ©nt possible ways of travelling are as fellows: 


•\ 


(Tra i n, Train) 

(Train, Air) 

r * • 

(Train, Bu s) 

( Bu s, T ra I n ) 

( Bu s, Air) 

(v I ) and (Bu s, Bu 5 ) 

MI scone opt Ions and Common Errors : 

Sometimes a student does not give duo Importance to th© concept 
of order and finds difficulty In solving the problems on permutation 
and combination. 


(I ) 


44 \ \ \ U 


a nd 


<n) irnwn on!l ' 

° ni1 


V- H-V-V-V-H 


(Iv) 

<v) 


in<1 

- - — 

and/ * v 
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Secondly a’ studtsnf dft-dts flot'pS'V necessary attentIon-.to the 
case of permutation In ’Which the thinns are repeated. The following 
’ problem Illustrates the second poirh. . 

Examn I e; Find the number of three digit positive integers thdrt can 
be formed by using the digits 5,6,1 and 9. \ _ < 

Here an averaae student takes P <4,3 ) and gets a wrong answer 24. 

I 

Though It Is not mentioned In the'problem oxp I Ic it I y hhat a 
digit may be repeated, it I s to bo taken for granted, as ft Is not 
otherwise stated. 

The correct answer is 4x4x4 = 64. 

I 

Further, if onG of the four given digits happens to ho zero, the 
answer is not 64; hut It is v 

3x4x4 = 48' 

i i 

Another common error a student may c^mmIt-Is not to consider 
the dlfferenh cases that arise in a parMcular problem. For example 
consider the following ".roblom. 

There are four applies to he distributed among 3 students A,B,C 
so fhat A s«hould get atleash two. 

Solution; There are three cases to be considered. 

fat s e (i) : A gets 2 apples 

Case (I i); A gets 3 apples . ’ ' 

Case (ill); A nets 4 apples 

If a student considers 6nl y thd first case he gets a wrong answer 
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■vox#^ 

Solutions/Hints to Dlff. ; .. Problems of The Text Book. _ 

j. 

Exarciso 5.1; 

Q9‘. For a set of five true-o'r-f a I se questions, no student has 

written al I the answers correct, and no two students have given 
the same sequence of answers. What is tho maximum number of students 
In the class, for this to be possible? 

Solution; The two symbols T and F can be written at 5 different places 

5 

in 2 ways i.e. 32 ways. Among these only one is related to the all 

1 * , , r 

correct answers of 5 questions. Hence the remaining 31 permutations are 
all dlff orent. 

Hence the maximum number of students Is 31. 

Exorcise 5.2 ; 

Q9. Prove the inequality 

n 2 

(n!)' <_n ,n! <_ (2n! ) for all positive integers n. 

' Hint; Apply Induction Principle. 

013. Provo that 33! is divlsihl, ^y 2 15 . Wha f is the largest integer 
n such that 33! is divisible by 2 n ? 

Proof,: There are at least 16 even factors (2,4,6 ,,.., 16) of 33!. 

r 1 5 

Hence 2 surely divides 33!, Lot us consider 1 he numbor of times the 
factor 2 may occur In the sequence. 

2,4,6,8,10.,32. . . 

It amounts to 1 +241 +3+1 +2+1 +4+1 +2+1 +3+1+2+ T + 5 = 31 . -Hence n = 31 . 
Exercise 5.3 ; 

08. If there aro six periods in each working day of a school, in 

how many ways can one arrange 5 subjects such that each subject Is 
el lowed at least one period. 
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Sol ution: If any onp of the subjects occurs twi'ce then thero are 

— ways of arranging periods. But there. are 5 subjects. Hence 
the desired number of ways = |y- x 5 = 1800, The answer given in. the 
book 1 S' wrong. 1 

010. Find a formula for the number of permutations of n different 
things taken r at a time, such that two specified things 
occur together. 

Solution : Considering fwo specified things as one object we get 

" P 

P(n-1,r-1) ways. But two specified things can be Interchanged. Hence 
the desired number of ways, Is 2P(n-1 ,r-1 ). 

Exercise 5.7: • 

05. From a class of 25 students, 10 are to be chosen for an oxcursl 
party. There are 3 students who decide that either all of them 

I 

Will Join or none of them will join. In how many ways can they 
cho son? 

. i t 

Solu Mon : Case (1) When 3 students join the excursion party. 

Number of ways of selecting 7 more students from the remaining 22 I« 
equal to C(22,7 ). 

Case (III : When 3 students do not Join the excursion party. 

Number of‘ways of selecting 10 students out of 22 = C(22,10), 

Henco required number of ways = C(22,7 ) + 0 (22,1 0). 

014. Prove that n!+1 is not divisible by any number between 2 arid n, 
- ro °f 1 Wo know that any Intoger z between 2 and n divides n!; but 

none of these Integors divides 1,' and hence 2 cannot divide nI +1 
(Why?). 
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Ex ere Iso 5,4 : 

Q8. In an examination hall, there are four rows of chairs. Each 

row has 8 chairs, one behind tht* ether* fhoro aro two classes 
sitting for 4 the examination, with 16 students In each class* it 
Is desired that In each row, all students belong to the same class 
and that no two adjacent rotos are allotod tc, tin same class. In 
how many ways can these 32 students be seated. 

* f i 

Solution; R ows a ns to be a I lot eel to both the c I asses a s I, II I, II, IV.. 
Number of ways of selecting class for each row is 2. Number of ways of 

*• l 

seat i ng 16 stud ents in 1,111 (or II, IV) Is \£> ! » So the r equ i red • • 

' 2 

number of ways = 2x16!xl6! I .e. 2x(16!) ’. 

Exerc 1 se 5.7 ; 

* *1 

Ex. 6; From a class of 12 boys and 10 g j r | s 10 sludents are to be 

chosen for a ^ompe^ it Ion, Including atleast 4 boys and’ 4 girls. 

The tw'’ girls who won the r ,'-|ZGs last year should be included. 


In 

how 

many ways can the selection 

i 

„ \ \ 

he made? 



i 


No. of 

No. of 

Hint: If 

two 

girls are already decided 

Boys 

gM r 1 s 

to 

ho 

included then 

' 4 

6 



-A n s 'is 

5 

y 

, 5 




VJ 1 ' 

i - 

4 


C<12 f 4).C<8 f 4> t C(12,5).C<8,3) 
+ C (1 2,6) x G (8,2) 


Each time wc have to select girls out of 8 and not 10.. 

Ex ere Is 5.8 : 

We shall give the proof of one identity In this exercise (l.e. 
Exercise 5). The proofs of the remaining are similar. 
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Ex• 5 ! Prov© that r»C(n,r) - n.G(n” 1 ,r** 1 ). 

Proof L _ _ r , n! __ n! 

L.H.S. ~ r t ( n-r )! “ (r-lH(n-r)l 

I 


n. (n-1 )! _ 

(r-1 )! (n-1 -r+1 )\ 


n .C (n-1 , r-1 ) 


= R.H.S. 

Additional Fxercises : 

(1) There are five speakers A,B f C,D and E. In how irony ways can thny 
speak if B speaks after A (not necessarily just after A). ■ 

J 

t 

Solution; Considerin'] A and B as two Identical objocts as 0 and 0, wo 
have ta consider the permutations of 5 objects C,D,E,0,0. In each 
permutation replace the first 0 by A and the second 0 by B. We get 
the answer 5!/2! = 60, ■ • 

(2) In a hexagon how many diagonals are there? 

Solution ;" dumber of ways of selecting 2 vertices out nf 6 Is C(6,2) 
But 6 sides are not t be included ns thes>' are net diagonals. Hence 

i 

the required number of dlaqonals = 0(6,2) - l 6 = 9. 

General Formula : The above problem can ho general isod io a polygon 
of n sides and we got the answer C(n,2)-n = ~^ . The argument of 
proving the result is similar to the one used in (2) above. 

Some Challenging Problems ; 

H) In how many ways n Identical objocts can be distributed among r 
different persons? ~ 

This problem is equivalent to each of 1 he following two probloms 
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Prob 1 em 1: In how many ways a positive integer n can bo written In . 
tho form of a sum of r forms, ,oach 't'erw being an integer >_ 1 , 

I I 

Problem 2 ; In hnw many ways n identical objects can he placed In r 
d I f f erent cells? 

1 

Sol ut Ion; We shall concentrate our attention on Problem I. In tho 
adjacent figure the problem Is Illustrated when n = 3 and r = 3. The 
proofs for ••‘he general case is slmllah. 

Placing 3 objects (denoted by the 
letter 0 In the figure) In 3 cells 
(two vertical lines forms one cell) 

Is equivalent to finding tlfe ways 


Cel I 1 

0 0 0 


Cel I 2 


0 0 0 


by which 4 vertical linos (3+1) 
and 3 objects are to be arranged 
among themselves. 


0 0 
0 0 
0 

' 0 


0 

« « i 

0 0 

* * < 

0 

0 0 
0 


col t 3 


• * t 

Q 0 0 


• « *■ 

0 0 

0 0 
- 0 

0 


Rut out of 4 vertlcat lines, 2 lines hnve their positions fixed. 
Hence we have only 2+3 = 5 total things out of which 2 are of one'kind 
and 3 of the other kind. Hence the total number of required ways is 

equal to j 7 31 ' ~ Clearly the general formula for the number 

of requ I rod ways Is 


No. of ways = — 1!~ +1 z2di ... 

. n! x ( 1 —1 )! 


_ (n+r-1 )i 
nl (r-H! 

or Mo. of ways = C(n+r- 1 , r -1 ). 
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Remark: As a particular case of the above problem.in the foil owing 
one. We shall put if In only "nr f«rn. 

Find the number of ways of cl I str I bu t 7 nci n-Identical objects 

1 j r 

among r different persons so that each person should get atleast one 
object (n 1 r). 

Hint: After giving one object to each of the r persons, we are left 

* 1 » i 

with (n-r) objects, which aro to be distributed according to the 
problem 1 above. 

(Ans: C(n-1 ,r~1 )) 

Ex. 2: Find the number of ways of d i str i but I no 8 'ppl^os among 3 girl 

so that each girl should got atleast one aople. 

! (Ans: 21 ) 

Hint; n = 8, r - 3 ->od CC8-1 # 3-1) = 21 

} 

Ex, 3 ; In how many ways the playing cards can be distributed airmnq 4 
partners, playing the game of Bridge? (Cards are distributed one by on 

Hint: There are 52 cards. Distribution takes place one after the 

other. Hence the problem 1 is exactly emu i valent to finding the number 
of permutations of 52 (Afferent things. 

(Ans: 52!) 

Remark; In this problem th© answer Is Independent of the number 


of partners. 
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flral-.anJ.,Hf Ittek Tests ; 

(a) Oral Test ; 

(1 ) How many permutations of -the letters A,R,C,P aro there with A 
a I ways I n the 3rd pi ace? 

(2) In how many ways the four members A,B,C,D can he placed around 
around tabl e with A and 13 a I ways together? 

(3) Writo the product 5.7.8.6 using factorial notation. 

(4) Can we give a meaning to C(n,r) and P(n,r) for r > n? Explain. 

(5) Among the number s C (6,1 ), C(6;2), C(6,3), C(6,4),C(6,5), c(6,6), 
which Is the greatest? 

, i 

(fc) Written Test ; 

(1 ) From 5 consonants and 3 vowels, 3 consonants and 2 vowels are * 
chosen to form 5 letter wdrds. l4ow many such words may formed? 

I 

(Ans: 5Cj x 0 C 2 x 5i). ' '' 

t 1 

(2) In order to glv<i a signal to a ship, 'j flags of 5 different 
Colours are used. If there oro 3 different flans of 8 different 
colours In how many ways the signals can be made? 

(Ans: 8n,J 

(3) Determine different values of n and r so that*P(n,r) = 120 
(Ans: 6,3; 5,4 and 5,5), 
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MHitlnnal Hee ding Material; 

The following books may be found to ho useful for +ho teachers. 

( 1 ) Finite Mathematics by Koruny, Thompson and Snell. 

(2) Higher Algebra by Barnard and Child. 

(3) Higher Algebra by Hall and Knight. 

(4) Dolerami Mathematical Expositions 

a) Mathematical games I by Ross Housl-crgor 

b) Mathematical games U by Ross Housborgcr 

c) Mathematical games III by Ross flnushorger 

d) Mathematical morsels • by Ross Housfmrger 

e) Mathematical plums h\? Ross Houstonier 

(Published by Mathematical Association of America) 

The books (a) to (o) above contain a variety of combinatorial 
problems, besides the problems in Geometry, Number Theory. There are 
some problems which havo been appeared In Mathoim + ics Olympiads tests, 

(5) Exploring Modern Mathematics by K.V. Rnn published by United 

Publ 1 shing House In 1 97 1 5. 





CHAPTER 6 


BINOMIAL THEOREM AND MATHEMATICAL INDUCTION 

‘ *' 

1 „ Introduction 

Ollie principle of Mathematical Induction is one of the 
most powerful methods of generalising statements for all 
positive integers- This principle can he used to prove 
certain results opcuring in Chapter f>It is also used in 

i 

proving the well known Binomial Theorem for integral index. • 
which is a part of this chapter. 

This principle of the concepts and methods of Mathematics^ 
proof bymather'"'.tical induction, is not the invention of a 
particular individual.' In some works,of several early mathe¬ 
maticians, the method of induction ,is involved implicitly. 

i 

The principle of mathematical induction was known to pythagore^ns 
(sixth century B.C). It is found implicit^ in Canepancu's 
proof of the irrationality of the golden ratio ~5~ 

T 

The discovery of the inference by mathematical inducation 
in the modem sense is ascribed to Prancecco Manrolica who was 
the first to ‘make a fairly explicit use of the method in a work 
published in 1575. However, r 'it was not until the seventeenth 
century that satisfactory formulations of the method are found 
in the work of Pierre de fermat (l60i - 1665) and Blaise Pascal 
(1623-1^"2). 

As far, as ■the Binomial Theorem is concerned, it-is > a 
powerful tool in obtaining approximations^ of desired accuracy, 
where powers of a binomial expression are involved. The 

r ' 

expansion of some power of a binomial could be used in solving 
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certain problems of divisibility* to derive Newfcoil Gregoiy 

formula in Numerical Analysis^ to solve problems on probability, 

n n * 

to evaluate lint x in calculus and in so many other 

x ax “-a 

mathematical situations• 

Expansion of (a+b) n for small positive integral values 
of n were known earlier* but it is difficult to name the 
identifier. Among the Arab*, Umaf Khayyam (about 1130 A.D.) 
claimed to have discovered, the law of expansion of (a+b) 

Al-Zanjani (1262) used it for n=7- It was Pascal's woik 
(1 -^65) which made Europe familier with it. The generalisation 
of Binomial Theorem for negative integral and fractional index 
is due to Isac Newton. Maclaurin in 174 2 and Enler in 1774 
proved the theorem for rational index. In 1826 N.II. Abel, published 
the first general proof for any complex exponent. 

* „ * 1 - i , 

- ' f 

2* - Con tent Analysis r 

V 1 t 

•-.1 i ' 

In thi9 section, the following aspects dominate the 
content! 

A general statement needs to be proved for the season 
| that any number of individual verifications may tend to be 
false after few more steps. t 

dotation P(n) is used to denote a statement (over natural 
numbers). It may be true for all'natural numbers or only for 
a limited number of values.'' ‘ ' 1 

Given a statement P(n), it will be true for all natural 
numbers n if and only if 

i) rto is, true; and 

ii) P(k) is true s=s> P(k+i) is true 
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The text gives several solved examples. But number of 
questions in the text book is not sufficient. Additional questions 
may be given to the students for practice. 

Detailed explanation with sufficient number of examples 
and questions on'Binomial Theorem is given in the text book. 

The way in which the general form of binomial theorem significantly 
varies from tho earlier form for d positive integral indox is 
emphasised by listing essential differences between the two forms. 
No part of the contont needs to be further elaborated. 

3„ Learning Outcomes 

Esse n tial learning Outcomes for all 

After going through thin chapter, student must bo able to 

i) appreciate the fact that verification of a statement for 
number of particular cases does not allow us to generalise 
the eijat ement, 

ii) identify the difference between verification and proof. 

iii) explain the meaning of the notation P(n). 

iv) expalin 3?(n) for different values of n* 

i , i t 

v) apply the principle of Mathematical Induction to prove 
certain statements. 

vi) conclude that violation of any one of the two verifications 
involved in the principle of mathematical induction leads 
to invalid generalisation. 

vii) 1 expand small positive integral powers of (a+b) by actual 

multiplication i„e.,by distributive law. 
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viii) prove Binomial Theorem using principle of mathematical 
Induction. 

ix) draw Pascal's triangle for different Values of index n 
in order to calculate the various binomial coefficients. 

x) Calculate the binomial co-efficients with the help of 
combinations. 

xi) apply the Binomial theorem in sinplo cases. ' 

xii) produce the general statement of the Binomial theorem 
for rational index. 

xiii) prove simple identities using Binomial theorem. 

xiv) ca3 uLate the approximate values of certain quantities ~ 
like J99 , 3_/65 , (15r* 

Beaming Outcomes for higher group ; 

A student should be able- to 

i) apply the Principle of Mathematical Induction to prove 
certain statements, which could have been proved by some 
other method. 

ii) appreciate the beauty and utility of the principle of 
Mathematical Induction as a tool. 

iii) ? recognise the condition on x as for as the validity of 

the expansion of (l+x) m is concerned, where x and m are 
real numbers. 

iv) derive particular cases of exp ansiorr from- the corresponding 

general statement. • , v‘ _ • 

v) prove difficult identities using innoudal theorem. 
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To start with Principle of Mathematical Induction, teachers 
should try to present statements which seems obviously true, hut-' 
are not true in general e.g. 4 , 24 , 44, are divisible by 4, so 
can we say that any number having 4 as its unitfs digit is divisible 
by 4 ^ Actually the statement is not true, as 14 is not divisible 
by 4, even though it 1 s unit 1 s digit is 4. 

i 

Sometimes we are not able to find an example by which any 
statement can he disproved. Even sufficiently large number of 
examples supporting our statement do not allow us to generalise the 
statement. 

Another statement may be of the type : ane more than square 
of any odd number is oven. 

It can be easily shown that 1^ + 1 = 2 is even. 

Here truth of p (k) .means that one more than square of 
odd number is even. 

If We prove that truth of p(k) implies truth of p(k+l) 

4 then truth of p(l) implies truth of p(2) 

truth of p(2) implies truth of p(3) 

' .......and so on. 

This process can continue indefinitely, which implies that 
statement is true m general. 

Before introducing Binomial theorem the teacher is 
suggested to present a probletn like 99^» which involve long 
calculations, if actually calculated. After going through 

-1 UTii^r pal mil n+-i «— -1 - - . • - - - 
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Fi scone eption s /Coirar on Errors 

Somotiir.es students take £t for granted that P(n) will 
he true for n=1, but this is one of the necessary conditions 
if we wish to prove any statement for n=1, 2, 3............. 

e.g. Pfn) ; n 2 -n+1 is divisible by 3 
then P(l) : 1 2 -1+1 = 1 is divisible by 3* 

But this is not true. 

p 

Therefore we can't say that n -n+1 is divisible by 3. 
Sometimes assumption of truth of p(k) leads to truth of p(k+l) 
but pC1) is not true, so truth of p(1) a u >t be checked. 

Another common error committed by the students is with any 
statement related to even numbers or odd numbers, e.g. 

p 

P£n) : 1+3+5+-..•+ is n" 

p 

or P(n) s sum of first n odd numbers, is n . 

i 

If question is given in the'2nd form, students forget 
to take numbers in the form 2n+1. and after assuming 1+3+.... 

+ (2k-l) = k 2 they try to prove 1+3+.(2k-1) + (2k) = (k+l) 2 

similar is the case with any problem related to even numbers. 

Sometimes a statement is to be proved for n^2. Then in 
place of p (1) wo are to verify the truth of p(2). 

While expanding binomial expression (2x-y)^ students 
forget to take negative sign with y. They write all the terms 
with positive sign. But every term with odd power of y will be 
negative and every term with even power of y will be positive. 
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Sometimes while expanding (l+x) 31 where a is any rational 
number, students forget to check 1 x |ci. If/ havo \ x i 1 
then v/e won't be able to sum up the infinite series vihich is 
the expansion of (l+x) m . 

Sometimes we wish to find the coefficient of certain 

power of x say 3rd power in the expression 
4- id" 

( 1 + x ~ . 3 ?l) B ut students miss one or the other 

term involving ’ third power of x. All the combination from the 
three expansions must bo considered. Hors there wall be ten such 
combinations. 


Additional exarcisos to supplement the text-book 

Use method of Principle of Mathematical Induction to prove 
the following Ql to Q6. 

O 

1. If n is an odd integer greater than 1 then (u -l) is 
divisible by 8. 

2. a+(a+d) + (a+2d)+....,+(a+(n-1)d) =^-(2a+(n-l )d) 

3» a+ar+ar 2 +.+ar n ~^ = — ) 

4* 1 3 ^2 3 +3 3 +...... .+n 3 = (1+2+3+- « • • .+n) 2 or -in 2 (n+l) 2 

5 ‘ 577 + 7Tri + - U P*° n t0 ™ s = j(4n+5) - 

(Hint - nth ten. = (j nH . S) - 

6 r 2 n ^ n for all n 

7. Find cubes of (i) 99 (ii) 101 (iii) 48 by using Binomial 
theorem. 

AnB ( 370299, 1030301, liO59?0 

&» Expand the following expressions by using Binomial theorem. 
^ (x+ 5 ~) 5 * 7 ~ (x-J) 5 Ans( * iOx 3 + |2. h—2_) 
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iii) (l+x+x 2 ^ 6 itoste^+Sx 1 V2lx 10 +50x9+90x^+126x^+l4lx 6 

+ 1 2Gx^+30x^+50x^+21x 2 +6x+1^ 

iv) (j^Z+^jrg ) 1 -Ans ( - 2 - 1 

9. Find the Coefficient of x 6 in tho expansion of (2x 3 +l)^ 

I A 

(Ans 80) 

Solutions/Hints for difficult problems 
Exercise 5.1 


Q5. 


Hint - ' 


>\JC+1 )_^ 


2 3k+3 -1 
8.2^-1 
8(2 3k -l)+8-1 

8(2 3lE -l)+7 


Exercise 6. 2 


Q2. Hint - 


Q8 


This question is same as proving that 3 2 * 1 -1 is divisible 
by 

Hint - with the assumption that k 3 + 3& 2 + 5k+3 is 
divisible by 3. 

(k+i) 3 + 3(k+l) 2 + 5(k+l)+3 
=; k 3 + 3E 2 + 3i+1 + 3k 2 + 6k+3+5k+5+3 
35- (k 3 + 3 k 2 + 5k +3)-f. 3k 2 +9 k + 9 


‘i.3 


+ 3k 2 +5k +3) +3(k 2 +3k+3) 


J* L 
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Q9« Hint; 

12 + . 2^ +-+ k 2 + (k+1)' 

^,^c(k+l) (2k+l) + (k+l) 2 t 

* ,(^+i^lc(2k+l)+6(k+l)3 

^ w (^±i^(21s: 2 + k + 6k + 6)j| 

> ■ (^|i^(2k 2 + 3k + 4k + 6)"^ 

5? (^i)^(2k + 3) (k+2)l 
* ( k+1 ) (k+2) 2k+3 ) 


Exercise - 6.3 


X-U 

Qll. Solution - Let t r-1 , tfrh denote the (»-l) , 

j_*u 

rth and (rw-l) x terms respectively in tho expansion of 
(l+a) n n Then we have 


Coeff of t - * -7 , Cooff of T +1 = 42 
Ooeff of t^ 1 * coeff of t r 7~ 


n n 

°r-1 = ? and °r 


n 


1 


n 


= ' 6 
T 


'r-2 


'iwl 


* * = 7 

r-1 ~ 


and 


n-r+l = 6 


Solving these two equations we get n = 55 
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Hint 


g k+2 - 8(k+i)-9 

gk +1 9 _ 8k - 8 - 9 

9 ( 9 k+1 _ 8 k - 9) +72k + 8 i - 8 k - 8-9 

9(9 k ;'- 8 k -9) +64k + 94 x 
9 (g k+1 - 8 k - 9) +64 (k+l) 


Q7. Hint 


4 n = (l+3) n 

= C(h,0)3° + C(n,l)3 1 
C(n,r)3 r 
r = 0 


C(n,2)3 2 +-+0(n,n)3 


n 


TL 


QlO. Solution 

We want to prove that 

(C. + 0 1 ) (0 1 + 0 2 )-(0^! + 0 n ) = ("ij" 

-- «o u 1-Vi HI 

0 0 C q . L 

Now L.H.S = (I+ 77 1 ) (1+t£) (1+7?) “ (l+TT 1 -) 

°o C 1 °2 °n -1 

But 0„ n . 

r .*c£±l , r= 1,2 .n. 

°r -1 37 

L.H.S. of I = (l+ y) ( 1 + -- J 12 ) .(l+~) 

= (i±») (-2^1) (Sii) 

= (l+n) - h.H.S. of I 

n « 

Q .12 We shall prove the following general result of which 


(I) 


■the given problem forms a particular cane 
Ganerfll Result; Prove that 


t - 


\ . 
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Proof ■ j * 

(l+x) n = c o +c i x + C 2 X + . +G r^ 

(x+l) n = C Q x n + C .,** 1 ' 1 +...+C n 

multiplying these identities» we get 

(l+x) 2n = ( 0 o +C^x+ 0 gX 2 +. .. +0 n xn ) x (O o x 11 +O 1 x n ^ 1 +.. 

Equal ting the coeff. ofJ(X u_r on both the sides, 

We get C( 2 n, n-r) = C o 0 r + C i^r +1 + . +C! n-r ^n 

lJ?)IUr )! " °o°r +0 lVl - - + 0 n-r °n 

Now putting r =1 in this result 

1 

(n-l ' P ? k TTTl = 0 oV°1°2 + .+ Vl°n 

Q. 15 Hint 

(l«) n (l-x) n = (l-x 2 ) n 

A 

Compare the ooe£f. of x on both the sides. 

Exercise 6.5 

Q 4 -. Solution 

i. 

y. II- 

Term involving x in (l- 4 x)^ 

"^r-hi 1—£) LllJjlJ 1 *"»* *•»■ » * * a ) (A y ) r 

1 x 2 x 3 xTTTTTTVTx^^ 

■ . Coeff. of x r = £j 2 (jj . (~4 ^ 

rJ 

~ i_-l) r C-I) r 4 ^ (Ix 3 x 5 x...( 2 r- 1 )) 

2 r ri 


• ' +C n> 
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Solution Take p-q+h 



(as h is small) 
(as h is small) 



E.H.S. 


- w — - \-v — 

1 1 1 h 

= (S±£) n = (l+~) n = 1+n ^ (as h is small) 

0. Q. 


QlO Hint 


(a-b*r 2 = a“ 2 (l-^' 2 


c 


= a" 2 fl+2(”X) + 3 (|x) 2 h-.;) 

if all the coeff. are positive then 2b ^.q 

a ' 

~=%> b and a are or the same sign. 


' Q12. Hint 

(l-x) m '= 1+m (-x) + ^ (-x) 2 + 

coeff. of x 2 = m(m^1^ 

1x2 

honoe m(ip-l ) 

2 = J 

OY m 2 -,m-6=0 

m= -2, 3. 
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Miacallaneous Exercises 6*6 

t 

Q3» Hint 

(1 + x) k+ ^ ■ 

- ^ 1 +x) k (l+x) 

>ijl+kx) (l+x) 

s» il+x + kx + kx^ 

1+ (k+l)x • (as k > 0, X Z > 0) 


Q6. i) Hint % , r ?, . . 

By assumption / . 

(k + 3) 2 > (2k +7) 

Consider L(k+1) +3 )f ^.^(k+3,) +1 ] 2 

=- j:k+3) 2 + I 2 + 2 x 1 x (k+3) 
,2k+7 +1+2k+6 

ft 

■—: 2k+9+2k+5 
2(k+l)+7 


( 


Hencos'fn+3) 2 ^(2»i+ 7) 

b . 1 1 

ii) Hint - By assumption 


2k + 5^ 0) 


J (k +3> 2 ^ 2* +3 ' 

Consider (k+4) 2 = (k+3) 2 +l 2 +2(k+3) 

“ .(k+3) 2 + 2k+7 

^ (k+3) 2 + (k+3) 2 ]ij3y (i) ] 

■*,^=+3 + 2 ^ 3 

^k+4 

hence (n + 3) 2 .^r 2 n+3 


By assumption 
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Addtionai applications ; - Thei'e are a number of applications of 
induction principle in various branched of mathematics. We 
shall quote here two applications, one taken from Trigonometry 
and the other from the theory of numbers. 

(1) For any positive integer n prove that (cosgp+isinff)' 1 ' 1 = 

\ • ' 
(coss$ - isin $j)’-(P(n)) where i m .-I 

Proof ; - Olearly the result (P(n)) is true for n=l. 

Let us assume that P(n) is true for n=r i*e. let 

(co 9$= i sin8) r = (cos r$ + isinrft) 

multiplying both sides by (cos££ * isin^) we get 

(cos$ + isin$) r+, *= (cos r£ cos^ 1 - sinr^sin^) 

+ i Qpln r$£ cos$ + cob siiKf) 

using the formulae ! 

cos A c«s B - sinA sinB = c*s (A+B) 

* 

and sinA. Cae B + c»3A sinB ■= sin (A+B) 
we get 

(ce.S£+ ising) 1 ^ 1 = cos(r+l)8 + isin (r+l)c§i 
This shows that P(r+l) holds. 

Thus P(r) inplies Ptr+l). 

Henca by the principle of mathematical induction we conclude 
that P(n) holds for all n. 

(2) Let a and beany two real numbers and m a positive 
integer. If (a-b) is divisible by m, show, that a n -b n is also 
divisible by in. 

Proof;- For n = 1, it is given that the statement P(n): 

,r (a n -b n ) is divisible by m. " is true. Let P(r) hold. 

(a -b ) is divisible by m. 

Now a m1 - b w1 = (art) (a r rt r ) - ah ( a 1 " 1 - b 1 - 1 ) 

. ‘ 

- (a+b) {a r -b r ) - ab (a-b)c 



whez'c? c 


is stfi in’tsS© 1 ** 


Since R.H-.S- of -the above identity io divisible by m 

- 4 , 

we conclude that P(r+l) holds. 

»v 

Hence by induction principle we conclude that 
^a 11 -*) 11 ) is divisible by m for every n. 


applications of Bin omial theorem.. 

Cl) Show that It x n - a n = n. 
x-^a x-a 

Proof - Put x=a+^» , h-->o 

It x n -a n = It (a+jft) n -a n _ 
x—x-a h->o a+h-a 

= It (a+h) 11 -^ 
h->o E 


But by Binomial theorem 


n.n_ „n-1 v , . --+ h n 1 -a 11 


(a-^) n -a n = [a n + n c,a I1 - , h + 


n n 

~~ C <j 9< 


“- 1 H + n o 2 a“- a h 


J 

2 


+ — + h' 


n 


(a+n) n -a n = 
—Ti- 


“ 0l a 11 ’ 1 + “e. 


a 


h+ _+h n -. 1 


c- ■' r> 


*»3 


. It- ( a+k) n -a 11 = It n c. a 11 1 + n o 2 a 11 2 h+-+h 

h->o h : h->o , 


n-1 


= n c 1 a 11 " 1 = n a 11 " 1 


(2) Prove that Cos 30" ~ 4 Cos 3 {3f — 3 CosCT 


and Sin,-30f = 3 SinST - 4 - Sin 3 0f 
Proof - We know that ’• 

(CosQ^ isinQf) 11 = Cosne^ i sin n^ 

This can be proved by using the principle of Mathematical 
Induction. 

r .". (CosQfi- i sin(J) 3 = Cos 3QT + i sin3& 

Cos 3 QT + 31 6os 2 ^‘sin#+‘3i“ 2 '~^W^ih 2 Qr + i 3 1 sinjV 

* * * 

-• ' C * • 1 ^ 

= Coe 3^ + i sinJiS" 



Equating the real and imaginary part 3 


cos 3 qr - 3 cos®- sin^ir ='xjos 3Q' 

i.e. Costs' - 3 Co&Gt (l-0os 2 (j)“ = Cos30" 
i.e. Cos 3 ®- 3 Cos® + 3 : Cos 3 ® ~*C©s3® 
.". Cos 3® = 4 Cos 3 ® - 3 Cos® j i 

Similarly we get . 

Sin3S3T = 3 sin® - 4 sin 3 ® 


j (Tt 


Some challanging problems 


(l) Use mathematical induction to shp'w- *fchat 


- n ' -n -1 n £ N 


d (x 11 ) = nx 

Hints - Show first that A 60 =i 

Then use product formula for obtaining the■ derivative of 


r+i 


x 

( 2 ) 


= x # x 

i i • 4 ' ^ 

1 

Prove by mathematical induction the identity’ 
v n n n _n 


a 2 a in 


r 


/ _ \ II II 

^ a 1 a 2 %? " a T 

(3) Prove by mathematical induction the identity 
log (a 11 ) = n log a, n£ N 
Where a is any positive real number 1 

Hint s for the 2 nd step of induction use the result that 

1 . 

log (x-y) = log x+ log y." “ 

(4) Pind the term independent of x in tho expanqipn of 

( 


(5) 


3 2x 2 1 / 3.1 72^7. * 

30 50 * * ■ JL 

vrhich number is greater 99 . +.,.100; or (-101 ) ^ 

Hint 5 — 101 50 — 99 ■ = 100^ + positive terms 

Ans\ ■. (101) ^ 2 ' is- -great er ^ ___* _ 

Pind the value - of ✓ 1 ‘ . 

t 1 t 

1 8 3 +7 3 +3xl8x7(l8+7) ■ _ 


( 6 ) 


TTT 


3 "+6x24 3x2 + 1 5x81x4+20x27x8. + Vl 5x9x1 £+76x3x32+64. 
(Hint:- Use the expansions of (i8+7 ) 3 gmri ( 3 + 2 )® 



Oha.pter Tests 


(a) Sample questions for oral test. 

(1) What do you mean by "mathematical statement"? 

r 

( 2 ) What do you understand by "Induction"? 

( 3 ) What is meant by counter example *) 

( 4 ) Mat is the meaning of P( 6 ) if P(n) stands for 
"n is a prime number". Is P( 6 ) true ? 

(j\no. P( 6 ) s 6 is a prime number, P( 6 ) is false) 

( 5 ) What do you mean by the term "Binomial"? 

3/7 

) 6 ) Can we expand (l+x) J/ ? If so under Mat condition 

t 1 

fins4x(<1 ) 

|7) Can we have two middle terns in a binomial expansions? 
Ans, Yes,'when index is an odd number 

1 

( 8 ) that is the general term in the expansion of (a+b) 11 ? 
Why is it called a general term? 
to. tr = V/' fr" 1 ) 

Mat is the sum of the coefficients in the expansion 
of (a+b)"^ (-Aw. 2 10 ) 


( 9 ) 



Sample questions for written tost ; 


p 

If P(n) is the statement, "n-n+i 7 is prime*', 

Prove that P(l), P(6), P(l4) are true, Prove also that 
P(l7) is not true. How does it'not contradict the 
principle of induction*? . 

* I 

r ♦ ■> 

Give an, example of a statement P(n) depending on the 
integer n such that P(4) is tine hut P(5) is not true. 


Provo hy induction the identity. 

$ + 1 + 1 +-+ .1 = n 

2.3 3.4 , nTTn+TT** - n+1 

Draw Pascal’s triangle for n=lO and deteymjlajf 1 ' the values 
T 7 8 

of c^, 'c^ and c^ and hence verify that 
(i) ?c 3 + 7 c 4 = 8 c^ (ii) 7 c^ + 7 c g wsA = 8 c 5 
Generalise this result (Ans. 35, 35, 70. 


u, , n 
c r + c rM 


— 11+1 


Using (CosQ + isinQ) 2 = 0002^ + isih2Q 
Provo that 

(a) sin 2Q =2 sinQ CosQ ! 

(h) Cos2Q = Cos 2 Q - sin 2 Q 

If x is a positive real number provo that 


++l) 


(l+x) n > (i+ jc) , n£N 


Find the term independent of b in the expansion of 

(Ans. - 10 
b 

Find the approximate value of (9 ) to g decimal places 

(Ans . 929268) - _^0 

°5 

Show that when x is small ( so that the powers of x more 
than 4 can be neglected) 



CHAPTER - 7 


EXPONENTIAL MD LOGARICPHICEO SERIES 


■j. Introduction 

7.1 Exponential Series 

We have studied ah out ATithmct i c , Geometric and Binomial 
series. In this chapter we shall ctudy some particular series 

i 

known as Exponential and Logarithmic scries. The following, 
from earlier chapters, will be made use of: 


i) Geometric Series : 

let a 1 +a 2 + -- be a series in vvhidh none of 

a„'s is zero and + 1 _ , —* 

n - r » a constant (i.e. independent of k) 

then the series is said to bo in G.P. and its sum upto n-tsrms 

is given by ^ = -lilzlS. , if. _ r < 1 



if r > 1 


In case 



^.1 and n is sufficiently largo, 


1-r 


ELS !t!l 


factorial of a non negative integer : J 

U-= n(n£l) (n-2)-3.2.1. 

Whore n is a non-negative integer - Note that tj? = 

J . 

' -J 

Binomia l series expansion, of (noc)*^ ; 

(i+x) y =i+yx+ ? . x 2 + rrizrli^y- 2 ), x 3 + ___ 

Note that'this theorem is valid evon when Jlatj<Land y a 
rational number. 1 , ■ 
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iv) TIiq y ojLl ^vg inijG^o^rs 

2 n ~ 1 ^L | n is true for a ~ 1. ^ 

let 2 n “^|rn for n 
- , Put n = n+1 

2 n ^ ia+:l -k>»2. 2 n ~ 1 ^ (n+1) $g u.which is true for n >1 
since we have assumed 2 1 1_1 4 'k for n 
and 2 jly-J for n=1. 


v) 


The Complex number, their real and i 
and the formula = CqbQ + iSinQT" 


■imaginary parts 


vi) 


We have already seen that if a+ib =-c+ids-^a=c and b=d 

K 

Similarly, 

e"^ = CosQ + iSinQ' 

The corresponding series for CosQ and ?mQ can be obtained 
by equating real and imaginary parts on both the sides, 
vhon e ^ is expressed x:i thj iorn of caries. 

The combinatorial Coefficients c(n.r); 



0<n,r) TCsTEe 

Also note that C(n*,r) = 0 (n, n- r) 


S « 
* J 


vii) The number e is the base of a system of logarithm called 
the Napierian* aye tom .(after tfeo .name of its inventor i 

“ * -~*M= _«.»-« Hi +r ■** J "V - - 

r , 

John Napier^. ’The base-*e is mostl^^i-jJ-od lh -theoretical 
investigations. . iv 



• * 
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to * 


2 . noncent Analy^i- 

* 

<j m 1 ^-y ponential Soriosj 

In this section, the number- of oach subsection is in, 
accordance with the Text "beok. 

x n 

1 ) The- students may ho asked to expand (1+n) , using 
Binomial theorem. 

f , ivn 11n 1 , n(n-l) /1\2 n(n-i) (n-2) |1\3. 

(i+i> = 1+n ' n + tt + 337^ * + — 

1 + 1 + ^ ( 1 "n^ + '^ ^ 1 " ^ ^ 1 ~n) + - 

1 2 

Now as n--Jup--; — etc. all tend to cero 

n y ji 


it (i+J) n = i + 1 + Te + :ix + 


' 1 -1 

Tho series 1 + 1 + + -=j, + 

X*l~ 2&*i 

is >. enoted hy e 


. . It (l+ ~) n = e - ; ‘, v 

2 . The value of o lies between 2 and 3 

The student may be encouraged to find the value of e, 
can concludo that we have 
e = 1 + + ^ +-—— oc* 

= 2+ ^ + i + - 190 

= 2 *f- t_&nm of +vo numbers)" 


• • 2 

The student can find thr,t 


■° tc - 


e<1+ 1 + .i+ 1 p'+ -V +--"0 
2 . 

" - ^~ 4 + f "1 +* 5v,*-tt^--k-+" j__ ^ 


He 
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<1 + (sue of ail infinite G.P, with a.= 1, r=^ 

<1 + i~r 

i 

<1 + 2 

< 3 .<H> 


Proro I & II 
2 <e< 3 v. 

e lies "between-2 and 3 


3 . The Value of o = 2 . 7 l 82 (approx.) 


As above, student will find the vglue, of cone terms 
upto somp plac is of decimal, 


e 


1 + 




—po 


: T ov; ■ 2 = 2.000 000 

4 -' 

h = .500 ooo 

j jk ~ j = j (. 5 ) = .165 667 


and so on 

Let the student find some terms and then on adding 
c = 2 . 7 l 82 (approx.) 


4 . 


Expansion of e 


x 


in the form of a senos s 


Consider 

1( 1 + i)“ 

Now student may be asked to expand it using Binomial theorem. 

(1+1)“= i«*. 1 + ggss-U . (l) ■’ + aiasj l liBfegi ( 1 ) 3 ;... 

■ 1+x+ * (ii) £+1 (*^T(x-|) . ^+.. 
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Here the student may,he introduced with the concept 
that as n^j- f; ‘ -to. *12 tend tc a_.ro 


it. Qi+s;) n ] ~ 1+ * + ^ + .co 

'h -** 0 r- 1 r \ 

may assume It. \Jl+^) n ] X = pt_ (l + 


Here, we 




e x = 1 + x + | * t 3 + 


ft 


-nH*oo 
, <s*r 


Which is called Exponential series a-id function q 
is called exponential function. 


3. Learning Outcomes 

Exponential Series is 


, x = 1+. 1 ■ x 




&1-1, + T2T + 


.+* 




. — ^ cr O 


The following results 1 may he developed hy the students 
hy replacing x on hot v j r’ ’-,c; 

i(> When x = O 

e =» 1 + 0 + 0+ * "I 


ii“) When x =1, , 1 . 

fl1 = 1 + Tl. + l£_ + ’k. + . 

iii) o^ = l— + 1 +■ ........ 

iv) e + e ^ = 2 ( 1 + + ~t/£‘ +’*•••«•»••) 

v) e - e _1 = 2 ( 1 + ^+ ^+ .7.) 

vi) When x = 2 ; 

'2 J " P ■ 2^ p3 / 

0 ~ 1 + % + 1L + ~HT ' + —‘ 










l^to i i 


vii) On. adding & subtracting the series fox 


e x and e x ; we have 



4. Teaching strategies 
Mot i vat I on 

i) As we a~|l know that motivation play, ah important role in 
teaching learning process. It - is needless .to say that 
first teacher must be self motivated. Before introducing 
a chapter he must have its own planning* 


ii) This chapter may be developed thwigh learning-doing activi 

iii) As the students have previous knowledge regarding G.P. f 

■ i ' ' ' ' J 

Binomial theorem and inequality, £he leooon can be very 
well developed by considering expansion of (l + as 

mentioned in content analysis. , 


Graph of Exponential function e x 

The students may be motivated to draw graph of e x . 


Lot y + 



1+x+ 




Now if x. = 0 , y = 1 

C0»1) is a point on the curve., ' As x increases, each 
term after the first term increases ap.d 
/ tends to eowhenjt*^ . 50 .y increnfees from 1 to e?o as x 

increases from 0 to W 1 "f 


QA 

Tor negative values of x»-y decreases from 1 to O&s x 
decreases from 0 to • 1 *>■ * ‘^ - J 

C. Now if we -lot the graph of y=e x for +va and -vo values of x, 


we gat the curve as shown below 






Fig. -7.1 Graph of a x N J 


To prove that o is an irrational numbers 


if possible e be ecpaal to a commonsablo fraction 

I 

where p and cl aro positive integers. Then 


e = 1 + 


tL + Ig. + ‘ 


. 1 , 1 . 

,+ V c±r 


' ' I" (1 + ii + .. + l4i + .. fI) 

On multiplying both sides of (I) by j<^ then (ul+I) terms within 
the brackets on the It.H.S. of (i) £ve ' 


k-1-P - ^ integer - t ^ t .... 

How the terms oa R.Tt.g. are +vo and they are also 


(II) 


Pi O 1 
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< 


q+i 


Tq+T) (1+27 


* p. C a o # 


< 


_J_ 

q+1' 


1 


1 

q+1 



Which is a proper fraction as .q ia a +tc intoger. 

Thus equation (II) shows that-p fan. is equal to an integer 
plus a proper fraction which is impossible* SO y ^ E. 

- Vd. 

’ . v "’’ 

- -Hence e- is an irrational nuxebor. 


Partial Fractions 

The operation of decomposing a given proper fraction 
into simpler fractions is call-u ’’theolution into partial 
fractions ,r This is very useful for arriving at certain 

algebraic results. 

* 

A 

* Por ourposes of resolving into partial fractions it will 
be sufficient to consider only "Proper" fractions i.e. 'those 
in’which the numerator is of, lower .degree than the denomi na tor 
for if this be not the case we can divide but the numerator 
'by the denominator until the remainder is of lower degree 

—. ' ii- i - * -*1 ° 

r i 

than the denoiniiiatoi?- Rules are based on the assumption 

« *“ i 

that all the fractions are proper, ones. \ 7 o below givo some 

- * 4 V ‘ 


rules- 
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Pules 

i) To any non repeated linear factor (x-a) in the denominator 
there corresponds a fraction of the form 

where A is a constant 

ii) To a factor (x-a) 11 i.q. a linear factor (x-a) repeated 
n times in tho denominator there correspond a grapp of 
n partial fractions of the form 


x-a 


(x-a) 




Where 


■A^ar 


e all const ants 


iii) To a non repeated quadratic factor x^+px+q there 

A-jr.f TO 

corresponds a partial fraction of the form —^— 

x^+px+q. 

let us take an exornlo 


Ex. 1 


Resolve ^ 5- 1 


into partial fraction? 
2 


' fix - 5 x+1 

Sol . Here the denominator = 6 x^- 5 x +1 

i 

= (3x-l) (2x-l) 
A B 


SuppOS 6' ~ 5 

’ 6x - 5 x+l 


3x-i 


;,2X - 1 1 


I'iultiplying hoth sodas hy (3x-l) (2x-l) wo have 

* f 

i ' i 

7 x - 1 = A ( 2 x- 1 ) + B ( 3 x-l) 

It is an identity 

» • Equating the coefficients of x and tho independent terms 

f 

on tho two sides we have 
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SA + 3 B = 7 
-A - B = -1 


g 4 v t I 


..( 1 ) 

..( 2 ) 


Solving theec wo get' 
A = -4, B = 5 

7x - 1 


6x -5x+1 


3x-1 


2x-1 


Solutions of -problems on Ex- 7.1 of'Text 'book Part-I (Pago 135) 
Ql. Find the value of e rounded off to one decimal place. 


Sol. We have 


.e = 1 +■ . 3 - + ii + - 


K ‘lL + { 2 - + £ + 




-1 + 1 + l i . 

2 + g- + 


ml + 1 + 0.5 + 0.166 + 


^ e > 2.707 


( 1 ) 


Also 0 = 1 +^.+^.+^+^+^. 


1 . 1 . 

+ + 


+ 5 + S + £ £ + [? + £.6 + £. 6.7 + ••••■••”-3 
‘ 1 5 n 5’ so wo llave 

^ * i + , i + a f ? + f + J2 + J3 + . 1 

n »*u ^ h * 

2 + 0.5 + 0,166 - i - .052 * £.718 . 

' - 1 f 
From (1) and (2) , we 'have 


(2) 
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2.707 Z 3 Z 2.718 

-a, rpj 1G value of e, rounded, off -fco ono 
decimal place is 2.7 


Find the coefficient of x 11 , xn thy expansion of o a+ ^ x 
in powers of x 


_ _ a+bx _ a bx 
Sol., o - o . o 


_ „ a fT 4. 1SS. 4- te.) 2 4. I 

- G tl + lX + 12 + LJ a. ‘H 

v —— l J. * r A ^V> 

* • \V.?n. v-**- V '" vvv v\^v % y ^' sz. — -— 

■ Y\ on Is } , Vl 


Coefficient of x 11 = e a b n 


Find the sum of the 1+ ^ + jj- + 


1 + ii + ii + 


q + e 


= Ho + 1 ) 


the sum of ^FT 

Here .V --et 

Let n 2 = A + B (n+l) + C (n + 1 )n 

on comparing the coefficients of n 2 , n and constant 
we get 

A=1, B= -1, C=1 

n 2 - 1 - Cll+l)_+ (n+1 )n ^ ; ; 


|n^i f BfT 


i_ . i_ 

if * ^ 


y ~ r i _ _ i _ + _i _ 

tv=i IIomT ir^-l ^ 
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Q7. 


1 + d + d .3 

- + \i + ii. + . ■ - 

I * 1 ( 1 _L 1(1. J_ 

+ © + ii. +u - + . 

(e - 2) - (e - 1) + e 
e-- . 1 Ans. 

. -J 

Sum tla.e following series 

«2 ,2 m2 

i) 1 + SK + t~ + .T" + 


e ■ 2 e T i£ 

Sol. Here V = if “uSl . 
Putting n = 1, 2, 3> 

rp —-!- 

x i U=1 

m -= -2— 

2 t2=j 


' 03 

Tisl 


T 3=g|- 

On adding? 

1 

tl*J- 

1 + 


2 

ET 


2 

U 


4- + 

nr + 


U=0- 

4 


4 

E - 


+ -. - - — 


i + i ^ 



a o 9 o 
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ii) 1+ JJJ + 


l +g+3 + 1+2+3+4 . 

nir nsr - *• 


Sol. Here ' • •• +n 


_ n(n+l) _ n+1 

— ■ ■ ■ * ■ ET| -a 


NwO.%- jsa 



► 2 tn. 

= ' 2m 


CO. 


n+1 

2TS. 

— 1 c * 

- ^ 2l- 

n+1 

£=T 

»lfe 

+ I23L 

.. 


d + l' 

*. a 


= ifi2 


2+2 


+ tr + 




+ .li- 


= *t 2+ l + &.* 

L 2 ^ 1+ j^ + & + 


,1 


} + 


= ■# 


- s' (2e+e) = J e 


) * ^ 1+ i+ 4 ui + 


Atis. 


•a 

>1 


m) g +|5 + £ + \£+. 

Sol. Here Ia „ = igg+lTl 1 1 

* tetti er Tg&L 


t 

* I 


2n 

L+1 


i 


^ _ 

“Gt + tsr + g^+ 

“ ( d + ti + ii 


i 


■CK> 


n -i l . 2n+i . 


) 


H 6 


-i 


-1 -(•- 


e 


-1 


- 1) 


1 

= — Ana , 
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Q8» 


$ol. 


Sum the senies 

■i ) ztz 
~ ***•■ tats 

Harea k 

Lot 'H 2 -n = A + B (n+1) + C(n+1 )n 

< 

Comparing the Coefficients of n •> "a , n t we have 


n(n-1) 
2 in-1 


B + 0 - -1 
0 = 1 
A + 3 = 0 

Solving these equations 
A=2, B=—2, 0=1 V ■ 

i p2 - 2(n+l) + ( n+1 )ii""f 

[L n = 1 b-s±a J 


= k\ 



— r 

2 . 1 
HT + |jEI.i 





-2 (■ 1 • 1 ■ 1 


■Tir + TT + T3T + . ; 

+ :( .-d~ + (g. + .' 

r 

> jC2 (e-2-40 - 2(o—2) + ( 0 - 1 ) } 

V^-4-!- __ 1 4+e-1 )^j 
h [( g - 2)1 Ans. 
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ii) 


oo 


o(n,o) +, C(n,l) + .. »»»..* a.,+ G(n,n), 


ns l 


P (Knr 


CE5 


21 

Vjsv< 


sll 


5" 


-ii + l;£ + - 


■ 2 3 + 

15 + 


) - 1 


1 Ans. 


<W 


Q i0 Sum “the series: 
go 

Sol- i 2n = 

VI -J UL 


■Oo 


2 - 


hal 

CO 


= 2 


n-1 

,1 


■J IW^W* I 

SIiSST 


2 n 

nJ 


2 (1+ Ta7 + l£ + 


= 2e AnS. 


Additional Exercise 


Prove that 


1 . 

2 . 

3. 

4. 


—1 2 4 6 

s = ti + H. + c. + 


1+ * + l£ 


= e (e 4- - a 4- ) 


Ms^ 2+ J± S ? a3 + 

Find the value of 

a 2 -h 2 + i? (a 4 '~b 4 ') +(£ (a 6 -b 6 )+ .. 


(e 2 -1 ) 


oO 










Expand: 

t 

v 5x x 'V 
i) 0 -+.e 

3x 


e 


a soiicr of ascending powers of x. 


(jins, 2(l+2 2 x 2 2V + 

IT" 2T 




ii) I (e ix -l lx ) m a series of ascsndigg powers of x. 

2 4 

(Jins. 1 -nr?—^ + IT —• 


‘ir~ + i£/ 


00 


Show that 


1+1 cr + i 


2 + 2 2 . 1 + 2 + 2 Z + 2 3 , 

I + c . 


e 2 -. e. 


2 3 5 

1+ r± + £ + --. 53 

Emu. the coefficient of x n in (l-3x + x 2 )/a z 


Prove that 


2 2 2 2 
r*r + 2%r + 


Li 


+ -■ m 
- -It 


.= 27a 
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7. 2 Logarithmic Series j 
Introduc bion 

The students have studied in earlier classes that if 
a, x, N he three quantities connected by, the relation a x =N, 
then a is called the' base and x is called the logarithm of 
N to the base a and is denoted by log & K. Thus the logarithm 
of a number to a given base is the index of the power to 
which the base must bo raised to obtain the number, that is, 
the two equations given below represent the same relation 

a X = N (1) 

x = ^°g a N (2) 


Th.-- relation (2) is read as x — logarithm of N to base a. 


■ 'From (i) and .2) we derive another identity which is 

very useful and should be remembered 

log N 
N = a>, a 

2. Content Analysis 

7.2 In this section, the number of each subsection is in 
accordance with the text book. ’ ' 


.Also, in this section we will take the number e as the 
base of a logarithm, whenever the base is not explicit 
mentioned. Herb wo obtain an expression for log(i+x) as a 

i ~ 

series of power- of Thie expression is valid only whenjxj ^ 


i a 


Expansion o 





H 15*? i* 

Writing e - for x, • 

. a) 

Lit e° = a ^ c = log e a 

C 

substituting for lin (I) we, have; 

k 2 _3 3 

a* = 1+ x log a +|| +(log a) 2 + j| (log a) J +. 

This expression of a x in. teuns of x is called Exponential 
theorem. 

ii) Using, Exponential and Binomial theorem a student cai obtain 
logarithmic series as follows; 

If a> 0, by Exponential theorem 

2 

a J = l+y log a +.||- (hog a) 

Putting a='1+x, we get 

a 

2 

(l+x) y = 1+y log (l+x) +/3£iluc,i. .-)•+.•• .(n) 

But if By Binomial Theorem 

(l+x) y = 1+yx + y ^ --^x 2 + y ^~]J x ^ + .(Hi) 

Prom (ll) and (III), Por \xJ\4.\ »> we have 
1+y log (1+x) +|J^ £log (l+x) + .= 1+yx+ y |£‘ 1 ^» 2 +- 

It is an identity and so equating the coeficients of y on 
both sides, we get 

Log(i+x) = x+-^-x 2 x 3 + (rlL^)_=i) x 4 + . 

log (l+x) = x - !+x3 + x+. 


This is called logarithmic Series. 
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3 , Learning Out comes ; 


i) Logarithmic Series is 

2 

Log(l+x) = x-| +xVx 4 

^34 


oo 


The following results may "be developed by the students 
by replacing x on both the sides of (i), we get. 

2 3 

ii) If jjxj is not loss than 1 , the series Log(l+x)=x-|+j- x 4 + 

is not valid. °° 


iii) If x - 1, then 

, Log 2 - 1 — 2 + ir - + 


is valid 


iv) If x = 1 , then the series has no sum. 


v) If x=2, then the series is 

2 ^ 2 ^ — 

2 —+ j - ..... and it cann't have”a sum 


vi) Changing x into -x; we get- 

2 3 4 

X X x 


log (i-x) = -x -| - f - f - 
vii) Dn subtracting (i) & (vi); 


log(l+x) - log(l-x) = 2 jx+ j- + x " 3 + 

l0g = 2^c + |\ | 5 + ."J 

viii) In the result of (vf), put - n +1 

' ' n ~ x ~ 

^ x “ssr 


j 
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. log (n+1) - log 


5 n=t2 E~2 


sp— + • rrri 


r r r r o + .... .1 

nVl V J 


271+1 3( 2n+1 ? 5 (2n+1 

Tills series is useful in. the construction of logarithmic 


tabl es, 


3- Teaching Strategies ; 

• Motivation , t . 

In a class room, there aro two parties, on« who wants 
to give something while the other who receives the things 
If both parties are ready, then carta-nly the teaching will be 
erruuLiv«, aw n r-iulTga motivation Iroff both, sides, A 
Teacher has an important part in presenting a less^by involving 
the students much. 

As the students have a knowledge of exponential an d 

Binomial theorem then logarithmic r ,rios can bo developed 

by following steps as shown in content analysis. 

Additional 
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3C 

Graph between e and log Q x 



Pig. 7.3 


Hation of Napi' j_ _ Lo .: laihms 


Logarithms of numbors to the bases e arcs called Napierian 

or Natural logarithms. Now from series viii) of 1 last remark, 

* 

we have by putting n=1 


Log„2= 


3=7 2 ^ +- 1 — j ' + . I 

' *— 3.3 J + 5.3 d —' 

= 2^333333 + £ x .037037 +-J- x .004115 + ...] 


= 2 x .346573 
= .693146 


Again putting n=2 in the same series, we get 


Log G 3 = log 0 2 + a g ,+ 

= .693146 -i- -.405465, 
- 1.J98fii 
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Proceeding like we can find "the Napierian, logarithms of any 
number- Thus we'shall find tlisyt Log 10 = 2.30258509* 


Conversion from Napierian Logarithms info, Go . proton.. Logarithms; 
Logarithms to base 10 are known as common logarithms* 


We know that 


Log in n = Log n x T 


± 


•10 ** " ^dg fO 


Thus the common logarithms of ary number to tho base 10 is 
obtained by multiplying its Napierian logarithms by the constant 
factor - which is called the modulus of the common system. 
This modulus is denoted by greek letter jr and its veiluo 


— loggiO f 7302 hw = -43429448 

Thus ’,,-3 have from Series viii) above Log^^b^i+l^-log^Qn^ 

jol Log^,(n+1)-^i Log Q n 

■ 2 + 3 (^±p~ + j(±^~ + .j 

With the help of this formula, we can obtain tho common 
logarithms of any numbers 

Note is Those formulae are required for the calculation of the 

logarithms of prime numbers only for the logarithms of a 
composite number can be obtained by adding together the 
logarithms of its prime factors. 

411 logarithms were first foilnd to tho base a and then 
converted to the base l0 with the help of the conversion 
formula. That is why Napierian logarithms are called 
Natural logarithms. 


Note 2: 
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Solution of problems on Ex. 7.2 page_ 142. 
q, i Prove that log 2 1 ^ log 3 


Sol. We know tfrfet _ e . 7 

2<,2.7< 3 
2<e < 3 

Taking log 

log 2 ^ log e log 3 
■=> log 2<_i < log 3 



log x increases 
«. logo = 1. 


as x increases- 


ALlter ; eS*2. 7 10 9^27^-^ =* 1 

t 

* ’ ‘ -i> |g® v\ 2' 

and 30 g . 

TT 5* 3 

10 g 2 = lOg = logs + log |y 
= 1 + log (1 ~^) 

■ 1 + sS 2 — + . 3 

Terms in brackets are all +vo)l 

1 

Also log 3 = log W* = log (10e) . - 

= logs + log 10 = 1+ los (1+ 1.) 

= 1 + (^- --g- ) + 5— + -^ . +.) 

n z 2 * 9 ? v i3 X 9 3 4 X 9 4 

■ 1 + t *~3 k- } 6 ) + .n 

v ' T^r\- r* * ■ 

v * °S^2 <£.1 ^ Log 3 . Tho terms in brackets are positive) 
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x 2 , x 3 -,+ 4 . ...,„ and if 

Q 2 . if y = x - £■*■ y. - | + 911 

Prove th at x = y + + * * *- 


\ 4 <\ 


Sol. y = x* 2" 


> x 


* ' 




¥ log Q (l+x) 


. * , By definition of logarithm 

1 + x = 1+y +jJ + 

->* = y |/" + u iL ‘ . . 


^ y 

1 + X =* 


Q »B*D> 


1 "1 "1 

Q3. Provo that the series —f + 2 (n+lT 2 + 3'ln+l ) 3 ~ + 


has the same sum as the series ^ p^- 2 + -^3— 


Sol. We know that 

x 2 x 3 

log (l-x) = -x - 2 “ 3 " * 

‘ ‘ x2 . „3 


^ -log (l-x) = x +~2~ + ~ +, 


x“ 

I 


B M « 


Putting x = 

—log (l^TV 3 -) = 


n+1 

or 1_, 1_o 1 

n+1 t(5+TT 3 (n+1) 3 


_pi— + ■ ,1 + - ! -5- -T • W • * 

n ’+' 1 2(n+l) 2 3 (n+1 ) 3 

-1°S (n+i) 
ss—log n+log(n+l) 


+- 


= log n+1 
n 

= log (l+ ~) 


= 1 


n 2n 2 + 3n 3 " 
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Prove that 



p 

Comparing Coefficients of n , n r constant in the numerator. 
We get 

j: 

j* 

4A + 4B + 4C = 0 A + B + ,C= 0-. 

2A-2C = 0=^A-C=0 

, ~ B = 1 =“> B = -1 

Solving this systom of equations wo got 
A = i, B = -1, G= j 





i* 16§ ** 


=4£l- ^ + ( ~ i+ 7 )+ . 

=*[(;-£ - 4+fr) + <* - * + ( F " S " 5“ + 7^ 

= -k |[( 1-*+*-&- $- i + . } ' :+ ^' + H + Tfl 

= \ | log 2 + (1 - i + i - i+ .) _1 J 

= 2 + log 2 

= log 2 - 1 j X 

Q.E.D 

Q5, Prove -that f* 2 6 

log (1 + X) 1+x (1-x) 1 - 31 =■ =£72 + 57^ + ^ 

Sol. l.B.S." - ioi‘£^1+x)' hrar (1-x) 1 -^ 1°S Cl+x) 1 H 
= .(l+x) log (l+x) + (1-x) log (l-x) 

= (1+x) £x— i 4 . J. 

= I .lx 2 +J d xi + __.;_ 

+ x 2 - x 3 4 - x^+ x^_— — — —* 

+ | + | T 5 

2 3 4 5"' 

yr x- > _ x x.. 

~ x ~ 2 ? T 5 

+ x 2 + | 3 + x 4 + x 5 + .,. 

on cancellings 

■ 2 £ ( * 2 + “(■^•-- ‘_|i) + c f - f) - 

+ :+ j4- -* .. 1 = * R.H.S. 

fc- 2 M ” ' jj 


1 


. 

log Cl-x )' 1-1 
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in' - l " • crt ’tir 


Q *£• 


j.‘ , / o'. ■ * jx _i ; 


i j i 


fefGi pass a tXA T /T Q r. ic oa 

■ >~ r," i Oj;> 1 C 1 i Jo. 


Q6. 

• £ f i 


Prove that 2 logx - log (x+1) - log ( x-ot^tfi ivm‘T 

o 

K 


= —P + + 

x 2 2x* 


3" 


j •• M ro^-yx j, < 

- 5 -H- ■ r - ^ 


-+■ r — 1 1 t c>Lx 
l-f+f iS'-iS? i . J= r «rf . . ■ 


„. v.,#rJ >3?'; *£& '-£*ipify& .&§ 

, - ^ w t - 2 ,^ \ c, - \ r u;> , r 

.-L^J ohl ,/ 1 rrv' jj’.r ] IT, 


log ** - log (*jp. c ^ ct ‘xs^o +. r 

2 S a or p • TT ' ** 

log = -lOg^-hN f H 1 

*•■- -•■ x 2 —i ■ --■ r 


- *^2 + . “4 + —JL 

x . 2x 

— *_ , u ™J - 




(t 


j4V t't*5 •; 

J^tiT ixc^ :v *uV^ * v l- fl J oi sxiT^o T* 


(ici 


Z' -■ 

-— C vx 


(v 


• fr 4 


v.; j * jjrjXTi -L 'J'V rj: 

■' j ^ i * e 

-r- . 


..j. i p 


, ' Q.JS-.D ... 


I 


*' r .i 


Q7\ 


( -*f » - t 

- * ,lrt « j ? Vjj-'-■* '“V , ; '" . . I . * <. ■ r 

Find the Value *of-log- ,4 wqrreot to one 'decimal place. 


. -''-r L 


l r i 


J 


>. , v - T -J-i-- 

Sol. W e know ''that ' *» “■ >’ 


e 2*7 y rv 

i i. j t . . l 


• ^ *s> 10 /; , ... 


.> 1 > “ -t -i 40-1. 

f 

.1 "V t) »l- 

^ l.u 

~ > *4 h 

' ■ . d ,'f - r*"i j 


L n J T ;.i ' r 

_ i 

„ , | * i :t 

1. -tJ.uL.-v-X -J- 

T — /■ , 

6r " ^ i 

-(n'xl' 

i 

,TTx 

■ r - 

- 1 t r - t-jUi,' 

e • « *" 


■< f (■' 


, r 
’ - 1 - 


•i \ 





log 4#&thg' ( 4be ^ ~ -J-.. 

^ -V 9^0^- 




S3 : 


. -- r .J 
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= 1 + log (1+ $). - _ 

" i + + •••'••• 

1 + 0,48 - 0.12 = 1.36, or log 4=1.4 


Difference "bet we an exponential and logarithmic Series 

There are three major differences between the exponential 
series and the logarithmic series. - 

£ ^ ^_> 

1. In the series e^" — 1 + + terras cany +ve signs. 

In the aeries log (l+x)= x - +^-r. ,‘the terms cany 

alternately +ve and -ve signs.' 

2_... . —In.J;he_logarlthmic series, the factorial, symbol docs 

, i» 

not occur. But in exponential series, the denominators 
of the terms,, involve the factorials. 

N - ", * 1 


3. The exponential series is valid for all values of 

u H * “■ » o 

The logarithmic series is valid ’ti^n |x\<| ± 

j ' - 'i .<> , i 

1 ’ * t 

ADDITIONAL EXERCISE 
Prove that 


x. 


, : i 


Log e 3 = 1 +~— 2 +- 


V- + i- + 

"> 1 l-F 


i) 

V .. 3,2*; 5.2 V • 7.2 V 

ii) log e iO = 3 log 2 + i - |i) 2 ? + * ( 1)3 _ _ 

I ' ' \? "** , ' ‘ - < r; ^ + . 

iii) fa* + fa 4 «. ^5 t ., ;iogf ;1 _*) 

iv) 

▼) 


* X 




5^1)3*. - loex 


' - >. 


1 + 


TS 


1 >■’ 


!°g e 2 
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v ij Log (l+3*t2x 2 ) = I'-'S (l+x) (l+2x) 


1 1 

vii) 1 ' = 27J + H. 5 + 677 + 


n . 


vixi) Show that the coefficient of x in the expansion of 


_L 


_ 1 

l-X - x 2 + x^ 


in a series of ascending powers 


of x or n accor ^ n S as n is odd or even. 


1 < 1 


'how that 


( it) + 4 ( 4 ( s^> 3 + 


- log e a - log Q b 


Prov that 


^i°g M 2 = - 3 - + - t , ~ 5 + ~ 7 + * • 

U.3 J + 5.r 7.3' 


- . 1 ' * -n 

xi) If <j^ and are the roots of the equation x^ -px+q=0 

2 

fchon show that log (1+px-t-qx 2 ) = (<^+p)x - 


3,-3 

»• 2£±J*- 


x^ - 


xi.i) Provo that if 


f = t ^2 + * ' i ^ i 8 -) 2 + f < w ° 5 + 

and g - x - |ac^ + jlx 5 + - |x^ + 


tnpn f s. rv 









CHARTER TEST.* 


ORAL TEST; 


Define the number e. 

fha^ is the' approx, value of e upto 4 places of decimal, 
State the expansion Of 

i) e, (ii) e x j (ill) e°, (iv) q \ (v) e " 1 

viii) 


vi) e » vii) -—s 
-1 
x) 


x -x 
e + e, 


, ix) Arl 
^ 2*” » 


xi) log (l+i) xli) log (l - x) 
xiii) i log ( xiv) log 2 


When the series for log (l+x) is not valid. 

r \ 

What are the major differences between exponential 
-/ ■ 

and logarithmic series. 
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writ tan Test 

Questions 

Ql, Prove that 

e 1 - 1 + x + | 2 +, 2 + . ®© 

2. Find the sum of infinite scries 

. 2 3 3 3 . 4 3 

1 + l? + (T S' . 

3. Find the value of' e upto 5 places of decimal 

4 . Show that 

I 4 6 , 

- ^a: + ii + iJ .. w 

5, Si m tlja-s-eries from n = l to when n/ term is 

Obtain logarithmic Series 
7 « Prove that 

4 i0g ( = ill 2 + 4 < + 5 ( iH 2)5 

3. 2 log e x - log e (x+l) - I 0 g e (x- 1 ) „ 1 _L_ + 1 6 

x^ 2x 

Q i - 1 1.1 1 

j. rog e — i o 2 — 2.3 + 3T4 4.5 + 

1 og 2 +2( i- + -3 . + =■ . 1 - + ..... 

5 5 2 ? 5 3 


log 3 






u m« 
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2, Higher Algebra - hy H.S, Ml & S.B. Knight 
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rtaffPESIAN SYSTMl OF iraC£V0JIAR OOPUDlaJATES 


-j. Introduction 

Students have had earlier exposure to elements of syntheti* ■ 
geometry through deduction of geometrical ideas from assumptions 
and theorems based oil undefined and defined terms & rules of logic, 
to algebraic manipulations and to drawing of graphs in 1-spaco and 
2 -space. 

ITow an attempt is to be made to introduce the students to 
the use- of algebraic methods in establishing geometric,al iieas 
so as to help them to appreciate the beauty and importance of 
the analytic method in geometry, as a preparation for calculus, 
as it happened in the history of mathematics. 

Analytic (or analytical) geometry is not a branch of 
geometry but a method of solving geometrical problems with 
the help of algebra. A branch of analytic geometry is cartesian 

I 

coordinate geometry with which wo are concerned here?. There 
was a time when algebraic processes wore treated as an end in 
themselves without employing then as tools of fruitful investi¬ 
gation in geometry, as could be seen even today by putting questions 

of the type ’’Bind the equation of .." nore frequently than 

those of the type "Prove the property of the curve." 

In analytic geometry, one gets a choice to us^ a synthetic, 

analytic or a mixed proof in geometric investigation, whichever 

is easier or more suitable, depending on one's Judgement. 

* 




Regarding the historical background of analytic geometry, 
stud en tmay "be asked to read, the pages 392 to 394 of thoir 
t ext "book. 

■» 

In the analytic approach to geometry, it is important 
to note that a point on a line is defined to be a real number 
and hence as an element of R and a point of the plane as an 

P 2 ■ 

element of R X R or B , Also, a line in R le a cartesian type 
of subset and so can be given as 

V'*• 

- . v 

^(x,y) £r 2 I ax+by+c+Cfj 

1 

Geometric intuition is availed off in formulating the 

1 * 

definiteness in analytic geometry. Chapter-1 of this book 
deals t.dth sots, relations & functions and the chapters 8 to 12 
can and ray better be treated as its contmurvfciSSn. 

Co-ordinate geometry emerges ab the study of properties 
of loci such aB lines and curves by means of algebraic treat¬ 
ment of corresponding relations. 

^ i 

The relation or locue concept is a comprehensive one* 

• i A * 

Associating locus with the path of a moving point under son a 
condition(s) is so narrow that it is no more considered so; 
but only as any subsot of real number pairs (x,y) or of 
points in a plane, specified by a single equation or inequation. 

2 2 v - 1 

For instance, x +y =1 is the locus of points ohg, circlo, whores 

p 2 p p 

x"+y <f1, the locus of points inside the circle and x +y ^ 1, 

i 

the locus of points outside the circle. 



A beginning is made with, the introduction of co-ordinates, 
particularly rectangular, di'-tance between two points, division 
of a line segment in a givon ratio 1 , inclination and slope of 
e straight line and the angle that one line makes With the other 
of these, the distance and slope o one opts are moot frequently 
used and should form part of the minimum competence expected from 
a student. 

2, Content Analysis 

In this section tho number of each subjection is m 
accordance with that in the toxt-book. 

8.2 ' Cartesian Coordinate System - The Number Plano 

We are anquainted with the fact that each point on the 
number line has one-one correspondence with every member of R. 










I 

f 

T 

i i 

V 

t i 

i i r 

r 


-4-3-2 -10 1^2 2 | 34 


Likewise evory point of a piano hac one-one correspondence 
with every member of R X R. Thus taking x-axis and y-axis 
mutually intersecting at right angles at the point 0, the origin, 
we determine the co-ordinates of each point of the plane. 




Fig, 8.1 

Note that (x,y) ^ (y,x) unless x=y 
8.3 Distance Fornula : 

It should he made clear to the students that wo are not 
considering the directed distance botvjeon two points. The 
distance between points (x^y^) and (>^,y 2 ) is given by 



Uote: Traditionally, the first, quadrant is chosen to prove 
it. This creates a risconception and so ne^do to be avoided. 
To pinpoint it, the proof is given belows 
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Proo is Oase 1; PQ not •pax-allel to either axis 


Draw lines through P and Q pc.rall^L to the X-axis and 
the y-axis respectively. Let the point of intere eotion be R 



?° a - hr*, 1 8 + l^-yi | 2 


PQ = \Sfx 2 -^i ) 2 + (yg-y .,) 8 

Oase-IIs PQ Parallel to the x—axis 


Then y 2 =y 1 or y^y^O 


■ • PQ - yj (x 2 -x 1 ) 2 + (O ) 2 = jx^xj 

Case-Ill: PQ parallel" to the y-axis 
Then x 2 =x^ or x^-x^ = 0 

7 (y a - y- >*= Jy 2 - yi 


0 



i) 

ii) 

iii) 

iv) 

v) 
Vi) 

vii) 

b. 

i) 

ii) 


Essential 


Ontodmeg Foj 


Ability in applying distance formula. 

Competence to find the point which divides a given line 
segment internally or externally in a given ratio. 


Competence to find the midpoint of tho line joining two 
given points. 

C 

Ability to find the area of a triangle whoso vortigs are 
given. 


Ability to verify the collinearity of throe given points. 

Ability to find out slope of a straight lino and henco 
to find and verify tho conditions of parallelism and 
perpendicularity of two straight linos, 


Ability to find the equation of the locus of a point having 
a specific property. 


Learnii 


Given two points PCx^y^ and (x 2 ,y 2 ), to find the 
coordinates of any point lying on/outside (produced on 


either side) PQ. 




It 1Q0 S-S 


4 w Teaching ,^irafeg|gi^s ;_ . 

Pbtivaticai/ 

* J r • , \_ * u ' ' '’ 

In order to arouse the interest of the students, 
motivational 7 activities of the following sort are 
suggested; 

i ', i - 

* * * 

i) One vortex of a square is at (4,-4) and the diagonals 
*' 1 intersect at the origin.- Draw such a square and ’ - 

- i i 

i 1 

a„ Write the coordinates of the other three vertices 

* ib j * *" U 

b. What is the longtir of each side of the square ? 

c. What is the length, of..each.i:(diagonal .of. the equal’s? 

J 

ii) The midpoint of AB is the origin and the co'ofd'fnat q€ 

of A'are (-4,2). What are 'the coordinates <$£ D?. 

r r 1 

iii) What is the £lopo of the line which passes through (,2,7) 

and 


a. is parallel to X-axis 

b. passes through origin 

erv parallel td the y—axis 


iv) 


V> 


vi) 


Given ‘fjwo points a( 2*5) and. B(4 ,-1) i Find some more 
p&frs of points which are at' the sa^e distance as AB. 

"S. ~ i 

Giyen two points a( 2»5’)' and B(4 ,-1). keeping A fixed, 
find -pome -more'points cash of whieh at. the sane 

, " • •'> .• 1 ’ ,r" .-.i. 

distance . / j. , 

y , - ' j *« t* r , t , - f 

0&n you suggest what is the lophB -of 'B in activity (v)?. 
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Mi$ none ept i o gfe. 


W.'il 





i) Impress uponiihe students that 'the slope of lines 

- i ^ 

parallel to the Y-axis is not difined. In other words 

y P -y 1 , j 

, — holds good only when x^ x 1 . 

ii) It is- essential to' note the. difference between dividing 

a line segment in the ratio 2; 3 and in locating a point § 
distance from one end of the segment. 

Solutipng/Hints for difficult -problems 
Exercise 8.1 

Q5. t Hints- Lot the required point be (x,o) as it lies on X-axis 
and then use the condition of equidistance, 

Exercico 8.2 


Q5, Hint; The area of the triangle formed by the three points 
(x,y), (3,4) and (-5,-6) is zero. 


Exorcise 8.3 - , ... 

Q4. Hint; Use tho formula of thn centroid (x,y) of 

a triangle,.having (^ >,$ f ), (x 2 ,y g ) and Cx, ? y ) as vertices 

v< ■) T JC 


X = 5 * 


3t +I 2 +*, 

~r k 


y » 


* 1 + 12 + H 


■^Exercise 81^5 

/ A 

* • ‘ . 

$2. Hint; Dintanca of any point„-fx,y) from x-sxis is y. 


r, j “ 

* 1 ^*1 « 
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Information About. Availability of Torching Ards 

Gooboard with rubbex oanuc. helps in ooiforming simple 
oxporimbnts to so euro some understanding of the simple coordinate 
geometry of lines and polygons. It is interosting to know that 
Prof. G Polya usod Geoboaitd for demonstrating Pythagoras Theorem. 

Pro,iset Woite 

Fixing the coordinates of the vert lot of a square to which 
the axes are (i) tho axios of symmetry and (ii) No axos of 
symi’etiy. 

v 

5. Chapter Test 

a. Oral Tost 

i) What are tho distances of the points (3,-6), (0,5) and 

(6,0) from the x-axis ? 

ii) Tell the distances of the points (-7,-5), (6,0) and 
(0,4) from the y-axic. 

, iii) Which of the points (2,3), (-1,5), (0,4), (6,0), (2,-5), 
(0,‘*\3), (-6,0) lie on tho x-axis •? 

iv) Identify the points that lie on tho y-akie: 

(-4, 0), (5,-7), (0,3), (-11,3),' (0,-4).' 

v) A and B are respectively the points: 

a) (11,4) and (4,11) 

"b) (-3,0) and (-3,5) 

c) (5,-7) and (5,7) 
u.,i (0,8) and (0,-8) 
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vi) 


vii) 


viii) 

ix) 

*) 

xi) 

xii) 

xiii) 


b. 

i) 

ii) 


In which, case, is AB parallel to y-axis ? Identify 


_v' 


the -use where Amasses th.rougl? the origin. 

If P and Q are respectively the points. 

a) (3> -4) and (-3, -4) 

b) (7,. 0) and (-5,0) 

c) (-11,9) and (4,9) 

d) (-1,2) and (l,-2) 

toll, in each case, whether PQ is parallel to x-axis. 

In which case, doos PQ pass through tho origin ? 

Given that (i) A=(5,2), B=-3,2), C=(-6,-l) and D=(-6,i)| 
ii). A= (0,3), B=(5,3), 0-(-1,3>, J>(l,3). 

Toll v/hether AB is parallel or porpandiculaijto CD. 

What is the distance of the point (3,4) frora tho origin? 

Give the mid-point of the line joining origin and (-6,-2). 

What is the mid point of the lino segment joining (5,-8) 
end Cl *—23 ? 


Por which lines their slopes are not defined ? 

What is the distance between the points (-7,1) and (5,6)? 

Pind if the angle of inclination of the line,joining 
(3,-1) and (-5,2) to the x-axis ie acute or obtuse. 

Written Tost 

Pxnd if the join of (-5,1) and (3,-S) is parallel to the 
join of (4,-2) and (12,-9). 

3ho " that 1:110 f 011 *® <1.0,' (3,-2) and (-3,16) are collin 



I '* 184 l } 


iii) 


One end point of a segment is (2,4), A point 
divides' the segment in the ratio of 5:3- 



Fand the other end point. (Ati^: (4, -i) 

6. Additional Heading Materials For Enrichment 



axes of reference parallel to the original ones,the equations 
of a certain class of curves reduce to elegant and standard forms 
which enable the students to solve those problems easily, it .is 
important to observe that when the axos undergo such sort of 
translation, distance between two points remains invariant 

hot the translation bo given by 

* — ^ x + ^ 
y —>y' + k 
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tDhon PCx^y.^) baaomos £ y^k) f.id Q(x 2 ,y 2 ) 

become Q (x 2 -h, yg-k) - ' 

Now PQ = J~7x 2 -h - x^-b) 2 + (y 2 -k - y-j-k) 2 

= J ( x 2 jbx i ) 2 + (y^ y i ) 2 

ii) Suggested Roforonoes - ... , 

.- ■ 

— - 

1« Kells, L.M. r\~^’stots f H*C. ijnalffi-tio~- Gr-eo&ctry 

New Yoffc, Prentice Hall (Earlier iiitroduction of 

\ 

translation and rotation of .Analytic Georietry). 

2. Elen, G. A. Mathgpatical Interpretation of G-ooipetrical 
and Physical'PhenoEiena ; American Mathematical Monthly 
4-0 (1933) s 472-480. 





CHAPTER. - 9 


/ STRAIGHT LIRE 

> * ' ■ 

1, Introduction . , f .„ ' __ 

f ' ’ 

Having been exposed to the concepts of distance between 

*r 

two noints-, slope of the line joining two points and the 

* v v 

* o V * 1 

algebraic processes in chapter o, the student has the readiness 
to study the' equation of a straight line m particular and 

A 

, *A - " 

general forms. He has seen how, given two points, an^ other 
point on (or outside), the line joining the two points can be • 
found. The development and use of this technique shows the 
style of'thinking in Analytic Geometry. 

> 

•. »^ *" •* r I ’ 

It would be necessary to cover briefly the topic’ 
'determinants'-, as tfc is required in this chapter. A hand-out 

i 1 i 

may.be given’to the students for preparatory study. 

Here we |?ay recall the elimination method of solving 
two linear equations of the form 


hjX + b.,y +0=0, 

■& 2 ^ + b^y + C 2 = 0, * -T 

,b C o -b„0, 

Solymg, we get x ? —U-£—• 

a 1 D 2~ a 2 D l , 


a c l a 2^ c ^1 , 


a 1 b 2~ a 2 b 1 " 


a. b„ 

Provided —L A • 1 

x — ^-2- — . 

J^v-ITN C ^\ ^ ^.JlcK C\y 

x w' 

“W®?? '*■ wj,, 


ar 


1. 


Vz-a/l 


This can be rewritten in dete rminan t fppx. 


as. 
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A cross,shows that to evaln&te a determinant of order 2, we 

have to multiply diagonally and an arrow heading towards 

right shows that, the sign is positive while that headirlg 

towards left is taken negative. 

» 

Similarly, a de^ermihant of order 3 cap. he evaluated. The 
stude^S can be taught the rule expanoloh of a general 
determinant of order 3» 



. In this section, the'iuuibor of each sub section is 
in accordance with that" in the text book. 


• 9.1. To find the equation of a. straight line Parallel to, an Axiai 


The students known that everj point on a line parallel 
to Y-axis has a fixed abscissa and hence its equation is x-a 
where a is the absiissa of any point on this line. This 
abscissa - maj bet necessarily be positive. If there is a line 
on which every point has abs'fciBsa -a, (a>o), its- equation 
will be x = -a. 
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Similarly, the ordinate of every point on a line parallel 
to X-axis may also he positive or negative and lienee the 
equation of the lino will he of the form y=+h (h > 0.) . 

In continuation of the chapter 1 of the text hoolc, we 
can define the x-axis, y-axls, lines parallel to y axis 
and lines parallel to X—axis in the form of sets* 


1) X-axis 


Its equation ±'& y — 0. 

We get it from ax+by+c = 0. 
sotting a = 0, b=1, c=0. 


The X-axis is, therefore. 



ax+by+c+O, 


a=C s =0, 



i 



Its equation is x=0. 
So a=1, b=G> 0=0 


The y-axls is, therefore 
^(x,y \ ax+hy+OaO, .a=l, b=O=0.^ 


iii) A line .parallel. to. X-axis 


£ 


Its equation is of the foil x=0a 
S a=1, b-0, 0=-h. 

The lino is 

(x,^) \ ax + hy +C » 0, a=1, b=jP, 


0=-h 



iv) 


A lino parallel to X-axis 
Its equatipn is of the foim y=k 

i 

So a=0,b=1, C=-k. 

The line is 





i~0 3 b=1. 0= 


- k -i 


5.2 The Point-slop^ foim 

-L-J-jj;- 

Let the slope of the lino he m. If it passes through 

'Vvt 

a point (x^y^), thun the line isj(x,y)^y-y 1 =|(x-x 1 ;($p^x s y) 

^ mx-y+(-mx 1 +y 1 )*o'|-This set may also represent x-axis or a 

I 

lino parallel to x-axis but not y-oxis nor _a line parallel to 
y-axis as tho slopes of y-axis and of a line parallel to 
y-axis are undefined. 


9.3 Two -Po int Fo na 


The students know that the required form is 
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’ i 

y p __ y -I f -« / 

y - y 1 * sq - ■ X7 (x - ' x i ? x 2 

where (x^y-j) and (x 2 ,y 2 ) are the two given points on the 


line. 

. Here, an important property’ of a line' can now he given 
as the following theorem 

l 

Theorem ; If the line ax+by+c = 0 contains the points (x^y^) 
and (x 2 ,y 2 ) then,it contains every point given by 
()x 1 +Mx 2 ’^ y i w]aere 1- (Recall the 

section Formula). 

Proof ; Since (x^y^) and (x 2 ,y 2 ) are points on the line 

ax+by+c=0 

ax^by^c^O 

ax 2 +by 2 +c=0 

Therefore ^(ax^+by^+c) + j //(cx 2 +by 2 +0) = 0 

aC/Sx^/^Xg) + t>fay 1 +A/y 2 ) + o = h r ^ = 1 


Hence the theorem 


Conversel: 


If a locus contains ( ^x^+ ^x 2 ,^ y^ 2)1 whoro^ */^&R and 

\ +M~ 1, whenever it contains (x^,y^) and (x 2 , y 2 )> the locus 


is a line. 


Pr6of ; 

let (x,y) b© a' poiiit" on the locus. 
Then x = Ax. + dsj " 




tiv 
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and y =-Xy^ •+X*y 2 . 

Eliminating M. from (l) and (2), we get 
xy 2 - x 2 y =A(x 1 y 2 - x 2 y^ (3) 

and el iminatingAfrom (l) and ( 2 ), Wu get 

xy 1 - x^y ~zMx^2~ x 2 y 1^ (4) 

Equations (3) and (4) give 

(y ? -y 1 )i i - (xg-x^y - (x 1 y 2 - X£ 1 ) = 0 X +// = 1 ^ 

\ k 

y 1 

which, is a linear aquation in x and 3 . 

Hence t-ie ioctis is a line. 


The two-point form can also ho represented in tli'o sat form as 

{(*,>) I y = y 1 + 5—^ + (ya-y^J 
^x„)\(y 2 -y 1 )x + (x r x 2 )-, (x^ 1 - = 0. j> 

9.5 Slope-Intercept Fona 


If a line is not parallel to ^-axis, it will meet the 
Y—axis at some point. The ordinate of this point is called 
the Y-dintercept of the line. Ob-* usly, if G is the Y-intercept 
the point ( 0 ,c) lies on the line. Hence wo substitute (0,C) 
for (x 1 y.,) in y-y^ (x-x^ and get y-c = rn(x-O) 
o?”, y — rax+C.* 

Here m is the slppe of the line. 

NoWy ahV line parallel to this linp will have the same slope 
although it may-have a different Y-intercept. 
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Therefore, the equation 

y=mx + X>A£^ 1 

represents the set (or family) of all those lines which are 
parallel to "the line y =* miC+ t. 

i • 

9.8 General ffoxm 

The students know that the general form of the equattion 
of a straight line is Ax + By +0=0 <. 

This equation can he reduced to the normal foim as 



S* 


B 


A 2 Ti i 


u 


JFTW 


This holds good when C Z& 0. 
<L 

If 0 ' JO, then 



+ jl 2 + 


y = 



w 


is the required form. An emphasis is to bo given that in the 
normal form of the equation of a straight line 

X cos W + y sin W = p, 

* , I 

the right hand side term p is the length of perpendicular drawn 

f I 

to the line from the origin, which, being a measurement, is 
always a. non-negative term.'' Therefore, the right hand side of 
the transformed equation has to he a non-negatiye term. 


3. Learning Outcomes 

a- Essential Learning Out pomes Bor All 






Tlie essential competenoa, a student is .ezp^ot-ea-'t'O' &cliieV'0 1 by 
reading this chapter includes, tho ability t _ 

■ ' . v - i ; 

~ L 

j.) to write the aquation of X-hxis, Y-axis, I'-jne parallel to 
Y-axis and lino parallel to x--axis. 

ii) to find the equation of a line if ono point on the line 

and the slope of the line is given. He should "be able to 

write the equation of the lino oven if its slope is not 

given hut another line is given with which it is parallel 

L 1 

or perpendicular. 

iii) to write the equation of a lino oijT which fewo poin,ts are 
given, 

iv) to write the equation of a line whose intercepts are given. 

« ] v 

v) to find the equation of a line whose 

a) slope and Y-axis intercept .aro : g3-Veh, - 

h) 1 'distahce-'frotr , 'origin ml uho angle between the, 

i " i 

perpendicular drawn through Origin to the line and 
positive side of X-axis are given. 

vi) to find angle between two given lines. 

__ i 

vii) to verify concurrency of -three lines. 

viii) to prove some of the theorems nf ■ geometry using coordinate 
. geometry (analytical method). ■ 

r i 

ix) to find the .distance of a given point from a given line. 

x) to identify parallel and perpendicular lines, 

“s 1 ’ * 
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b) Tiofl.-rralng Outcomes For the Higher Group 

I) To be able to find tlae intercepts of a lino if its' 
equation any £oxm is givon. 

ii) Competency in transforming 1 tho general equation of a line 
into perpendicular form. 

iii) .Ability to verify whether a given pair of lines is a pair 
of parallel lines, perpendicular lmae, coincident lines or 
none of these. 

iv) .Ability to find the distance botwcon two parallel linos. 

v) Ability to identify from a pair of lin_s, the lino which, 
is farther from (or nearer to ) the origin. 

vile) Ability fo find tho now coordinator of different points after 
translation of axos and to bo able to verify that distance 
between two points ana nr„a of a triangle etc. remain. 

S' 

invariant after translation of axes. 

vii) Ability to write the aquations of linus whoso distances 
from origin and the angles that tho linos male with the 
positive side of x—axis are given. 

4- Teaching Strategies 
Motivation 

An able teacher knows that his lessons will have groat or 
inpact through the process of motivation. This motivation 
can be induced through different sorts of activities, learning 
by doing and examples from our daily life etc. nako oar lessons 
interesting. So, to motivate tho students, following sort 
of activities 


are suggested. 



i) Draw a lino 1 xn'xy-^lanav ~i\sk ihn „st&dori3_ to spell out 
tho variris characteristics that can b^ noticed about tho a line 
with regard to the axes. ■ • 



/l- Pig. 9.2 

Some-of these characteristics are 

. \ 

*. 

a. ''The points A and B lio on the line. Those points are 

the points of intersection of "the line with the axes. 

b. The distances of those points from the -origin-are. called 
the measurement of intercepts of the lino with the axes. 
Here the intercepts are a and -b respectively. 

c. Th© inclination of the line is Q. 

d. Through the two points A and 33 s wo got the unigLue line 1. 

e. The slope of the line 1 is tan 0. 
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'Mia distaries of the ling from the origin is p. 

Oj^pJL*- b X\*l-«aJV\ -V^-o V <: '^ ' 

the f >orpendicular dravn through origin to the line is W, 

and not the acute angle, /.AOP, as the angle is measured 

anti. clockwise taking the positive side bf 2-axis. as the 

initial lino* 

There is a relation between 0" and W W = 270° + 


Here? the at^^nts may "be asked if they can draw some linos 
where this relation doss not hold* Solid of the students will 
immediately draw figur©^ "J-ias shown hulows 



w = 3 ^ 90 ° w= 90°+ Q" 

Jig. 9.3' . Pig. 9.4 

®his preliminary activity creates in the students readinoss to 
find the eqi'uation of a line in different foms. 



Slg. 9.5,' 
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There is a road parallel "bo a railway "track, upto some 
distance as in the figure. Both, of thorn axo along straight lines 
at a distance of 10 metros. What is tho slope of the angle 
hetwoen then ? 

Jfost of the students will corns out with the right answer, 0. 

Now, keeping one of than as on axis of reference (say X-axis) , 
what will be the equation of tho oth^r ? 



The equation of rail-line is y - 10. 
Keeping Rail-line as X-axis, 


T 



Pig. 9.7 

The equation of road line is y= -10. 
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iii) In a school the students of each class stand in a separate 
•line' for the morning as a or bly. Parallel linos axe foiacd in 
succession starting from the lowest class. Ono day the instructor 
asks them to first take two stops ahead and then-ono step to 
thoir left. Suppose the step of each student is uniform. What 
is the distance between'the 3rd and 7th students of the lino of 
class XI ? Ifcre precisely, will it chango now 7 What about 
distance between 9 th students of class SI and SI I ? What about 
the distance between 5th student of class SI and 8th student of 
class S ? , 

With this example, ~we can start to tho expose then with 
translation of axes. 

Misconceptions 

i) Be certain to distinguish between a lino whose equation 
is x = 0 and the X-axis, Similarly tho linos y=0 and 
the Y-axis are absolutely different linos. 

ii) The slope of a lino is a measure of its steepness. If 
a line rises sharply to tho right (in the anticlockwise 
sense), tho slope is largo (a positive value). If a 
line rises s' lowly to'the right, tho slopes iB small 

(a positive valuo). But a lino rising sharply to tho left 
(in the clockwise sense) has a small slope (a negative 
value) while a line rising slowly to tho loft has 
comparatively a larger slope (although a negative value). 



^' V 

here slope of 00 ^ £lope of 0D<^Slope of OB ^ slope of OA 


iii) The slope of a line perpendicular to X-axis does not 

y 2 - y 1 

exist t as the slope m which ie given "by ic = - ary- 

x 2 * 1 

exists only when x 2 ¥ . Mate suro to convince the students 

that a line which has slope 0 is absolutely different 
fina the line which dc ,-s not have slope. 


Additional Bxerciso*-. 


i) 


Find the equation of the line joining the pointsA(2,-5) 

I 

and B(l,3)« Also find the equation of another lino which 
is perpendicular to it and passes through, the Liidpoint of 


AB. 


(Ans. 8x+y~l1=0, 2x-l6y-l9=0). 


ii) Find the equation of the lino passing through tho points 

(-1, 3) and (6,1). Also find the length' of the segment of 
this lino intercepted between the axes. 

(Ans: 2x+7y-l9=0, 9.9 (approx.) 
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iii) The vertices of the ABO are A(-4,5), B(-l,0) and 0(2,3). 

A, D is one of i ' ts medians, find, the equation of the 
perpendicular drawn from B to AD (Aad. 2x - 7y + 9=0). 

iv) Find the ratio in which the line soguent joining the , 

points ( 1 , -3) and (5*4) is divided by th w lino joining the 
points (-2,-3) and ( 4 ,. 0 ). (ins. 6:7) 

v) Find the oquation(s) of line(s) whose distance froi: origin, 
ia 4 and l^akos an angle of 120 ° with, the positive sade 

of x-axis. ’ “ 

(Ans :^§x+y=+4) • 

r 

vi) The equations of the sides of a'triangle are x+2y=0, 

4 x+ 3 y =5 and 3 x+y= 0 . Find the coordinates of the qrthocontre 

, 4 3 . 

of the triangle. (Ana: *7 

Hints For Difficult Problei.'. 


Exercise 9 

Q 6 . Inclinations of the two lines are 30° & 60°. Also inclination 

1 

of y = x*3 is 45°. * y=x+3 bisects the angle between two 

• t> • 

given lines, since all the throo lines pass through ( 0 , 3 ). 

Q 8 , Use one point-slope form as (-3,0) is a point On the lino. 

The al'-'pe, of the line is given by n = - 1 , where n„ 

c, LI ^ I 

is ihe slope of 3 x+ 5 y= 4 . 


Q9. 


Lot x'. intercept be 
the equation is — 4 


2 2 


= 1 

Solving a = 3 or 6 


then y-intorcopt is 9-a. Therefore 
= 1. The point (2,2) lies on it. 




Q.15 Pind the distance of (0,0) fron = 1 



Q.lQ Transform the two aquations into noimal foil's and 
compare the lengths of perpendiculars fion origin. 
- m , 

Q.22 Use tanQ= + vyy ■ or uso the fonrulae( P. ) &( P 0 ) 

l-hr ^ 2 \ d 

given in the next soction, (ii) 


Q.2S y=4 => O.x+1 .y-4=0 therefore distance fron (2,3), 

a J V t , 

s/° + 1 

Proofs of some theoreLS 


■Distanco of A point Prom. A Lino 


i) Without using the normal fore, tho distsneo fron a point 

t „ 

to a line can he found as explained below m two ways: 



MLg. 9.10 


Let 1 bo the line 


J^(x,y) ^ ax+by+c 



an! P(x 1 , ybe a point outside the lin> 

The line through P & Parallol to 1 is ax+by+fe=0 where k=-ax^-by 


Now d = PM = RN 
RN. _ OS 

aao - sr 1 “ sir 


:A hnr 


& 03R 



BR 1 .OS 

ST 


But RR 1 = fflR 1 - OR = “~ + 2. = 

■ a a a 


03 - -f 



^ P ' g~ ^ * \ sx-j+^y^+c^ 
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Note s If the equation of the lino is tat on as J'=l.x-+-c 7 then 

' -I 

the line through P Parallel to the given lino is y=mx+c . 

1 

Pros the figure <I=(c^-c) Co3 =» ■ f — y — ,, where tan^ = m 

Jy +0 • 


AL t enaat ively . 

Consider the following figure: 



Consider PM in the perpendicular direction to the x-axis , 
meeting the line at M. Now, M is and x^x^. 

MP = y-} - y 2 



by 1 + c) 

-B- 


Hf = ^ ~ p ~ - C * * * A KPM^i»BA) 

. \ a * ^ (ax i + by i + °> t 
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\“i + b ?i + °\ 

ii) Angle Between Two Linus 
Let the two linos be 

a^x + b 1 y |V = 0 (.l) 

& a 2 x+b 2 y+c 2 =0 (21. 

, a. 

The slope, r^, of the line (l) is - ^1 

and the slope, r_, of the liiiu (2) is - 3 

2 . b 2 

If Q is the angle between the linos y^x+c^ and y=m 2 x+c 2 , 

m the text book that 

of & n 2 in 


then it has been proved 

tanO- ■ j : *1. 
1+E 1 l '2 


Substituting th.e values 

__ b 


tan 0 - “2 -1 

a„a 0 + b/b, 


12 


12 


Whon the anglo i s than 


- tanO 
tanO = 


a 1 b 2 ~ a P b 1 

+ b^g 


a ? b 1 ~ a 1 b 2 
a 1 a 2 +b i b 2 


it is g'ivjn by 



Importance of this fom can be seen in doing problar.s 21 & ‘22 
of the Exercise 9 of the tort book. 


Probloia. lind the eq.uation(s) of tho line(s) "through the origin 
making an angle of 60° with the line x+ y JT + 3 TT= 0. 


I 
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Solutions Th.Q lino passes tlirougli urigin. 


XiG”t a^x + Ta 1 y = O be -fch.e required o^u-ation, 

Qpl3j 

Using tan Q = r—g— —y. - y » 

a 1 a 2 + D l 2 

o «.J? ~ b i 

we get tan 60 = g- v jj - 


__ rr a i J 3 b i 

- a — jr*- 
JT a 1 + 3Ta 1 “JT., - ^ 


4 b 1 = 0 
b^ =* 0 


Hence one of the linos is a. x = 0 or 

1 

a^b j. a^brt 

usiae tan'- = } 

_ *>1 - S 
1 

J"" 3 a^ + 3b^ = b_j a^ 

2 jl &1 = -2b 1 

b 


x= O. 


V/o Gvjt J 3 a7 +J%' b 1 




or a.. = — 


1 

J* 


lco, "blie other linu is 
jj x + J b i y = 

' x • ITy. 


o 
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iii) An _ai tsrnativo Proof of Theorem 9,2 

Evarj’ straight lino has an oq.uati^±i of the- fom Ax+By+OO 
Whore A, B and C are constants 

Pro of t" Lot (x 1 , y 1 ) and (x 2 ,y 2 ) he two points on 

Ax + By + C * 0. (1) 

Then, Ax 1 + By^ + C = 0 
Ax: 2 + Bj 2 + C = 0 

—^ A (x^Xg) + BCj^-yg) = .62) 

Since A, B hro constants, thoro exists a k, such that 
A = fc (y 2 -y.,) and ^(x^x^. 

Those values of A and B clearly satisfy (2) 

So (i) can ho written as xCyg-y^) + y(x 1 -x 2 )+0=a.....(3) 

But the standard foru of the equation of tlio lino joining two 
points is given hy 

(x 2 -xi) (y-y^) = (y 2 ~y-]) (x- Xl ) 

■^(yg-y^x -(Xg-X^jy -|jy 2 -y 1 )x 1 - (x 2 -x 1 )y^= 0. - {&) 

Cox-iparingC3) with (4), we find i (l) and hence (l) 

is a straight lino. 

Teaching Aids 

Visual teaching aids like overlaying transparencies 
showing the ddiagraiits developed stop hy step and exhibiting 
several cases'- on an over head projector (OHP) - uay he used 
hy a teacher. -If an OHP is available, this approach will 
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eavo tine of a toach.Gr and generate interest anung the students. 


Project Work 

i) lind the ratio in which the segment joining (x.yj and 

b 1 

(Xgjyg) is cut by tho line ax+by+OO, not passing through 
(x^y^ and (x 2 ,y 2 ). , 

(Jins. 

ii) In (i) ? examine the case when the ratio is lii 


^l+by.j+O I 
ax 0 + by„ +0 | 


iii) PLnd the slopo of a line given in parametric fora 
Z(x,y)^x= a+bk, yec+dk,^ k4 R)^- 


5. Chapter Tests 

a. Oral Test 

i) TlFhat is the equation of a liao with inclination of 45° 
and passing through (6,-3) ? 

ii) Kind tho intercepts of the line 5x-8y+3=$>, 

$ii) What is the aquation of the line porponciicular to 
5 x-8y+3=0 and passing through origin ? 

iv) What is tho distance of the line 3x+4y-30=0 froi tho origin? 

v) What is the distance between the point (2,3) and the line 
y=4 7 

vi) What is the equation of a line whose distance .from tho 
origin is 3 units and perpendicular to tho line fron tho 
origin iaato^s an angle of 30 ° with tho positive side of 


x—axis ? 
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vii) Transform tho equation 4x-\£-1=.0 to nomal and 
intercept foams# 

b. Writ ton Tost 

i) In what ratio is the line joining (2,1) and (5,2) divided 
by the lino opining (3,2) and ( 5 , 0 ) •> |T ft 

ii) Find the slope ford of tho equation of a line from its 
pararrotric- fore 

i 

x = x.j +V0oa n and y = y^ +Ysin 0, 

Ans: y**y =tanO (x-x 1 ) or y-y 1 =m(x-x 1 ) 

ili) Find the equation of the line -passing' through the points 
(a,c) and (a+b, c+d). 

'(A ns: dx~by+ (bc-da )=0 

iv) Provo analytically that the diagonals of a ihonbus are 
perpendicular to each o thorn 

v) Prove analytically that if tho diagonals of a parallelogram 
are equal, then tho parallelogram. is a rectangle. 

vi) Find the direction of■ the lino which contains A( 1, ^3) 
such that its point of intersection with the lino 

r 

j3 y - 8 = 0 is at a distance of 2 units from the point 
A , ( Ans: ^/T x-y=0). 

■vd-D.) Find tho oq,uations of tho medians of a trianglo whose 
vertices are (-5,2), (4j6) and (1,7) • Also, show that 
they are concurrent. 

(Ans: x+5y-5=0, 7x+4y-4=0 & 6 x-y+1=0) 



! i 209 si 



yiii)Por wliat value of a will tlio taso liiias 3x+J+2=0, 

\ 

2x-y+3=0 and x+a^-3=0 be concurrent ? (iinsi 4) 

ix) Hud the coordinates of tho circiuocentre of the 
triangle with vertices (4 f 3)> (-2,3) and (6,~l). 

i 

(Aqs: (l,-l). 

t 

4 

6* Additional Beading Ifetorial' 

j 

Ball^tine, J.P. ^Jerbort, AiP* ‘'Distance fm. a lino 

i 

v ' i $ - 

, or, plane to a point”, ierican fothsuatical Monthly 
59 (1952), 242-244. 




CIIAPTISR 10 
FAMILY OF LINES 


1 • TntTOdu.pt ion 

In the preceding- two ohcpters, points end straight linen have been 
considered* 

Given two points, the distance of tho oegrriont joining them end 
slope of the line posing through have been ilgebraa.OLj.ly eaiplainod. 
Any point of a straight line passing through t u -o given pointc onn 

f 

be obtained in parametric form. ' > 

i 

Analytical methods of proving the geometrical properties have 
been introduced* jJatphasis has been laid on the fact that geornetaio 
properties ere independent of the choico of origin. iy suitably 

shifting the origin and trend axing- 1333s aigebreio od ciu-tiono 
get reduced end simplified in .nary probloars. 

Equation of a line in generul end various p .articular forms 

1 

have been vividly eaqplcined and usofulnecj of e^oh form has been 

1 1 ■> 

pointed out to get the required charaotoristic of line. 

j 

In this chapter the family of s Lreight lanes p evading through 
the point of intersection of a pair of straight linos dong -ith 
the family of lines passing through a particular point, parallel 
and perpendicular to a given straight line ’/ill be explained, 'fho 
oondition for representing 1 a pair of rtr eight lineu by the generaL 
equation of seooad degree will be investigated. Moreover, omphalic 
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<rfn be laid on the homogeneous equation of second degree, whioh 
in general, represents o, pair of lines passing through, the origin* 

2. Content Analysis 

In this section the number of eaoh subsection is in accordance 
vjith the textbook* 

10.1 E quation of Family of L inos 

Obviously, sufficiently largo number .of lines can be drasm 
from a given point P (x^, y^), Theso all form a family of linos 
passing through P» Bus family of lines is represented by the 
equation, y - ^ = m (x-x^), where m R, is an arbitrary constant, 

l , 

Similarly, sufficiently large number of linos ecu be drawn 
parallel to a given line lx + By + c = o. Bio equation ax + By + X. * ^ 
represents the family of lines, whi-oh. are par slid to Ax + iy + c * 0, 

i 

i - 4 

as the (Slopes of lines represented by both the eauationc are equel 

to - A <• ' 

B 

Liket ri.se sufficiently largo nujnber of lines perpendicular to 
the given line Ax + By + o = 0, oen bo drawn. These two form a 
family of lines. The family of such lines is represented by the 
equation. 

F 

Bx - Ay +/tt>- = 0, where fi/fc fi if; aa. arbitrary constant. The 
slope of the line represented by the equation Bx - Ay +jU* ■ 0, is 
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B whereas the slope of line represented hy the equation Ax + ]^y + c 

A } 

0 o is - A 

B * 

Since - A ; is * -ii henoo the equation Bx ~ Ay +/m <= o 
BA r 

represents a family of lines perpendicular to the given lino 

Ax + By + o = 0*iqL^Cts £ E. 

Evidently| sufficiently large number of liner om pass through 
the comt of intersection of «?» pair of nonpareil uL line a. 


V + V + °t " 0 

f , , i' , 

ahd AgX + Bgjr + C ? « 0. 

The equation of this family of lines is repfeuontea Ly either 

of the following tuo equations* 

4 * ■ * * 

+ B i y + °1 + A ^ A 2 X + - B 2 jr + Cg ) = 0 
and AgX + ^y + Cg (i^x + E ( y +..0^ = 0 

where^ ^ g K are nrhlt _y con, t.ntr* 

10*2 Pair of Straight Lines Through Origin 

Consider the equation 
x y = 0* 

Evxd.ontly } it implies that x = 0 and/or y s= 0. As x ■ 0 and 
y = 0 are respectively the equations of the of 3f and axes of X, 

and henoe the equation ay * 0 represents a pair of lines passing 
through origin* Similarly the equation x c - y^ = 0 implies that 
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x - ye 0 and/or x + y *= 0 which aro -the equations of a pall* 
of fines passing through origin* ^ain y -> m x « 0 and y ~ m.x « 0 

i 1 £ 

are two separate equations, of a, pair of lines passing through the 
origin; She combined equation of this pair of linos is 

( y - i^x ) ( y - mgX ) = 0 

2 t \ 2 

or y, — + m 2 ' + m i m 2 x * O f which too is a horaoge-iooub 

equation of second degree as the sum of the exponents of x end y 
in each term is 2* Hie most general form of a homogeneous equation 
of second degree is 


2 2 
ax + 2hxy + by =0 

Hie general homogeneous equation of second degree ax 2 + 2hay + 

2 

*y - 0 too represents a pair of lines pasoing through ori gin, 

* 2 2 . 

Solving ax'" + 2 hxy + by = 0 as a quadratic equation for x, 


we have 



therefore ax 2 + 2 hxy + "by 2 « 0. 

=7* ( ax + hy +y / h 2 - eh, y ) (ax + hy ) * 0 

*> • \ 

which inplieB that 

ax + (h -f fjh .' — ah r) y a o and/or ax + ( h — ^^h 2 — eb ) y n 


0 . 
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a 


Ihese two equations separately represent a pear of line3 passing 

O v * 

through origin if h •* ab^/0. 'Jhese lines are steal and distinct, 
if h 2 ^i at), coincident if h" = ab, and, the line,.. do not exist if 

h 2 ^ al3 » 

10,3 Angle Between The Pair of Lines 

IJe know that y = x and y * m^x aTe tiro septate equations of 
a pair of lines passing through the origin* Ilonoe combined equation 
of this pair of liner is 

■ i r 

( y - tt^x ) ( y - m 2 x) * 0 

or y 2 - (m. { + m g ) ay + x 2 « 0, 

Ue have already proved that 
2 2 

ax + 2 hay + hy « 0 represehto a pair oC linos passing 

through origin. Henoo on oonparing the co-'effioients of lilre terms 

we have ; . 

m 1 mg . - (in 1 + m ? ) ^ J 

a d 2h * 

•*« m 1 m 2 ^ £ end m + m ? _ = 

2 

If <5 is the angLe between pair of lines represented by ax + 2 h?y + 

by 2 =» 0 then Tan $ <= m i " m 2 

1 + m m 0 

1 t~ 
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Evidently, the condition for coincidence of the lines is 
h 2 = ah. 

In other words, for the coined den co of the lir.es, the expression 

2 2 ( 

ax ♦ 2 hay + ly should ho a perfeot square. 


Condition for perpendicularity is 
a + h » 0 

Consequently| ax'" + 2 hay - ay *= 0 represents a pair of mutually 
perpendicular linos passing through origin. 


10,4 Equation Of The Bisectors Of The AngLos 

i 

The equation of the bisectors of tho angles between the pair 
2 2 

of lines ax + 2hay + by *0 is — 


2 ,,2 
a — h 


■¥- 
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or x 2 - y 2 "> — :xy| which represents a t> s ar of mutually 

perpendicular linos passing through origin, r& bho sum of the oo- 
efficients of x and y is equal to {.no. 

10,5 Condition For the General Equa tion.Of S o pon d Dogroe 
to Represent 5?wp Straight Lines 


'.Je know that ^ + B^r + 0 and AgX + B, ; y + C ? » 0 are separate 

equations of a pair of lines. On combining these two ns foILowo wo 
got (j^x + B^y + 0^ ) (Ag X + + C 2 ) « 0 

^ Q 

or \ A 2 x *" + v ^L B ? + B i A 2^ + B^B^r + x (j^Cg+i^ C ( ) + y 

(\0 Z * hh) + S. a i - °- 

' o o $ 

Obviously, it is of the following form ax 1 " + 2 hyy + by + 2 gx + 2 lKr + 

8e 0 ... (il) 


Bus equation (/l) is known as the general equation, of seoond degree. 

Aotuolly in three unknowns x, y, and z, the hoBibgcneous equation of 

2 2 ? £ 

aeoond. degree is ax + by + Cz +2 Wrz + 2 gxz + 2 huy a 0 
Putting z a i, ib assumes the form 

ax 2 + by 2 + 0+2 jjh + 2 gx + 2 hay « 0 
which is exactly the come as equation (l). 

5h.ua we have seen that tlio general equation of second decree represents 
a pair of lines, if the oppression ax 2 + 2 hay + b y + 0 gx + 2-^y + o 

can be factorized in two linear factors of the form i^x + B^y + 

£®d A<jX + + Cg, 
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{Hi© oondi’tioa Pot 'bhd"geiioi f ed cqu.ation of second ILagree 
ax 2 + 2 hxy + b y 2 + 2 gx + 2^ + e = o to reprosent a 
pair-of lines may be obtained in v.-ii^buci ways. :..ouo arc given 
"below to enable the readers to qppreoiato thei r relative) merits* 

Oae expression on loft hand side of (a) 

ax 2 + 2 hxy + b y 2 + 2 gx + a T + C | on multiplying by a assumoo 
the form a 2 x 2 + 2 ax (hy + g) + aty 2 + 2 aby + Ca 

» (ax + hy + g) 2 - (hy + g) 2 + aty 2 + 2 a|y + Oa 

= (ax+*,hy + g) 2 , - y 2 (h & - ab) - 2y (h® - e^) - (g 2 *- ao) 

■ (ax + hy + g) 2 - j|"y 2 (h 2 - ab) + 2 y (log - 

>Jhich can be faotonzed in two linear factors in x and y f provided 

y^ (h 2 - ab) + 2y (hg - af) + (g 2 ~; ao) is 1 a perfect square* The 

condition for which is 

(hg - af ) 2 - (h 2 - ab) (g 2 - ao) =• 0' 

e 2 be = 0 

p o 2 1 1 

or af - 2 fgb + oh + bg - abo a e 

or , abo +■ 2 fgli - af 2 — bg 2 - oh*' ■» 0 

which, is the required condition. 

Alternative Method* 

Let (x^» y x ) be the point of intersection of the pair of linos 
2 ? 

represented by ax + 2 hay + by" + 9. gx + 2'fy + o * 0, 

Now’ translating tho origin to the point (x^, y^) and taking a new 
parallel system of axes the transformed form of the equation (a) is 


or 


2*2 
a f 


- 2 hgaf 




eh + abg'"" - 


E^) +(g 2 - a°)j • 
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a (x + ^ ) 2 + 2h (x + 3^) (y + ^) + b fr + ) 2 

+ 2 S (x + + 2'f (y + y x ) + ® - o ; 1 

o: , ax 2 + 2 Lay + 'by''" + 2x (aa^ + +■ i) 

2 '2 

' + 2y (ha^ + by^ + f)+ox 1 + 2 lix^ y 1 + by 1 +.2 gx^ 

* 1 * 

* * 

+ 2 fy^ + o *= 0 (3) 

As equation (B) represents a pair of linos pausing through origin 
it mist he a homogeneous equation of - 2 >eoond degree. Consequently, 
coefficient of x, $ -and oonstanto will vanish a^pcxTctoly. 

( 1 I 

Hone a 

aX^ + hy 1 + geO.*.<>,► (l) 

hx^ i by^ + f — 0 •.»o «•(2) 

o 2 

and ax’ + 2 Tix^y^ + by + 2 gs^ + 2 fy^ + o .= O .»* ( 3 ) 

> 

* * ‘ 

Multiplying (l) ahd '(2) rcpqaeotively and y 1 „.ud 4 adding 

ne have : * 

o 2 

ax^ + 2 hx^ + gXj, + + by ^ - 0 . ( 4 ) 

Subtracting (/]) from ( 3 ) wo have — 

+ fy x + c « 0 ...» 0 . (!>) 

Eliminating x^ + y^ from (l) t ( 2 ) and (fj) .70 nave — 

a h g 

h h f 

g f " '"'c 

on simplifying u jq obtain 

abo + 2 fgh — af 2 - bg 2 — oh 2 - 0, which is the desired 

condition* / 
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3. . gjTCCMES 

(a) Essential Learning Outcomos For £L1« 

v 

.After comprehensive study or bho content of this chapter 

each and evexy student of tho oLaso must he able to s 

0-3 write the equation of the family of lines, passing through 

t , ' 

a given point| paraLloi/poipondicular to a given line 
or passing through the point of intersection of a pear 
of given lines* 

(ii) Heoogniee whether a given equation of second degree is 
homogeneous or not* 

(iii) State that a homogeneous equation of seoond degree re¬ 
presents a pair of lines passing through origin, 

I r 

.(Xv7 Tast the pe2peudi#4ariiy/«oJjiOidence of the pair of 
lines represented by a given homogeneous equation of 
second degree, 

1 ' 

(v) Bind out separate equations of the pair of lines re¬ 
presented by a given equation of seoond dogreo and 
Vice-versa* , 

l 

(vi) £ind the inaluded angle between a pair of lines represented 
by a given equation, ;jithout find ing the separate equ&— > 
tions of the lines* 
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cw Learning Outcomes \Bbr the : Higher Group a 
j Higher ability group of stuc.LC.nio must acquire the 

M 

following coiflputonoiu ; 

1 r i 

(i) Oomp sconce to check j whethor tho given oquation of 

scebnd degree represents a pair of liner- or not. If 
in affirmative, hc/sho must he able to ohtfdn the 
separate equations of the pair of lines represented 
by it. 1 


(ii) 


Competence to find out the inoLudoo angle heineon the 

given pair of lines and consequently must he able to 

check the perpendicularity or oaralldiom of a given 

-. * -.r- . s* 

pair of linos* 


[Peaching Strategies 

Motivation / 1 " • 

nn expcrieiic^d teacher adopts his o ;n joy for motivating the 
student j. Hero atterrret is made to suggest some of tho way;:. 

Aotivity (i) [the students may ho naked to t.lco a point 
1 

Mow may lines passing through p, eon hu drawn ? 

Sufficiently large number of lines con pass through » 
given point* These all lines form a family of lines passing, 
through a given point. 


( Y 


) and draw a number ^of linos passing through it a 



What is the equation of tho family of linos passing 

r * ■ 

through (x^y,j) ? Prow the point--dope form of -Hie equation 
of a straight line* the answer is 


or 



y - y t " » (x - X,)Y" m t H. 


Ems tho equation jr ~ y - m (x - x.) represents a family of 

Jm I * l * 1 I 

1 

lines passing through (x.^, y^). 


A2£i2&££& Ask the students to draw the line y » x and. again 
-prompt other ^tu'dbiits to drew? parallels to it and. passing 
, through each of the points. (0^) r , (0,2), (0,3).end 

r * 

, <MVCV$) ..... vihat are the equations of the 

lines thus drawn ? 


Ihe equations .of the lines dra^-nre y = x --i, y » x-2, 
y = *-3 and y * xH, y‘» x+2, y = xf3 ...... 

:jhat is the equation of a line parplleL to y = x end pas s i ng 
through the point (O^X ) ? 


1 

answer is y = x- ^ , which represents a family of 
lines parallel to y t* x, where (* ft is on arbitrary constant. 






y.r-ir, the ctiidento to drnwu u porpuneifcular to the given 


line y « 7. pnoeing through origin. 



Pig* 10.1 


What is the equation of the line thv.: drc.-jn ? 

The eduction of Lhe line thuu drawn i.j y - -x. 

Other- students of the dLan.3 mat he r>roiiptL& to draw perpendi¬ 
culars to the line y = x and passing through ^.ifioun pointa (o, n) 
where n £ N* Wh*vt c.rc the equations of lhe lines thus drawn J- 

The answer is y - -x 4. n ijhere n ^ tu Time — s '•>■■ n repine sente 

r 

a family of lines pexpend!culcir to the ^jl no y ^ ;u 
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After proper motivation, family of luxes parsing through the 
point of interseotion of the pair of lines Ax + By +■ 0 ** 0 and 
A* x + B*y + O' * 0 should he introduce cl, . - 

i J 

2 2 

pronpt the students, to solve ax + 2 hsy + hy * 0 as a 
quadratic equation in x and y separately and observe the independence, 
of the results obtained in both the ways* 

Migoonceptions/Common Error s# 

Pell owing common errors should be einphosised to the students* 

lijhile solving nume rical problems based on the general equation 
of seoond degree, students oonimit mistakes in writing the values of 

f 

a, b, o, f, g and h with proper^ signs. It should be noted that the 
values of f, g and h axe actually half of toe coefficients of y # x 
and ay respectively. Bor instance in the equation 

6x 2 - yy - l2y 2 - 8x + 2$y - fa = 0 

i 

or 6x^ + 2 (-§■) ay - l2y 2 + 2 (-4) xt-? y - 14 » 0 

•\ h » - it j not -1 ; g ■ -4, not -8 ; 

f * 22, j not 29 5 a ® 6 and b = -i 2 

2 

Additional Exercises 

(i) Bind the product of the lengths of perpendiculars drawn 

P 2 

from ( 3 ^, y^) to toe pair of lines ax' + 2 hay + by <= 0. 



234* 


(ii) Find the area of the triangle formed by the liner; 

O 7 

ax'" + 2 hxy + by'" = 0 and lx +^y «' a, _ 

t^iii) Find the equation io trie pair of line a whLch are 
>' ■ perpendicular to the 'lines -ex 2 + 2 hay + by'" = 0 and 
pass through the origin* 


+ o s= 0 


(iv) Bird the condition for representing a. pair of parallel 

: .nes by the equation ax 2 +^2 hxy + by 2 + + 2 "|y 

and find the distance between this pair of lines* 

1 ' 1 ‘ », ■ 

Solutions/Hints For Difficult Problems 1 

Exercise -]0»i * • : . »: 

^No.A - Family if lines passing through the point of intersection of 
the given lines is (?x + 3y - 4) + X (x - 5 y + 7) - 0 
or x (2 + ^ ) + y (3 - 5 > ) + (7 A -4) » 0 

or + —jcJL i i i 

■ ’ 4- -fy - ±,"2% 

TTX 5 ’5 > 

For required line x intercut - •' 

or 


4 - 7 >> 
2 +X 


«A 


or 


or 


* 

*« 


A - l \ = -8 -4> 

12 B 3 \ 

X = 4 

Henoe the required equation is 

6x - l7y + 24 m 0. - ,, 
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c 

jEJogroifae l0»2. 

Q»Uo» 5 

Equation of the pair of lines assumes the form , 

2 2 y 2 I 

x (cos c( - sin tfs. ) - 2 aqr oos p 4 Sin cl - 0 
Or x £x Cos 2 el - y Sin 2 - 0 

or x - Cot 2crf> x ) «s 0 

S^arate equations of the pair of lines are x » 0 
y » Tan (ff / ? - 2 o4 ) x. 


Evidently, x « 0 is the axis of y. 




Exercise i0.3_ 

<3.Ho« 5 

0 *' < * o 

Let .the e<fuati on ax" + 2 hxy + "by T + 2 'git''* 2 fy + C = 0 

, ■ ], .5" 1 ' ‘ 

represent a pair of lines intersecting at (± , y 1 ), - 

\ U ' 

Translating the origin to (x 1 , y 1 ) the transformed form of 

!■ ” 

the given equation is 

a (x + x 1 ) 2 + 2 h (x + x 1 ) (y + y 1 ) + *o (y + J^) 2 + 2g (x + x 1 ) 

+ 2f(y + y 1 )+0 = 0 

or ax 2 + 2 hay + hy 2 + 2x ( + hy 1 + g (hx + hy 1 + f) 

+ ax \ + + 2 h V 1 + 2 2 ^ h-s = 0 

, ' l 

1 -r 

As it represents, ,g, p&Ar of lines passing, through the origin and hence 
it will he a homogeneous equation of second degree and thus co-efficient 
of x, y and oonvuant term will separately vanish. 

Therefore 

+ hy.j + g * 0 

Li 

+ hy 1 + f = o 

Solving these equations, we have 





is 227 It 


3* Ohaotefr Jests 

(a) Qrak,,,:Pe i Bt 

(i) Bind separate equations of the lines represented by 
x 2 - 36 y 2 » 0. 

Ans: (x + 6y) = 0 & x - 6y « 0, 

(ii) Sind the angle "between pair of lines represented by 

2 2 o 

x + 8 xy -» y e 0 Ana: 90 

(iii) Bind, the angl e between pair of lines 

j 4x^ - 4aQT + y 2 * 0. Ana: 0°. 

0 s ) Written test 

i 

1* Stow that tho four lines given by the equation 

2 o 

3ac + 8. xy — 3y « "0 

and 3x 2 + 8 ay - 3y 2 + 2x - 4y -i « 0 

foim a square. Bind, the equations of the diagonals 
of the square. 

IX« Prove that the equation bx 2 " ■** 2 hay 4 . « O represents 

.a pair of lines which are at right angLes to the pair of 
lines given by the equation ax 2 4 2 h^ty 4 by 2 » 0. 

XIX* Bind th© condition for the slope of on© of the lines re- 
presented by ax 2 + 2 hay + by 2 = 0, mey be times. Bis 
slope of the other. 

i i 

Hint. Let m and ^ m be the slope of the lines represented 
by ax * 2 hay + by » 0. m + \-m, a - and ^ m 2 » ~ • Eliminate ^ . 

As given in the Chapter 8. 


Reference: 
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OljhbE^ AND . IgftWL-® . OrjflLTi. 


U l3a.trod4cb3.Qfi 

3jr n.Qi '7 student:. nusb have leaivvl, to rind the rh .-.tunce oetixon 
Ijo points* 'Hie knowLcd^e thu4 .obtained 'All fomi the W:io ior 
finding the equat wii of a ciLraLe in this chapter and tho expiation of 
the porao^La, the ellipse and the hypeiv>oi«. in‘ the next chapter, 

binoe oirefe has bean s-'tudied in High School ca-isnts by ;ynthetic 
method* 'fith a fo ' exceptions, nithing neu in the field of tho yeo~ 
iretiy of circle -rill be obtained here, Op, the other hand., <xi nttemp b 
ha been. made to introduce th* ta-Stpreic prccraf-uec bh-vt 'dll be u,ied 
not oily in thi.^ chap bor bat au.o in tho next cheater* 

?, Content Anaiyeiij 

In this noccion the number of each ; uction is ju e.ooorcL?nco 
1th' the textbook. 


Circle, poruusilfij <e±iip in<> son hyporbil a are curv . or intersection 

ty a plane with a right circular double 00no. To 02 on001110 onoui-ili, 

11 the moauare of tn;; angle, hebjoen the inter,:eobin, plf.no cxiC U.o 

uyio of tno oonc ia equal Lo thu Jjoim-vortical cn^U, of Lin. cone, Llic 

resulting curvo of interna ction is an ellipse taut if the uecwurj of 

the unglc oetTjSen the intenseoting pirn. ” 3 id axu of +hs oor.o is 1 o*:m 
X 

chan the uoircr-veijioU. fuigio of the cone f the inter*.1 ctiug curve tumi-. 



out to be a hyperbola. When the intersecting plane is perpendicular 
to the axis of the oone, the interceding curve is a circle. As tho 
oirde, the parabola, the ellipse and the hyperbola are the sections 
of a oone and hence are called oomo-sccti&ns or oonics. 

As the distabca'formula is to he employed in obtaining the 
equation of eaoh of these curves, the curve is to he looked upon 
as a locus of points satisfying appropriato distanoo properly between 
points on it and on its axes. 

11*1 standard Form of the Equation of a Oirde 

The circle is defined to be a locus of a point, whose distance 
from a fixed point (h, k) is a positive constant r. It means cirolo 
is a set of points | (x, y) | (x - h)” + (y - k) 2 = r 2 v . Thus the 

O p p 

equation of a circle is (x - h) 1 " + (y - k)' = r"* The distance of 

eaoh ^oint of this circle from the fixed point (h, k) is a positive 
constant r« The fixed point (h, lc) is called the centi’e of the oirde, 
and positive oonstant which is the measure of the distance of eaoh and 
eveiy^ point of the cirdo fro.i thj cent o, is oaLlcd the radius of the 
cirde. Taking origin as the centre of the circle, the oquation of the 
oirde assumes the form — 

i 

(x - 0) 2 + (y - O) 2 = r 2 
2 2 2 

or x + y s r , which is an elegant and uirapla standard form . 


of the equation of a oirde, 



11 o2 gene ral Form of the ^gua tl ad of a. J h-rclo 

Tho Equation of Oirclo is : 

(x •- h ) 2 + (y - ~ 

'; 

on 6 jcp iiioioil oil tho ■fcGicmj.s 170 ha^v© 

x ? + y 2 - 2 icr - 2 ky + (k 2 + h 2 - r 2 ) = 0 

or x 2 +,/ + (“2h) x 4- (-2k) y + (h 1 * + k 2 - r 2 ) B 0 

1 

I 1 t k 

Thi n leads "to -the conclusion that th-j general situation of a circle i« 

x 2 + y 2 + 2 gx + 2 fy ‘ + 0 Or • (a) 

Since this assumes the form 

" (x + fi-)*" + (y + f) 2 o g 2 + f 2 — G 

deviously the ccaiti ‘0 of the curcJLe ropreccntod by the equation (j.) is 
(-g, -f) and the radiu.--. is • (g' + f 2 - c) * 

The general equation of the second degree iu 
2 n 

ax + 2 hyy + hy‘"‘ + 2 gx + 2 fy + 0 « 0-) (ii) 

On comp an son of (/>_) and (t?) to obicrv", 

(i) . h‘ = Oj i«o, coefficient of ly in the general equation of a 
circle is 0 a 

i i 

(n) a t= h = ] i. e. coefficient^ of x and y in the general equation 
of a oir<uo are equal to ] t 

Prom above it lc evident that the equation 

J> p ( 

ax’ + cy" + 2 gx + 2 fy + C , r 0 (c) 

* ' * 
will etL^o v rciprt>t3orL*t a circlo* 
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the equation, (c) assumes the forms 

t 

x 2 + y 2 + 2 g x + 2£y + o *= 0 
a a a 


r JJio centre of the oirde (c) is 



Prom above it is evident that the circle represented by the equation (a) 
o p v. 

will exist ifg + f - C Y 0 , and the circle will not exist if 

o o y * * 2 2 

g + f - 0 / 0* In the oase t 'when g + f - 0 a 0, the equation (a) 

will represent a oirole of aero radius i,e» a Point Circle 

s 

t 

11,3 aquation of a Circle in Parametric Form 

l , 

2 2 2 

Consider the circle x + y = r * It is easy to observe that 



2 2 2 

different point of the circle x + y = r » 


Thus we can say that 



80 S 


r Cos O' y “ r'SinQf represent any po:ht ,on the ^irolo , 

+ y''- _ ■ r <d i inhere Qr is "the measure ol .nity angle Snoh”t.^.e.t 

>1 

0 cl ^ 2 TT r , /, 

i i w , 

1 * n p O 

Obviously the parametric form ol tho equation (x - h) + (y - k) = r 1 ' 
is x = h + r Coo ^ and y = k + r Sin (* , in tonne 6" £ „ parauietr#. , 


11.4 Equation of a Circle whoa the laid Points of a 

Ik cun et re are' Given ^ , 

■* 11 il - "V l B ji_ v 

. 1 w | ^ » 

Tho end points of a diai»iexf©“of 'a nlrc&o < t. (x^, y^) and 
(xg, yg)* Different ways can ho employed to obtain the equation 
of tho circle. 


R 

\y -1 



(y-2-?^ j 


Fig* 11*2 


From'previous kno&iLedgo oi geometry students pjbq ertp^uted to know 
that / Rps = go 0 , where P is any point on the circle having 
H ( V y^) and 3 (x ? , y^), the ends of a diametre R 3, Obviouoiy 
3P and P>' are mutually at right angles and hen 1 , c 
(Slope of PR) x (Slope of PS) = -1 
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or (y “ a^) ftr - ar 2 ) • ( x “ x 1 ) ( x “ *?) 

or (x - x 1 ) <x - XgO + (y - y 1 ) (y ~ y ? ) * o 

■ 

which, is required equation of the cij-'-oie. 

The students should he prompted to employ other methods to 
obtain the equation of the circle and verify that every method 
leads to the same result* 

11.5 Points of Interashtlpn of a Line and a Circle 
with Centre at Origin, Condition. ,of, .Tangoncy . 

We know that the oirc£Le having orign as its cent he and r as 
its radius is x 2 + y 2 « r 2 * (i) 

The equation of aline is y = mx + o .»»«•• (ii) 

For finding the points of intersection of (i) and (ii) solving 1 

them as simultaneous equations t we get : 

2 , \2 2 
x + (mx + o; a r 

2 o n n 

or x 4 (l + m ) + 2 mox + (o 4 - r*) »= 0 • (iii) 

which is a quadratic equation m x aid henoe it tall have two roots. 
Both of the roots will he real and distinct if 

j( m 2 o 2 -^ (l + m 2 ) (c 2 - r 2 ) \ 0 

or, -o 2 + » 2 (l + m 2 ) 'y 0 

or c 2 r 2 (i + m 2 ) 

Both the roots of (iii) will he real and coincident if 

2 2 /„ 2>t 

o t> r (-j + m J, 


* 
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.again both the roots of (iii) will, not exist if 

■ , .c 2 y r 2 (1 + of) . 

Consequently, it ioIIovjo tbhat -the imp (11J .dll mterseot 
the circle (i) in two distinct points, in one point ofr in no reel 


point according as 
r> 

x /l + m 


"A + 


Til 


Condition of Tangenqy_ : 

Evidently the line (ii) will "be a tangent to the cirdc (i) 
if c = + r y. 2 0 G3bus y « mx 4 . r repi’onente a pair 

“ ^ 1 + lti * hi * 

2 2 2 

of parallel tangents of the cird© x + y = r “# 


11*6 Bcpiation of j. Tangent to a Oirdoj-Jd Len gth 
of the Tangent s 


2 2 2 

Conoider the drde x + y » r * Eor obtaining the equation 




i 2 35 * 


The radius passing -through the point of contact of the 
tangent of a circle is perpendicular to the tangent* 


Evidently the tangent PT at P (x^, y^) of the oirdo 
2 2 2 

x + y = r is peipendioul&r to the radius OP* 

SLope of OP - y l ~ 0 - 7 1 

\ , 

f 

i 

Let (x, y) he any other point of the tangnnt PT. 

/. Slope of PT = y ^ y l 

x - 


V (Slope of Op) x (SLope of PT) *= -;i 



2 2 

or yy 1 +sx L sx ;L +y 1 

2 

or 30^ + yy x = r , as (x } , y ± ) 

p o 2 

lies on the oirde x* + y r . 


2 

Thus xx^ + yy^ « r is the equation of the tangent to tho circle 
2 2 2 

x + y s r , at a point (x^, y^) of the circle. 

In the case of the oirde x 2 + y 2 + 2 gx + 2 |jy + o « 0, having 
a point (x^, y^) on it, we can write tho equation of the tangent at 

(^, y x ). 



• a 
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a •> 

• -a 




TrcnriLating the axes at the point (-g, 

fc j ■> - , , 

formed form of the equation ' \ 

n. O' ° 

(x + g)*” + Cr + f ) ~ z + L 'o ' 1 ■* 


■f) the trr-ns- 



w2il he 



X 2 + Y 2 = h 2 + f 2 — c * 

Let (d^, y x ) . .... . 

- ' - , J - ' - . 

C * \ 

Equation of the tangent at (x^ Y^), a point of 1 the' Circle 

o O O O _ • t 

X + - g* - + f ' - C is 

X^' + YY 1 ‘ = g 2 + f 2 - o. ' • • 

(This in aocordanoo with the original system of "axes brcsiioforms 

into 

(x + g) (xj_ + g) + ty + s) (y, + f) = g 2 + f'" ~vO 

or + yy^ + g (x + ) + f (y + y 1 ) -{U c = 0 

which is the equation of the tangent at the point (x^, ). 

Length ojf the' tenge. t 

Consider the circle x + y = r and a point P (;• ^ y^) 
outside the cirole* Let FT ho the tangent on the circle from p 




From geometry £ OTP = 90 °* 

Applying Pythagoras Theorem we have 
PT 2 « OP 2 - r 2 



tahgent from P 


) 


2 2 

+ y ^ - r , which is the length of the 

2 2 2 
on the circle x + y ** r • 


Similarly, the length of tangent from the point (x^, y ) 
to the circle 

x 2 + y 2 + 2 gx + 2 fy + o • = 0 will he 

./^TT^TT^TT 


11*7 Families of Circles Through the Intersection 
of Two Circles . 

( 

Ey now, students qjust have- attuned the competence to write 
down the coordinates of the centre of a circle represented hy an 
equation t Ask the students to find the centre of the circle 

x 2 + y 2 - €x - g y + X s0 , 

The oentre of the circle is (3, 4 )* 

Again ask the students to report the radius of the circle* 


Radius of the circle 





m £ 


238 : 


Accignine dxffsrejad; values- :to , ---o get a concentric set 
of oiraLes having O' ,4) as its centre. Tin seb cf ooncentnc 
circles having (3,4) ae centre form- a family, and thus equation 
x 2 + 2 - 6x — £ y + X = 0 represents o retirtily or concentric 

circles having ( 3 * 4 ) as centre - . j 



It is ihte-*^. xing to note that through two given -points ‘v 

nuffioiently largo number of circles can he <^rawn 



Biga 11.6 
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We have already investigated in the laot'chapter that 
through the point of intersection of Vjo lines A^x + B^y + = o 

and AgX + + C,, a 0, sufficiently large number of lines can he 

* » iti 

drawn* 'Hie equation of this family of lines is given by 

*•» ( , : 

'k i 

A^x + Bj^y + + )\ (*gX + B^r + C £ ) ,= 0 where ^ is an arbitrary 

constant* 

Consider 

= x 2 + y 2 + 2g^x + 2f,y + ** 0 

and S 2 = x 2 + y 2 + 2ggX + 2£gr + C 2 « 0 

be a pair of oircO.es* 

' 

V- Eie equation 

^ + X S £ - ° 

or x 2 + S 2 + 2gjX + 2f x y + C l + ^ (x 2 + y 2 + 2g g x + 2fgy + c g ) = 0 

or x 2 + y 2 + 2x (gj + X t 2 ) + ( r -L+ X £ 2 ) + \ + X °2 “ 0 

i+ \ i+ X * + A 


obviously represents a family of oiroles whose centre is 
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-pt.8 Condi lion far Two Intersecting Circles 
to ho Orthogonal 

. ‘ . . , f 

■ : . > r ' ’ 

Let 3 . « 0 cUid *= Ar f Le tho ojju-taovj or t- k ,?o iatcraooting 

■*■ **“ r r i I 

r r ' ‘ ' 

circles', and PQ be the common chord* out C arc tho centres, 

and r and r_ arc the radii of the oiyolorj* 

1 2 



ihcrJe two interosec ting oircl u-jill he oithogonaL if ’the 

angles be two on the tangents of each oircJ ^ at thi point P and at 

tho point Q are simultaneously at right analog* The know!edge of 

simple geometiy will enable student a bo comp rci ion d that PG^ the 

radius of the cocjnd circle '-rill br; the tangent of the first circle 

and PC^ the radius of tho first circle will ho tho tui jit oi tho 

/ 

second circle, and tho angle G^PG ~ [30°, students .,o-j hav>- learnt 
that ^ - fl ) , 0 2 (-a - f ? )-. • 


r 


?. 


,2 


„ i 


r ! = J (e i + f i: p i ) V Z m 4 g 2 + £ Z " 


v y 4 

Applj'-ing. the J’ythogoraG theorem in the xn.;ncle PG^G^, we hg 
PC 2 ! ‘ +' PC 2 2 ' = C 1 C^ 2 - & ' 


„2 2 

r l + T 


°1° 2 2. 


[YO 


or 


o 

c* 
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Here G l C 2 2 s= (g^ - g 2 ) 2 + (f L - f 2 ) 2 substituting the 
values of and r^ t the diet^oo forwulc gives the equation. 

**, - °x - * 2 2 ♦ **2 - °2 ■ ' 

- - ft ,) 2 + ( f x “ f 2 ) 2 

On. simplification we, obtain 

2 ^gg + 2 f^fg *» + Op | • whioh is the desired oondition 

for intersecting circles 3^ = 0 and Sg >=> 0 to be orthogonal. Qhe 
circles 5^=0 and Sg = 0 are said to intersect orthogonally in this 
case. 


3. -LEARNING OJTOCMES 

(a) Essenti al Lear ning Outcomes for All : Comprehensive 
Study of this chapter enables each and every student of the 
class to be able to } 

- ■ (i) Write down the equation of a circle * when the oentre 
and radius of the circle are given, 

(ii) ELnd out the oentre and radius of the circle, when 
its equation is given, 

(xii) Comprehend that the general equation of second degree 
2 ■ p 

ax + 2 hxy + by + 2gx+2 fy+c = 0 represents 
a cirole if h = 0 and a «= b* All students can find out 
the cB&ire and the radius of the circle represented by 
the equation ax + ay + 2gx + 2fy + o » 0, 
correctly. 



* * 
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(iv) 


(v) 


(vi) 


Obtain the equation of t. circle passing through 
three given points* 

„ 4 si 

T V* J- i 1 

Urite down the equation of the tangent of tllO circle, 
at a given point on the circle, 

i 1 r 

Oaloulate the length of the tangent from a given point 
on the given oircle. 


Investigate the tan gen oy of a given line on a given 
cirole, They can find bhe point of contact of a 
tangent to the circle. 


(h) , Learning’ Outcomes- for the Higher Group ; Tho students 
of higher group should "be able to solve all the questions of 
application level confidently, They, should ho able to pick up 
the particular oirde from a family of oiroles, . _ 


(4) EMSHIKq strategies 


Motivation The previous knoxledg- of hischool level nay 
bo successfully employed to motivate the students to otudy this 
chapter, &sk tho students to draw cirplcc of radii 2, 3* 4 and 
5 units having centres say (3,4)» (-3, -'5)j (“*3, 5) end (3, “5)s 
Jty taking a variable, point (x, y) on qach of these oirolos 
students should he prompted to write down 'the equation of each 
oircle by using‘the’ distance fbicrnulu, 13y expending some of 
these equations, they should he motivated to observe the 
peculiarities of the aquations such as 


aheonoe of tho term 



2 

containing ay, and equality of the co-efficients of x and 

p " , 

y . (Hie students will he able to investigate the general 
equation of a oirde* ' < - • 

x 2 + y 2 + 2 gx + 2 fy + o s 0. 

Previous knowLedgo of completing the squares should he 
employed to put the general equation of a cirolo in the form 

(x + g) 2 + (y + f ) 2 « g 2 + f 2 - c. 

(this ixi ■fcutti will eriaide them to investigate the oentre and 
radius of the ciraLe Represented, hy, the general equation. 

■f 

Previous knowledge of eynthetio geometry should he frequently 
employed to maintain tho interest in the development of the 
lessons of this chapter. 

Mi a oon oeg ti ons / Common Errors, 

(l) Generally most of the students fell to report the ’■seafcno -saft 

radius of a circle, when its equation in the following forms 

1 » 

are given 

2 2 

ax + ey“ + 2gx + 2fy + o = 0* 

On dividing it ley a, the above equation assumes the form 

2 2 2g 2f c _ 

x + y +-* x + — x + - e 0, 

a a a 

which in turn toll enable ta report the oentre and radius of 
the oirole correctly* 


: j 
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( 2 ) 


(3) 


1 4 k 

Hie otudonto should'bb asked to observe c .refully that the 
centre of the circle , • • 

1 . , w . i 

x 2 + y 2 + 2gx + 2fy + a = ‘ 0 

iy g ? - f). in exeroises thq.pirn;biOnr of tlic fcircles in 
ino&t of the cases are not given -in accowl-mco with the general 

v- 

■ t 

form. The students, should’bo asked t, put.the equation in 

" A 

- * , ( 

suitable form so that mistakes uvy be avoided. Ebr,jjiyinaee__ 
while reporting the centre of the circle x' + y"j**J|Ox+^ l5y + 6 

I 

the student should he asked to put it as j • ,« 


x 2 + y 2 + 2 (-5) x + 2 '( y + 6 

2 

Centro of this circle is fo,"-' 1£ j , md rwi ) g 


0 


I'Jhile solving most of the prohl ema of blm. 'Cheater, putting the 
equation of the circle in proper standard form is a must lo 
avoid general mistakes# 


SuLution/Hints for-difficult Problem), ; 

Eaeroifie ll. j 

“ * J- 

«^No, 3, Lot (x, o) he the centre of bhu (.) inquired* 

li 

Prom question. >■ 

* f ft. 

radius r = 5 and the CirbLo passes through (2, 3) 

< * r.' 

-2) 2 + 9 = 25 • 

or (a^ - 2 ) =16 uk ’ .. 

or x, - 2 « ± 4 “ _ p - 

x^ a 6 or, -2. 
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(6» 0) and (~2 t .O) will do' the centres of two separate circQ.es 
having 5 as the length of its radius* 

i 

Equations of these circles are 

(x - 6) 2 + y 2 = 25 and (x + 2) 2 + y 2 . 25 

or x 2 - |2x + y 2 + 11 = 0, and x 2 + y 2 + 4x » 21* 

' \ i ' 

ExBroise ii*2 

M2,v 2 (a) Let x 2 + y 2 + 2gx + 2fy + c » 0 he the equation of 
, the required circle. As it passes through ongxn and hence o = 0 

For the points of intersection of the {§ on the x axis put y * o 

* * 2gx s 0 

or x (x + 2g) * 0 

Its. intercept on the sc^axis & *~2g 

• + -2g * a 

Ihr the points of intersection of the carafe with y-axis putting 
x = 0 we have 

- y K + 2fy = 0 

»• Intercept on the y-axis - -2f 



Hanoe equation of the required circle is 
2 2 

x + y — ax ■* "by s 0 



jfogrolso 


foNo, 1 Part-Ill 

1 * i 

, . j * 

Halation of the given circle la 
x' + y*" + px + pyo 

or (x - £ f + (y “ a)*" B JL 
2 '2 2 


■ • sSiV-o 



or 


(jc -* 2. ) ” + (y, ” 

' *1, r, * 




Hence equation of the circle m pararaettlo 'form 13 


\ 




V, 

'll 


0,1'To, ? 

’ 1 (iv) Eliminating p between given t;jo ef^uaiionu we have 

* " 2 (2JC - 2 ) = y + 1 . , t . 

or y b ■ 5j which a linear equation and honco 


roprusente a nfcrnight line. 
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Ereirolse ij»4 

Q,Ifo, 2 Tracing -the liuc^ x » C t x = -3> y = 3 aad y » “1» 


w© have , 


0 



»i 

.w 

' & V - 


0 


! 

1 



• 

. r"' _ 

D 

r* 

i 

n 

A 

! 


c 

11*8 


The reotangLe formed hy biu, given four lines is P i A B 0 P* 

Evidently A tc (-3, ?), o (3, 3) 

C (6, -l), D - (-3, -1) 

t a ( Equation of the cird© having AO as one of its diamotros 

is (x + 3) (x - 6) + (y - 3) (y + i) * 0 

or ' x~ — 3x - l8 + y^ - 2y - 3 » 0 
2 2 

or x + y - 3x - 2y - 21 « 0, 

Similarly equation of the circle having BD as one of its 
diametr© is (x - 6) (x + 3) + (y - 3) (y + l) «= 
or x? + y 2 - 3x - 2y - 21 = 0 


0 
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Scorciso JIs8 

■ ", • 

^NQtl - Solution 

Let the equation of the > circle pddsi&g’through .(?o r 'a)'and. 
(0, -3,) he , • „ . .... ' 

^ O . 1 ’ 

■^--x l -+'jr V'2gx -r 2fy + c 8 0. < - 

2 ' l ' '• Ar > , i‘i,V i > i l 

. 0 + a + 0 + 2fa + o » 0 ' ' 1 ■ 

• * 

2 •* 

or a + 2fa-+'o.^'^ ( 1 )’' ’ 

2 O' , - 

And. O+a+O-^+o.'ss o 

or a 2 - 2af + o' . 0 , (2) 

Solving (i) and. (2) we have 

o 

f = 0 and. o = - a 


0 p v 4|, » „„ (2) 


Thus x + y + 2gx - a 2 = 0 ie the equation'of family of oircO.es 
passing through ( 0 , a) and (0, -a), The condition for the 

- - i- -• 

tangonoy of y « mx + 0 to the oirole 

. 2 ’ ’ !*■ ' . ’J. ,. - 

x + y + 2gx - a = 0 is 


- mg + o 


e 2 + a 2 


u 

(c - i mg ) 2 = ( g 2 + a 2 ) (1 +-m 2 ) ? or, c 2 +»^g^2mgcfcg 2 + ffl^g 2 !r 
s'~ + 2 mgo + a 2 m 2 + a 2 - o 2 = 0 + a in +& 


whion is quadratio in g, consequently it will have two roots 
say and g 2 „ 


** % + g 2 = -2 me 


-- (3) 


,22 2 2n , x , 

“(am + a -o*) -=,-*-..( 4 ) . 


2 
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Hence there will bo' -t^ro circles 

o 2 , , p 

x + jr + 2g^x — a =0 

2 p - 2 * 

and x + y" + 2ggX - a «= 0, which will prase- through 

(0> a) ahd (0, —a) and touoh the line y s mx +. c*- 

These two circles will' cut orthogonally if. 

2e i.*2 +21 i f ? “ °i + 0 2 

or 2 (e?m 2 + t? - o 2 ) + 0 - -2 a 2 


or 

2 2 
a m 

2 2 

+ 2a - = 

or 

2 

C s 

o 2 22 

2a + a* m 

or 

c 2 . 

2 /o 2s 

a (2 + m ). 


Question Ho. 3 

Let two Circles S >» 0 and ■* 0 be as .per convention f 
2 2 

x+y + 2 gx + 2 fy + o » 0 , 

and x 2 + y 2 + 2g^ + 2f J 'y + o' = 0 


or 


r 2 . e 2 + f ? - o 

2 2 2 
g* + f « r + c 


tf 1 - r 1 + o 1 

Equations of *fcyo given oircfl.es are 


JL± 




or 


J- 


S + r = 0 


+ y 2 + 2x < gr 1 _■» r^ ) + “2y {fr 1 ± rf 1 ) 
i* * r r 1 


± r 


-j. or^ + or 1 - 
1 

r i x* 


( 1 ) 

(a) 


0 
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or 


or 


or 


or 


5> 


Thece cird.G3 will mtcfi'j?©o*fc o jX^qzi,J* i.y n.1 


;> € Z r X " ~ T Z (r f + 2 (f^ - V d r 


■' 12 2 
r - r 


i2 2 

- i* 


/ 


c/ -h r\ . CO^ - C 1 ^) 


\ r + r 
\ 


r r. 


2 *y L2 (f 2 + g 2 ) - 2£‘" (f 12 4 fi?* 2 ) ** (Ci* 1 + C* - •>') (t- , j - - r) 

+ (Or 1 - cG) (r 1 ^ :.} 

2r* (f ? + fl?) - 2r : - (f X% + ft*) 


= r 12 (0 4- C) - r 2 (C 1 + (T 1 ) -1- v 1 l- (~G + J + 0 - 0 ) 

l 2 /F .C. 2\ 2 /^i. 2 . j/\ r _1<? „*V 

r (x ■( g ) - r (i + >s J >« - r o 

.-Substituting the valuer fvom (l) .tad (: ) wr h-av.j 


r* (r 2 + o) - r (r 1 4 ^ 1 


) - oJ 




1 “ ! '> 1 ^ 1 
Or - Or" = Cr - r C 

which it? true* 

CHAPTER ‘TEST 
(a) Or • 1 IVj ri i. 

Sample quests one Tor oral tool un ^j-vun ’below, Ite^uon 
are requ.es bed to not more quontione ol J . hi - type? wiri us^ Lhc-tt 
uhiie toaolmig the daoS| 

(i) Find the equation of tho circle 
and radius is 1, 

Aao: (x +3)" + (y ~*2) £ ‘ = 9 - ■’ 

or :c 2 + 6x + y 2 - 4y 4 /* .-*» C 


who ■ 


centre j:. (—3, 2) 



(ii) Find the centre and radius of tha following circle 
X + y “ 4x + 6y + 3 » 0 

Ans: Centz-u (2, —3). 

ratffcus B y To 

1 2 ? 2 

(iii) Find equation of the tangent to the circle x. + y" = a 
at the point ( a Cos JL, i 2 . Sin A ) 

Ans : x Cos ^ + y Sin <A ® &« 

b) Written Test 

Two separate questions are given ’below: Teachers are requested 
to set questions to meet the needs* 

(» CUT the line joining (l, 0) and (3, 0) as base, an 
equal ateral A is formed having itn vertex m the 
positive quadrant. Kind the equations to tho circles 
described on it as diameter. 


' Ansi 



References: 


2 2 P 2 —« 

x + y ~ 4x + 3 * 0. x' + y — 3x - /3 y + 2 = 0 

i 

2 2 I- r r~ 

x + y - 5x - / 3 y + 6 = o. 

If y p nix be the equation of the.chord of a circle 

Y 

whose radius, is a, the origin being one extjemily of 
the chord and Axis of X being a diaxaetre of the circle. 

n 

Provo that the equation of the circle of whioh this 
chord is a diametre is * ~ 

poo 

(l + nr) (x +,y'") = 2a (x + ny ) 

( 

As given in the chapter 8 on cartesian ~ plane. 



i CHAPTER ’ 12 

t-. 

! ■: CONIC SECTION 

1, Introduction 

. i„ 1.'>iv y’4 ^ (fl 

* f < I ft*. vr i 1 c 1 , * 

In the preceding chapter ? an ^deposition’ has been made regarding 
conio-sections of'conics. Pour typos of curves, the circle, tho 

fa 

ellipse, the parablda, and the hyperbala are categorised as conics 

r « 

or coni (^sections ai$ these are obtained by intersecting a double 

* 

light circular cone With a plane inclined at different’angles to 

1 i 

the axis of the cone. ’ it* included angle between the intersecting 

I * , 

plane and the axis af the cone is equal t6 the semi-*vertical angle 
of the cone, the conic obtained is a parabola otherwise the eonia 
is an ellipse br a hyperbola depending on whether the plane cute 

r r 

just one or both nappes of the double-cone. The hyperbola is to be 

, 1 . " */' 

thought of ,just a sin&be curve consisting of two branches, one on 
each nappe. If the plane of Interseqtion is at right angle to the 
axis of the cone, the conic thus obtained is a-‘circle, which has 

r *-t j i J 

been discussed in Chapter 11. In this ohpptui' common properties of 
Parabola, ellipse and hyperbola are investigated. 

2, Content Analysis 

lh this section the number of each subsection iB ±n accordance 
with tho Text Book. 

* r 

p * 

ISa1 1 ^j s interesting to note that if the intersecting plane is 
moved parallel to itself, so that it.passes through the Vertex of 

i-i J f 1 1 ' 

tne cone we get degenerate conics^ In the case of the parabola the 

l 

i -V ' 



i* 25S 


/< ! 

the degenerate conic is a linj and in tha case of ellipse the 
degenerate conio will be a point while in the oade of hyperbola 
the degenerate conic will be a pair of lines* 

The ellipse, the hyperbola and the parabola will be studied 
here as plane figures and the thdract eriStica of these curves 
■will be investigated with reBpect to two fixed points called 
foci in the case of ellipse and hyperbola, and a fixed point called 
the focus and a fixed line in the case of the curve parabola* 


The ellipse is defined to be a locus of such a point, whose 
distance from two points F^ and Fg say d^ and dg are such that 



Lot F^ and Fg be the foci of the ellipse and P be a point on 
it. Hence from definition of an ellipse PF^ + PFg « 2a, a constant. 


The hyperbola is the locus of Buch a point, so that the difference 
of its distances and dg from two points F^ and Fg is a constant 
say 2a. Analogous to ellipse the two fixed points F^ and Fg are 
called the foci of tho hyporbala. 
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The parabola is -the locus of such a point 'whoso distances 
d l and d 2 from a fixed point F , and a fixed lino'MU arc equal. 
The fixed point P is called the focus of the-.pcrahula ^ „„ la 
called, the directrix of the parabala. 



K-sr. 12.3 


12.2 Parabala 


Definition 

A parabola is the locus of a point whose distances from a 

| I 

fixed point and from a fixed line are ectiial. 



* 


Let F be the focus and MU the Directrix of the parabola. 

PZ i3 the perpendicular on MN. As P is fixed and KM isaLso fixed 
and hence PZ is also fixed. The line PZ f which is fixed, is 
known as the axis of the parabola. 
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The measure of "the linessegmont is also fixed. Let FZ = 2a. 
A the middlu point of FZ is calso fixed. As the distance of A 
from P is equal to the distance of MN from A, consequently A lies 
on the parabola. Thus A is the only point ol the parabola, which 

t 

lies on AZ, the axis of the parabola. The point A is called the 
vertex of the pa-rabola. 

Taking' A as origin, and AY perpendioulg^ to ^ ^ the axis 
of Y we find P (a, 0) and Z » (—a, 0). 

Equation of MN the directrix is x = -a. 

m 

Let P (x, y) be any point on the parabola and hunc^ from the 
definition of parabola. 


PP = PM, whore PM is perpendicular to MN. 
Thus PP 2 » PM 2 

or, (y - 0) 2 + (x - a) 2 « (x + a) 2 


y = 4«, which in the 

in simple and elegant form. 


standard equation of parabola 


2 

Replacing y by -y in the equation y = 4ax, we' find that "it 
remains unaltered and hence we say that the,parabola y = 4UX is 

- * *' \ \ ' l «/ i „ 

symmetrical about- x— Axis, the axis of thw parabola. 

Due care must be taken to prompt the students to study the 
parabola, while its equations are in the following forms : 
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(i) x 2 - 4ay 

Vertex As (0, O) 

Focus F = (o, a) * 1 

Equation of the Directnx 
of *the parabola is 

y * -a 

£3quation of -the axis of 
the parabola is 

x = O namely y — Axis 

"Z- 

p 

> I 1 ' 

2 I 

(ii) y = - 4^?c j 

« 

Vertex A ^ (o, 0) Fig. 12.5 

Focus = (~a f o) 

Equation of the directrix of thu- parabola is 





: i 
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(iii) x 2 - "* 4aY 
Vertex A S’ (O f 0) 

r „ 

Focus F S (O, -a) 

Equation "to "the corrss” 
ponding directrix of the 
parabola is y = a. 

Axis of the 
parabola is x * 0 
namely y - Axis. 
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Students should he prompted to note that the parabolas 
represented by the equations' y = 4ax f x = i^i ' y~'-‘4 a -x. arid 

p 

x = -uay lie in any two of the four quadrants of the cartesian-plane. 

I 

12.3 Ellipse 

definition 

(i) An ellipse is the locus of a point.the sum of whoso 
distances from two fixed points is a constant. The-two fixed points 
are the foci of the ellipse, 

I 

Under the above definition of the ellipse the standard form of 

’ * * *r 

the equation of the ellipse is obtained in the Text "Booki 


Here an alternative ^method of defining tho ellipse is given 


below : 



:: 259 * s 

Definition. -2 

An ellipse is the locus of a point whoso distance dL^, from 
a fixed pointr F^ bears a constant—ratio e, to its distance 
from a fixed line, where e^_ 1, 

The fixed point F^ is called the focus of the ellipse. 

e the fixed ratio is called the eccentricity of the ellipse 
where e ^ 1. The fixed line is called the directrix of the ellipse 
corresponding to focus F^ ofthe ellipse. 

In -view of the above definition of an ellipse standard form 
of tho equation of the ellipse is given below : 

Let F^ be the focus and MN be the corresponding directrix 
of the ellipse. Draw F-^Z perpendicular, on MN. Evidently A a point 
on F^Z will divide it internally such that 

AF 1 « e. AZ —- (l) _ 

Similarly th external division of F-^Z will give a point A?~ on 
F^Z such that F 1 A?‘ « e. A 1 Z -- (2) 

As F^ is the fixed point and MN is the fixed line and hence 
F^Z is fixed. The external and internal division n>f F^Z have given 
us two fixed points and A in the ratio of e i 1. Let AA^ = 2a, 
and C be the middle point of AA? - . 

> AC = C II" <s a * ' 

Taking C as origin AA?" as the x-axis and CY as the axis of Y, 
obtain 

C 5 (o, O) A 1 S (a, 0 ) 


A a (-a, 0) 
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Expressing th.0 distance® in tertne of the distances measured 
from C in the equations (l) and, ( 2 ) we have — 



Fig. 12.8 



CA - CEj. = e (CZ - CA) 

*■» * \ 

or 

a - = c (CZ - a) 

-- (1) " 

And 

CF-j^ + CA 1 = 0 (A 1 C + CZ) 

1 t 

14 <* 

or 

CP^ + a = e (a + CZ) 

- (2) 

Adding (l) and ( 2 ) wo have 

_ -t 

4 


2a * 2e. CZ 


0 

* • 

CZ a _ 

Q 

- 05 

‘l 

Subtracting (l) from ( 2 ) 

we have 


2 CF X a 2ae 1 ■ 

' * '■r.fc J*- x 

or 

0^ a ae 

- (4) 
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* 

Now we are in a po^i/M-on "to down "the coordinates of 

F^ and Z. Hence F^ £ (—au, 0) an( ^ ^ = C™ ~ » 0)» 

Taking any point P (x, j) on the ellipse and applying the seobnd 
definition, we have —» 


or 


or 

or 

or 


PF^ a e. PM ’^diere M is the foot of perpendicular 6n MN from P 


PFI 


2 2 
o . PM^ 


2 2 

(x + ae) + y 


r-i) 


x 2 + a 2 ^ + 2ay4x + y 2 = e 2 x 2 + a 2 + 2jkex 
x 2 (1 “* « 2 ) + y 2 = a 2 ( 1 ~ ® 2 ) 


2 2 
x y 

t + f 7 ;t, 

a a (.1-e ; 


2 y 

As and e 1 

1 - e 2 y 0 

a 2 ( 1-e 2 ) ^ 0 let it ho given by b 2 „ 


Standard equationthe ollipac is 



Replacing x and y respectively by ~x and —y wo find that 
the equation remains unaltered* This proWbs that the ellipse (A) 
is symmetrical about both the Axes. 

The standard equation of the ellipse is 


2 

+ * 




w© have seen that 


h 2 = 


2 / „ 2>. 
a Ql-e ) 


2 2 2 
a — a e 


(A) 


* o 


b ^ a 
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, 1 

The ellipse (a) meets the aacLs of x at the point A and A, 

given by 

2 

JZ- + 0=1 

a 

or x =*- 4^ a 

A % (-a, 0) and A 1 = (a, o) 

Again the ellipse (A) meets the axis of y at the points B and B^ 
given by 

2 

1 

. i y = + b 

r 

B « (0, b) and B 1 £ (o, -b) 

' BB 1 = 2b and' AA 1 = 2a 

AIl" = 2a is called the major axis of the ellipse and BB^ = 2b 
is known as minor axis of the ellipso. 


Note; Consider the equation 



comparing it with (a) we have 

a? 5» 9 and = 16 

Here b^ ^ 

Therefore major axis of the ellipse will be along the axis 1 
of y, For findinb ehe accentnc^ty* 1 q f we have 





It is interesting to npte that the earn of the fooal 
distances of any of - the ellipse is ecjuai to 2a. Xt^,proof is 
given below I 1 ' 5 

Prom the definition of the ellipse 

pp^, = e £f& 1 ! J -(l) 

FF a e £fmJ - (2) 

-i rt "* " , 

Adding (l) and ( 2 ) we have, 

PI^ + PP = efHI 1 + PM) 

.£m l m] 

- 0 
■■ rtS 8 -] ■ a \ 

This result is in aooordance with the first definition of the 

1 

ellipse given m the text-book. 

, f 

12.4 Hyperbals. 

As in the case of ellipse, tiro definitions of hyperbola 
are stated here. 

Definition 1 : Ify-perbola is the locus of such a point, the difference 

of whose distanoes from two fixed points (fooi) is a constant *2a*. 

4 * * ¥ 

2. hyperbola is the loons of suoh points, whose distances 

from a fixed, point bear a fixed ratio »e‘ vath its dautoncoe from 

•* h. 1 ' 

a fixed line where e ^ 1. 
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El® fixed point say is celled the focus, and the 
fixed line is oalled the directrix of the hyperbola, whereas 
the fixed ratiau »e* is known vu the eccentricity of the hyperbola* 

Following the first definition the standard Equation of 
2 2 

hyperbola -jr «= i 13 obtained xn the textbook. Here we will 

a b^ 

obtain the same, keeping in view the second definition as previously 

done in the oase of ellipse. Let be the focus and be the 

1 1 

corresponding directrix of the hyperbola- * Draw F^Z^ perpendxcular 



Evidently F^Z^ is a fixdd line, known as the axis of hyperbola. 
On F-^Z^ a point A^ will be obtained such that 

j 

- e - \h — co 

As e ^ l f it is interesting to note that A^ 2 ^ ^ F, A, , where A^ 
is an internal point of F^Z^» Evidently A^ will lae on the hyperbola. 
From external division of P^, a point will be obtained such that 
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* ©• 




( 2 )’ 


Here Ag will be on the left-hand side of jL. uyfiice tho 
ellipse wfcbre Ag was "on tho . -right-hand side of A^. 

Evidently & Ag are two fixed .pointq--o'f /tho-axis of hyperbola 

i' - r 

which. lie on it* Taking A^'Ag » 2a, find the middlo N pc{inl.j3 of 

* 1*2 • . . 

A^O = OAg = a* f 

Taking O ae origin and A^Ag as tho axis of Xj-wr^ttave 

t( - 

Aj. b (a» 0) and Ag = (-a, 0) 

' 'AjK ' 

Expressing (l) and (2) in teirns of distances l^as^ired from 


0 

1 

have 

- 





01 ^ - 

£ 

n 

0 

(0*L 

1 

O 

*** 

V-/ 

or 

- 

a s= 

© 

(a - 

1 ^ 

°V'’ ; 

iUid 

OAg + 

F x 0 « 

G 

(OAg 

+ OZj^) 

or 

a + 

u 

0 

e 

(a + 

0 ^) 


- ( 1 ) 


-* ( 2 ) 


Adding (l) and (2) we have 


OF, 


ac 


(3) 


substraoting ( 2 ) from (l) w e have 


e. 


0Z L 


0 Z i“ ~ 

’* F l " ( ae t °) \ B ( f/°) 


•M 
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and hence equation 'to the directrix 
is X m a/e 

Considering: JP {x f y) any point on the hyperbola and applying the 


definition 2*. we have * ■ i 



P^L 

*> e. 

or 


2 2 
= • . ra\ 

or 

(* 

-ae> 2 +y 2 -e 2 £**f } 2 

or 

2 

X 

+ a 2 e 2 — +■ y 2 a a 2 x 2 — -t- a 2 

or 

2 

X 

0. - e 2 ) + y 2 . a 2 0 - a 2 ) 

or 

2 

x 

+ y 2 * 1 

a 



-U1 


e ^ 1 and & hence — 1 \ 0 

It means (L—e^) ^ 0 

2 0 \ 

In order to make a (l-*® 1 ") positive we should « express 
2 2 \ 2 2 

a (l-e ) e* —a C e *"*l)* Hence oquation (a) assumes the form 



keeping a (e-ll-b, it reduces to £ - zL . 1f whxoh is the 

- k . 2 * 

standard equation of the hyperbola in siirple and elegant fonn. 
Obviously its form is the same #s that obtained in the textbook. 


i^Ag, is ©ailed the transverse axis of the i^perboha. Die 
perpendicular hiseotor of jj^Ag ih "belled the ocnjugale aids of the 
hyperbola* 
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fQie pointSi^ \ of " b ^ ie i rans ' J ojdo of the hyperbola 

are called vertices of the hyperbola. 2a, the distance botueen 
a. ' j. B oalled the length A if transverse axis of the hyperbola. 

A 

Replacing sTij y by -x <$T-y in the equation 
2 2 

—2^. *** '" g "* =* 1 j we find that it remains unaltered, it means 
a b 

2 2 

hyperbola x^ « -| symmetrical about both the aede of X and Y. 

a b 

It is interesting to note that hyperbola.,Joes not meot the conjugate 
axis, as the equation obtained by putting x = 0 is 


y s “i , which does not have reel roots* 

2 ' “ 

a 


If the foci P^^ and Fg lie oiiyv axis, the shape of the 
2 2 

hyperbola y x . . . , . . , - N , , v 

~*~2 - 2 ~ ~ 1 ui ^ 1 “® as-€iven below-: '^0, ae) and (0, -ae) 

a o 

will be the co-ordinates of P. and P. and y = oni y m - £ win 

. j a: . i^ 1 , t , e , e 

be corresponding directrices* The transverse axis will bo along the 

. J ‘ . 

axis of Y* 




i t 269 


* • 


~ c - (■ / *,.7 V / 

It is interesting fae >note that fddi of the hyperbola 

\ j 

represented, by the equation ~ « 1, are' aldng the axis of X 

** ‘ ° C .K 2 

. whereas, the fooi of the hyperbola — x^~ = ^ wall be along 


the axis of T* lboi lie on the transverse axis only 


2 2 2 \ 

Again b ■= a (e — 1 ) where e 7 1 
taking e .jr we have 

b 2 * a 2 (2-1) 

,2 2 

or b oi a 


It means b b a, evidently 

2 2 2 - 

- 1 or, x - y = a 

will also represent /a hyperbola havings its foci along x - axis, 

} '■"'ii 1 * 

> 1 

* * 2 2 2 

where the hyperbola represented by y - x = a will have its fooi 
along the axis of Y* 

9 9 2 2 2 2 

Hyperbola represented by - y ’ = a and y - x a a are 
oall od Rectangular Hyperbolas, The eccentrLo 4 &y of root angular 
hyperbolas is always yr. 



It is interesting to note that like ellipse, hyperbola 

2 2 . 

^ = 1 has two foci E. (an, 0) and F„ (— ae, 0) and corresponding 

a b 1 2 

to them two direotrioes. The equations, of the direotrices are 

respectively x m —- and x» - | . In order to establish the 

analogy in both the definitions of hyperbola, the following property 

is to be investigated. *> - 

- \ 
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The difference of the .food distanceSof any point on 

.. _ C _ ;■ 

the hyperbola i& constant* 

K ^ 4 

Consider "the hyperbola, 

2 2 

x _ c= 1 and lot a poi^t P be on any one of its 
branches* Prom P perpendiculars are drawn on the directrices 
M i N l M 2 N 2* From definition of hyperbola (r.ee Jig. 12. n) 

EP^ » e. 

And PSV, = e 


w i - » C ™2 ~ K 3 
• • •■•&<}/" 


" 2 a° 


Hence we find, that two different definitions of the hyperbola 

*1 

K 

lead to the same resuJLtr # and are merely t*ro /cys of e:-{p resuing the 
same charaoteristiCo 


12.5 Condition for tsngency of the line y = tax + c 


Vie have proved that the condition for the langency of the 

2.' P P 

line y j= mx + c - to the cipde ~x ~+~ y~ = r is obtained by finding 
the oondition for two coincident points of intersection of the 

' i _ 

2 P p 

circle x + y‘ *= r~ end the line y ^ mx + o. Similar treatment 
-Jill be 'adopted here to investigate the condition for tangency. 


The lin© y = mx + c 
TT ill be a tangent to the 

' ' * *■ w ' 

- , 2 

parabola y = 4ax-- ,; ’ V 
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If the .points of intersections of £l) and (2) ere reel end. 
coincident. 

Solving and ( 2 ) ac ^inmlicJiQoue equation we have 

(mx + * 4ax 

■■! * 

o o * O 1 

or m x + 2x {no — 2a} + e^' » 0 

Both, tbs roots q£ this 1 equation will be real odd. coincident if 

(me - 2a)^ ■ e^ 

2 

or 4a - 4-ame ■ 0 

or a -• me » 0 

a/ < 

or e « 


Uxus we find that y * mx 4- a/m is the equation of any tangent of 

the perafclale y^ * 4ax* Bjo point of contact is {-■%, SSL ) 

m 

2 

It may be noted that x ■ at end y = 2at is the parametric 

2 

equation of the parabola y * 4-ax. Similar treatment will enable 


us to find the condition for tendency of the line y ■ rax + c on the 
eUioae jr^ , 


The required condition is 

« - & J7 m 2 + b 2 ~ 

y 2 2 2 

thus y « mx a m + b is the equation of any tangent 


Of the ellipse x 

2 

a 


5he point of the contact of the tangent jt « mx + 


2 2 JZ 

a m + b 
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It is worthful to observe that (a cos (Q , b sin (^ ) lies 

and x = a bos <%p tnd y = b sin 

' ' l 

is the parametric equation of the ellipse. - 


- 2 2 

on the ellipse x_ + £_ 

2 v2 

C, D 


Si'inilally the condition for tangenoy of the line y = mx + c 

1 


2” 2 . /2 2 
on the hyperbola x _y__ is e = -j. / a m 

”~2 .2 _ 1 V 

i~ a b 


Blue y = rax 


/ 2 m 2 

+ y a m - 


e ic the equation to any tangent 


2 2 / 2 

of the hyperbola x y . ± 1 having am , «■ b 

i, ? -?- 


a 13 I /-72 2 .2 / 2 2 ,2 


/- 2 2 -.2 ' 2 2 . £ 
y a rn --b 4 j* a m —b 


ess it, point of contact. 


Hie parametric equation of the "hyperbola - 

bS x = a sec <p and. y = b tan (q , 

1 1 _ 7 - • % 

tihioh can easily T5o veri fifed. 


..2 


2 


~2£— 1 

1.2 


■J '! '> j 

3. 


’if' L. 


Learning Outcomes 

(a) Essential Learning Qutoomes for all . 

Gonprehensive study of the content of .this chapter will 


enable the students. ’ 


e'yi %?, 


M* 

if* / 


* 


^rVV#» 


’ (i)i To spell out hoj the oomc sections are formed by the 
intersection of a plane with a double right circular cone and identify 
the conic, 

‘ * -> « , 

( 2 ) To draw a rough sketch* of -sll--sortp rof conico, locating 

, • !*■ 

* “ . / fc 

axes, foci, directices, centre, while the equations of the oonios 
are given ihr-standard forms. 
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( 3 ) To know that aooentxicity of -the psrabcQ.a is e = 1. 

In the case of aUlpse eooentricity © if and e 1 while the 

I 

conic Is hypeibaLe* 

(4) ®> know that the equation or the ellipse in the form 

2 2 o o 

a L» + b 1 is given and a \ b" , then the foci of the ellipse 

00 * 


a 


* 2 . 2 
will. jl>i« on x-ajd.©, while fooi will lie on y—axis if b a • 

(5) 1S)‘ know that the transverse axis of the byperbola 

2 2 * 

represented hy x _ y ^ will he along x —axis, while the 

_ 2 1 " 2 

a ^ 2 2 

transverse axis of the hyperbola y 1 = ^ xies on y-aods. 

2 “ .2 

a b 

Foci of the hyperbola lie on the transverse axis only* 

2 2 

(6) Ax know that the equations. s, -j and 

„ a a 


_2^._ - . i^ .. ^ ^ represent rectangular hyperbolas* " Die eocentricity 

a a 

pf the rectangular hyperbola is Jz~ . 


{b) Learning Oat comes for-.-t he higher group * 

Die students of the higher group will be able to find the 

condition for the tangency of a given line to a given conic* If the 

' ( 

condition for tangency’is satisfied they will be able to find the 
point of oontact* 


4* Teaching Strateg ies 

Motivation. The previous knowledge gained by now may be 
employed to motivate the students to atudy the current chapter* They 
have learnfe. that ’the general equation of second degree 

2 g 

ax + 2 hay + by +2gx+2fy + o « 0 —— (a) 

represents a pair of lines if 
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^ s' abo + 2fgh - af ~ .bg 1 " - eh > 0,- Thojr too have learn* 

that (A) represents a onple if ZlS-*p 6 - azid h = 0 and a « b. 

"n other words the equation ax + ay " + 2gx + 2^ + c = 0 


2 ? 0 

"n other words the equation ax + ay + 2gx + 2ay + c = 0 


,2 2 + j£-- + + JL „ o 

T J T a aa a 


represents a circle. Jhrther the general equation of a circle 
x 2 + y 2 + 2gx + 2fy + c * 0 ' •' 

v / \ 2 . / „\2 .2 c .2 _ 


^ (x + g)'*! + (y + f) = g + f “ -■ c 


On translating the axes the equation of the above form aro trans¬ 
formed into 1- 

* i 

J. v 2 ^2 ' 

3t + Y « R • 

i 1 

1 

The parametric" form of this equation is 

■ 

X =- ft cos and - . ( 

Y = R sin (p « i 

Now an intense lpnging among the students can he aroupod to 

i 

i 

study the curve whose parametrio‘equation is x ~ a cos and’ 

y = h sin ft . Taking a m 10 and b = 6, a table of the following 

■ * ^ ■ 

type is to be developed. 
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4? 

X 

* 

^3-) 

o° ■ 

'i 1 

)D 

0 

( 0 ) 

3v 

to/T 

. 



KM 

io 

"TT' 



feo“ 

5 

■ 


< ?o° 

O 

4 

O, £>~ 




— 

lsS° 

- 


- 

tuf 

j. 

. — 

— 


Talcing sufficiently large number of points and plotting them 
on a cartesian plane, the shape of ellipse can he obtained* It will 
prompt the students to study the ©liipie and ot^ier com os as well* 

Misoonceptions/oommon Errors 

(1) While traoing the parabolas, when its equations in any one 
of the four standard forms Y 2 = + 4 &X or X 2 = ^ 4 aY are given, 
and reporting the focus, the vertex and the directrix a comparative 
study of the parabolas is a must* 

( 2 ) In order to transform a given equation in to the standard 
forms the knowledge of translation of the axes is essential* Suffa- 
cient practice and training leads to suoceps. 
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• 2 2 

( 3 ) '-foil e Importing the exec of -the ellipse scy 4 - 1 , 

at as obvious that 64 ^ 36 and hence rjTjor axis of the 

. 2 2 

ellipse, x_, + ^JL _ ■) will b© along T-a:hB, while the Major 

"* r *■ o 2 'i 

axis of the- ellips e x + Y *= 1 will he along x axis. Uhe S 

crV ^ s 

eh.ip Aa ‘and co-ordinates of fo ci, vnafleo:' and minor axes, 
eccentricity, and vertices should ho clarified with tho help 
of sufficient amount of examples and practices* Comparative 
Study of both the Ellipses is worthful. 


(4) 'Jhile reporting the foci of the hyperbola xf 


.2 


- = ! 

v r I 

t 1_* 

a 0 

it must be noted that foci iiill lio -aLong ,Jherea3 t 

i-ull lie along y •aaa.fc. 


2 2 

the foci of the hyperbola y — x 
Comparative study of the hype£*6olas representor by t jo 


equations above rnuut be doxie to clarify ‘the - concept" m order 
■ 

to eradicate the mistakes. 

ys. 


Solution/hi^s to difficult problems, 
Exeroise 12 . 1 

>4 1 (o) Given equation is 
2 


-I2x 


or y 2 = -4 (3) x 

1 ■ 

Focus £T (-3, 0) and equation‘to the directrix is x = 3 


^ 1 (d) Given equation is 

yi « —-i6y 
2 


or x 41 = ~4 (4)y 

Focus s= (0, -4) gnd equation to the Directrix is y » 4 . 



A A 
• * 
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^ 2 (b) Directrix is y>«* 2 , . 

and. vertex is (0* o) 
*. Bbolis F ** ,(Q t -2). 

Hie eqttaiicfflr ■of the 
parabola ib 
x 2 * -4 (2) y 
or x = - 8 y. 


Jig. 12.13 

<* 2(c) 

Let y 2 » ^ax be the required, equation. Since the parabola 
represented by it p asses through - (2, 3 ) 1 we have 


% « 8a 



Required equation is 

y 2 - 4 (-|-) x 
2 9 

or y » x 
,r==^ 2 y 2 a 93b 

^3(b) 

Given equation is 
y = - 4 x 2 + 3 x 
or y “4 (x 2 -4- x ) 
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or' ' y = “4- (x - g) + 

or ' (y jjj§~) = “4 (x -g—) 

OT * ( x ~ " " ~k & “ 1 §~) 

2 

or (x-g-) = -4 (j-^—) (y — ) 


Tranalating -the origin to the point (—g— *£■§■") 

transformed form or the given equation is 


X 2 - -1 (53-) r 

> TrJitli reference to the transfonu^d axes, 
Focus F ** (0, -™g-) 

Vertex A = (0 t O) 


Equation to the directrix is 



Equation to the axis is 


X = O 


or 


With reference to the original set of ar .00 
Focus F = 

Vertex A. = 

Equation. to tlie directrix is 

v _ 9 1 

y = i 5 ~ 

y - -§~ 


Equation to the a^yi q is 



tho 


or 




Shifting the origin to the point (O, 4) and taking 11 set 

J 

of axes of reference 


Vertex A = ( 0 f 0 ) 

and Focus F » ( 0 , -a) 

Aocording to new set of axes the equation to the parabola it 
X 2 - - 8 Y 

•• According to original set of axes equation of the parabola 
is x 2 = — 8 (y — 4 ) 

p 

or, x ® 32 - 8 y. 


$»No *4 (o) 


Focus I s (-1, -2) 

Bireotrix iBx-^ + 3„Q 

Let (x,y) he a point on the parabola 


From definition 
\2 


(x + l) 2 + (y -2) 2 =( ^ 

<^4 


,2 * 


• » 
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* * i 


ov 


(y-2) 


fl = (*-ar - 

— > , .■ 


3) 


5 P (^H-1 ) 2 

whixoh is m.Tiired equation, of the parabol 


T^jsroise 12< 2 
i^Ho. (l ) o 




Equation of the giV6n ellipse ib 

3x 2 + 2y 2 = 6 

2 


^ . _2L. = i 
2 + 3 1 


Here fooi will lie on y—axis. 
Let e he the eccentricity* 


% 0 
4 


h 2 = a (i—e^) 


2 ? 
here b » 2 and a' = 3 


2 = 3 (l-e 2 ) 


2 2 
or I—e = ~ 


1 - 


e --, 

VT 

= (°f l) 3X1(1 = (0, 

Length of major asa-s = 2a 

= 2 jr. 

Length of minor axis *= 2h 

= 2 yr. 

Vertices are (o, ±yr) 


-i) 
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Q. 1 (d-) 


Given equation is 



x + Ay z - 2x 

= 0 

or 

2 2 
(ac-1 ) + 4 y 

- 1 

or 

1 £ 

- 1 

TT 2 
Here a = 

2 

1 and b * 

* 

2 

Since b 

- a 2 (l~e 2 ) 



* - <1-e 2 ) 

3 2 

or 1 - if - 1 ~e 

e-vr. • 

2 

Shifting the origin to (l t 0 ) and. taking a parallel, set of 

■ff 

axes of reference the transformed form of given equation is 



Length of major axis = 2 a 

= 2 

Length of minor axis = 2 b 

= 2 x = 1* 

According to new set of axes 
Foci = ( ^ ae, 0 ) 

* ( , 0 ) 

Vertices are ( ^ 1 t 0 ) 

According to original set of axes 

Fooi -jj of 

Vertex s (2, 0) and. Ag s 


(0, o) 



s ? 882 s: 


pool at 

(0 

r\ 

■V 

-H 

*p 

ae 

ss 

4 

a *.5“ 

- 

4 

a 

^3 

5 

’ 2 
* 0 ^ 

* *■ c & 

= 

25 

V To 2 

= 

a 2 (l 


= 

25 (1 


_ 

9- 


(O, i. ae ) 




l6 

25 ' 


25 X 
° A 25 


**• Equation of "the ellipse is 

2 2 
3c . y ■ „ 

+ *gjp - 1* 


or 


25x 2 + 9 y 2 = 22 £, 


<d,2 (e) Pool at ( ± 3| 0) » ( ±, ae » °) 

■ 3 -- j(i) 


&#6 


2 2 

-^ 5 - - + -- *£ - = 1 "be the required equation 


a 


-2L. + -2L 

2 + P 


a b" (l—e) 

Smoe it passes through (4* 1) 

16 


ft 

» ft 


or 


-2 

a 

16 


a* (l-e Z ) 

“2^— = 
a ~*9 


= 1 


16 (a ~9) ■+■ sf 


A o 2 
a — 9 a 


or 
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Q* No ,4 Let (sC| y ) “be a poiuj: of -bhe locsus*. tfende from the 

question 

(a-O) 2 + (y—, Y~ = ^ 9 ~vj 

or 9^ 2 + 9 - 4 ) 2 » 4 Jj 3 l + y 2 - 18 yjf 

or 9 x 2 + 9 y 2 + 144 - T^y » 324 + 4 y 2 - 7$r 

or 9x 2 + 5y 2 • 180 


Bxeroise 12,3 

Q*1 (o) Given equation is 


2 2 

t - + 

3 


1 


Length of the transverse axis 


ss 2a 

- 2 1 JT. -Ux. 


and length of conjugate axis = 2b 


1 

vr 


? x » yF*. 


Ebr eocentrioity 
.2 


or 


or 


b 1 

* 

3 

2 


a 2 (e 2 - 1) 

V (e 2 - i) 


e 2 - i 


Fooi 
Vertxoes 


2 5 

e « -f- 

® » yr/2 

(± jl-» £| 


r*> 


•T 



3,No.3 


Obviously fool of the erbola are ( /] f 0). 

p 2 - 

'fe know that the fool of the hyperbola _~ y 

**" ~ *■ Fl rt 


are ( £ ae, 0) 


« 0 C*/0 S® A 1 I_r " - 0* ') 

PUr tl\er difference of the focal distances of any point 

j \ , 

on the hyperbola 


2 . 2 

—— — 2L- - 

2 , 2 

1 

is 2a* 

a D 

Here 2a - 

2 

is given 

- ^ a * 

1» 

G 5 = /la 

2 

Again b « 

2 

a 

(e 2 —1) gives 


b 2 = (16—1) *a 15 


Henoe required locus is 


2 2 

JL. - -2— = i 
l 15 


15x 2 - 


15 . 


Q*No„ 4 The given equ.ation. 


l6x 2 - By* - 32x - I2y - AA = o 


^ ft 


3 --*iT“ ■ 1 -_ ■ 

Translation of axes to the point (l } --2) transforms (a) into 

X 2 Y 2 

- T 1 * * - — - yg ss i, whioh obviously represents a hyperbola, . 
’For its eooentnoxty »e* the fonnula, 

*2 2 , 2 . V 

d <= a te —1 ) gives 


2 



m m 
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Length, of transverse axis = 2a 

-2.7r 

Length of conjugate axis = 2b 

« 2/fl? 

= 8 


Exeroise 12.4 


J.No. 2 

We knou that the line y = kix + a/in touohos the parabola 

y 2 » 4 ax at thep>int ( ~"p-) • 

m 


Hence the line 

lx + ny + n = 



0 

..Till touch the parabola if 




2 

am =* XXL* 


Q f No,4 


t/Je knoxi that the line y = rnx + o touches the ellipse 

2 2 - * 

—|L + 2^. « -jj if c 2 ' B ‘ a 2 m 2 + b 2 , at the point 
a Id 


( 



2 


/ 2 2.2 7 

Vf a m +b / 
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• m 


Henco the line 
lx + W + n ■ 0 

—>V .-A- ss-x - —rill touch the ell ip s 

—-/ * si m * 


2 2 



+ -Xf- 
2 + ,2 
a o 


if 


> 

2 

(--£■) « 
v m ' 

2 

a 

(-) 4- h 

v tn ' 

r 

n*~ 

a 2 ! 2 

*2 

+ —r - - * 

-- ~ *4m-m 

2 

4 P 

m 

a 


2 

+ n 

a 2 ! 2 

.2 2 
+ h m 


v 2L 2 , 2 2 2 

- y al + t m a n f 

a. No. 6 s Solution 

I 

Ujuation of the family of liner, parsing through 
(a oos (Q | h cm Cp) is 

y - h sin^ -a m ( x - a oos (£> ) 

- ~^y y =. mx + h sinCp- aw oos CP —--(l) 

Since the condition for tangency of the line y = .iix + c to the ellipse 


.2 * , 2 = 1 ls 


2 2 2 ,2 

o = a iii +o 


Hence the condition for tangency of (l) to the ellipse 


x 2 2 2 

«- 1 is ( h sin CP- am oos <jp) 

a. - \r 


2 2 .2 
o* in 4 p 


==> 


m = - 


cot (Q 
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\ 


2 2 
x y 

Equation of the tangent to the ellipse —g- - + 

9T h 


at the point ( a cos t b sin 0 ) is 


ay 


' h 


cot (p ( x - a oos <Q) 




x col, CP s ein 1 

j _rj + iT 


p O 

= OOS (£» + 3 in Cp 




£ . zsig!£. B i 

a D 


Alternative Method 

Let P (a oos (V i t> sin (p) and 
Q (& oos | b sin<P ^ ) he two points on the ellipse 


2 2 
* - + JL , i 
b 


T“ 

a 


d) 


Bjuation to the chord P 4 is 

. . /n t> (sin^P - °os ) 

y ~ b sm^y- . . —-- —'■ (x - a cos ) 

a(oos^P— cosCP^ ) 

b 

■ GO'S 

2 T 


y - b sin oot ® + ( x - a oos (p) 


Sinoe chord P ^ 
if q —^ P« 


tangent to the ellipse, (l) at P, 


, Bjuation of the tangent at the point P ( a oos 02 y b sin (£)) 
to the ellipse 

' i 

y Td sm (T9 sta — *•— oot t (x ^ 4 000 

& * 1 

-=> JLfJZ-Q - Sin 2 + Oos 2 cp 


x oos flp y sin 

& D 


1 
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frllg/L l oO laAi^ 

\ I 

Bjaatlon of -the £iVow ellipac iy 

/}x 2 + 3y 2 ■* 5 - CO 

jgjuati ott. of the fauiiy of liner. parallel. to -the given lino 
y = ji' + 7 lk> 

y = 3x + ^ * -. (O 

‘ J 

ncintaor of tile fniftily oi iinofi (2) ’.jill h? a tangent } to 
; 

the ellipse {I ) if the pointo of intersection of (l ) and (2) are 
real and coincident. 1 

ELlnatno ting; y 'bet* re on (l ) Mid (y) ra have 
fix 2 + '|S^ x + (3> 2 •• 5) - 0 -(3) 

3he oondition foi* tangcncry of (2) to the aLiipf.e (i) is, 

(is X ) 2 - 1 x 31 (3 A * J 5) - o 

(&X* •* 93 A 2 + 155 - 0 


2 = 153 




Equation of the hyperbole. is 



(1) 


Family of lines parallel to the given line /]y =? 5^ + 7 


or. 


5 7 

“* + t: 


5 


IB 


X + 


- 72 } 


The line (2) will "be a tangent to the hyperbola (l) if ’ 
the roots of the equation 

4* 2 9 ( x + A ) 2 = 1 

• — /) l6lx + 360 X x + l6 (1+9^ ) = 0 | will he real and coincicteAt* 
The oondition for coincident roots is 


(360) 2 - 4 X 161 l 16 ( 1 + 9 ,X 2 ) = 0 
or (45 )[ f •• 161 - 161 X 9 2 « 0 



Equation of the tangents required is 


■jr x 


/rsr 


or 


24 y » 30 x ^ ./lST . 
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• ft 


A +.-■ nnai Ulus t rations (Pigupes) to Mippl linent those given in 
the textbook. . • 

Definition - Chords of a conic, pwng through the focus of a conic 
are called ^oos^^^hords, 

Pocal chords, which are perpendicular to the axis of the 
conic is called 

J 

Focal chords, which are perpendicular to the axle of the 
conic is called Laths. fteotdJQ* 

It is iforthy to note that exoept’parabola, Ellipse and hyperbola 

I 

have a pair of 1 atae^reota^ 

The focal chord LL, vdiidh is peipencLiaular to the axLS of the 
parabolaj is the tatus—rectUin of tho parabola* 

Consider the parabola y = 4-ax having (a, 0) its focus, As>^ 
parabola is eyraiaetrioal about its axis, hence PL = PL'*’* 



Pig. 12.15 
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.No, 8 


Equation of the hypovboia is 

4x 2 - 9y 2 ■ i . — Cl) 

Family of lines parallel to the given line 4y = 5x + 7 03?» 

5 7 

y e -j- x + is 


- ( 2 ) 


The line ( 2 ) will he a tangent to the hyperbola ' (l) if 


the roots of the equation 


4* 2 “ 9 ( X X+ ^) 2 = 1 


+ 360 X x + l6 (l+9^ Z ) = 0 t will be real and coincident. 


Ghe condition for coincident roots is 


(360>) 2 - 4 X 161 X 16 ( 1 + 9 A 2 ) - 0 
(45 ^ ) 2 » 161 - 161 x 9 \ 2 = 0 


^ 576 A 2 - 

y s ± 


161 

^161 


Equation of the tangents required is 

y ■ X 1 ± T? • - 

# 

or 24 y s 30 x i ,/X5l . 
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r.vi=.i -n i netrations (Eigupea) to suppliment those given in 
the textbook. . . 

Definition - Chords of a conic, naming Through the Toous of a oonio 
are called Focal Chords . 

Foc al chords, which are perpendicular to the axic ol' the 
conic is celled La^tns^JReotuin* 

Fooal chords* -which are perpendidular to the axir of the 

comp is called Laths fieotUrfl* 

It is worthy to note that exoept parabola, ELI ipse and hyperbola 

I 

have a pair of 1 atus-recta. 

Ihe fooal ohord LL» which is perpencticular to the aid .a of the 
parabola, is the latus—rectuin of the paraoola, 

' o 

Consider the parabola y - 4ax having (a, 0) its focus. As!' 
parabola is gymnetrioal about its axis, hence Bh = EL^. 



Fig. 12.15 
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' * 4 

Let LM "be perpendicular on the directrix of the par'abola* , 

From definition of parabola. 

Fti ■ LM = 2 a 

**• L * (a, ,2a) and ■ (a, —2a) 

Length of latus rectum = $a» 

2 2 

Consider the ellipse —~ | whose major axis* lie 

a, \> 

along x-axls* Its foci F^ and F 2 ’are (~ae f 0) and (ae t O)* 

Two latus-reota of the ellipse are I^L^ ' and LgL*^ • 



- , Fig* 12.16 

As ellipse too is symmetrical about its axe s : 



a 
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• • 


, b 2 , 

L 2 = -(- ae»”) 


2 


and L*g = (*ae f - —) 

b 2 b 2 

Similarly 1^ «. (as, -jj—) and - (ae, - ~) 


.*• Length of both the latus.- recta of tho ellipse = 


2b e 


Similar atateinent irill clarify the studentc. that the length 

" ~ p-b^ 

of latus-raota of the hyperbola = —-- and co-•oz*din c vbes of 

a 2 

/ Td\ 

the ends of latus-reota are ( +■ ae, ± 


flTTAPq^^ TEST 
(a) .Oral,, Ofest 

(i) Find the focus of -the p araboj. a y ^ -r. 8x Ahst ( 2 , 0 ) 

(li) Find the equation of the ciirootrix of 

p 

the parabola y ' » v|2xo Anas x = 

(in) Find the equation of the axis of the 
conic 2: =5 6y* 

i t 

(iv) Find the lenfith of the major axis of 

the all ipse 

J2 2 

— + “&— - i AJBGt 8 


(v) Find Eccentricity of the ellipse 



f b 25 


(vx) Find the .ecoenjtrxoity of the hypextoola 



16 - 9 


Ans: e - 


_VTl 


1 


Ana: e « ^4 
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(vii) Find the foci of the byoerbola 



(viii) Find, the & ci of the liyp erb ol a 




1 


An« 


Anss 


Jjfc \/i 4 , 03 

C 0 ’ 


(*b) Written Test 

(l) Find the equation of the locus of such, a point, 

which is the middle point of any chord of the parabola 


2 2 
y - 4 ax Axlbz y = 2 ax. 

(ii) Find the eccentricity of the conic 



O O 

(xii) If (at f 2 at) and (a^ f 2 &t^) are the 

ends of a focal chor^ of the parabola, 
prove that tt^ = — 1 * 

(iv) Show that y — x — 2=0 is a tangent 

to the parabola y « 8 x* Find the point of 
contact. £ns : ( 2 , 4 ) 


(v) Find the vertex, axis, latus 

- 

return an4 focus of the parabola, y ^ = 4y — 4x» 

Ahs: Vertex (0 t 2 ) 

Axis y m 2. 

1atus retain ® 4 
focus (—1 1 2) 

References : As given in the chapter X, on ciecQ.es and family 


of circlet. 



CHAPTER - 13 


TRIGONOMETRIC FUNCTIONS 

1. Introduction 

The word trigonometry is derived from three Greek words - 
»tia', means three, 'gono * means angles and 'metry' means 
measure and hence the literal meaning is 'measurement of the 
triangle'. 

In trigonometry we have a good deal of combination 
of algebra and geometry. There are algebraic symbols, formulae? 
and equations which make the subject more interesting and useful 
for practical applications. To state a few, it is useful in 
measuring height of the mount f ‘ns, the summits which can not be 
reached, the distance of injaccessiblo objects, the width 
of riverE without undertaking the trouble of actually crossing 
them etc. It is ra + her indispensable for industrial engineering, 
surveying, navigation, astronomy, seismology and the study of 
occurance of sunspot and so on. 

Method of solving triangles originated from astronomy 
and for a long time trigonometry developed as a branch of astronomy. 
The methods for solving (spherical) triangles were recorded for the 
first time by the Greek astronomer Hipparchus in the middle of the 
2nd Century B.C. 

The Greek astronomers did not deal in Sines, CJoskes and 
tangents. In place of tables of thes„ quantities they used 
tables that permitted t-o find the chord of a circle from the 
intercepted arc. hich were measured in degrees and minutes, 
chords too were measured in degrees (one degree being one sixtieth 
of the radius), minutes and seconds. 
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Afcya Bhatt in 511 A.B» urrc-d sine & cosine as 1 > 


■y|^ 

and 1 » in astronomical calculations. Medial astropiera 


of India also made considerable advances in Trigonometry. 


L. 


In 15th Century German astronomer Johann Mailer 
(1436-1476) better known under the name Regiomontanus 
rediscovered his theorems. 


Approximations of values of sin (9, Cos/p> are credited 
to Newton and Leibnitz. But Keralite mathematicians used such 
approximations at least two centuries earlier. 


The knowledge of trigonometrical functions will be 
-helpful in finding solution of trigonox.etrical equations, 
solution of triangles, problems related to heights and 
die I'mocs, inverse trigonometrical functions etc. 


Ancient "Definition of Trigone-. tones 



Half of the chord AT is PT 
Now §jj. a ~ = PT = Sin # 

the length PT is considered as Sin . 

As OT is of unit length OS is sec $, and TS and tan 0 . 
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Other trigonometric ratios Cos$ , Oosec $ and cot 
can be derived from the sin$ , sec 9 and tan $ . 

Later on these trigonometric ratios based on parte 
of a unit circle generalised ao ratio by considering 
them as corresponding parts of a circle of any radius. 


Radian Measure s 
With the help of unit circle 
co-ordinate of Point P(x,y) 
is given as 
x=Cos Q 
and y = Sin Q 



Teacher should explain that as P rotates from one q uadran t 
to another quadrant the values of x ? y changes and so the 
values of trigonometric ratios. Al this stage Teacher shoult 
also stress the importance of radian measure and help the 
student injieriving value of i e indegree and value of 1° in 
radian 

Since = — S. r s- 2 7J C 


and therefore measure of 1 c = = 57°, 16 * approximately 

also i° =: -jj- 

1 90 nadian = 0.01746 radian approximately 

Teachers should give proper practice in converting radian 
measure to degree and degree measure to radian. 



Content Analysis ; 


In this section the number of each sub section is in 
accordance with the t&jct book. 

13.2 Angle and their measurements; 

The anti clockwise direction for the rotation of 
initial side is termed as positive angle. 

Measurement of Angles 

1. Sexagesimal System (British System) 

1 right angle = 90° 

1 degree = 60 minutes — 60 1 

1 minute = 60 seconds = 60” 

2. Centesimal System (i'ronch System) 

1. right ciiigle = 100 grad v, s = l00 g 

1 grade = 100 minutes = 100* 

1 minute = 100 seconds = 100" 

3- Circular System 

The radian is defined as an angle subtended at the centre 
of a circle by an arc which is e^ual in length with the 
radius of the circle. 

Length of the arc Radius Radian 



r 


r 2TT 

2 jj radian = 360° andTT radian - l80° 
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Tho teacher should explain the definition of angle 
and system of their measurac. ent. He'should'derive fundamental 

trigonometrical results with the ^islp of diagrams* 

*■ «’ 

In exercise 13.1, question 8, student are required to 
find the angle between the hour and minute hand at 7.20, 

They usually take it as 90°. But it is not so. At 7 O'clock 
the hour hand will be at 7 & at 7.20 the hour hand must 
have moveithrough some angle. The angle can be calculated 
as follows: - 

•O 

(, 

Fig. 13-3 

In 60 minutes the hour hand traces 30 ° so, in 20 minutes 
the hour hand moves —^) =»10°. Thus angle between the two 
hands * 90°+i0°=i00°. 

13.3 Circular Functiona l 

In the articJfe'l3*3 of the text book the circular 
functions are defined with the hdlp of definition of Sin 
0os tan (g, o°t ^ ^ sec^p, cosec q, find that 
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Sin(-*9) = -3in<£> • 
Cos(-jp) = Cos *9 j 
tan(-&) = -tan® • 


There are sone functions f(x), such that f(~x)=f(x) 
for all x. 

and there are sone functions: 

• f(-x) = -f(x) for all x. 


To differentiate between these two type of functions, 
they are termed as even and odd functions respectively. 


Ex. Even functions 


f(x) = x 2 +1 
f (x) = x^+x^+a 
f (x) '=* Sin^x 


Odd functions : 

f(x) = x 
f(x) = x^+x 

There are some function lihe 
f(x) = x^+x 
f(x) - x 4 -2x 

in which f (-x) « x^-x or f (-x) = x 4 +2x ' 


is neither f ^-x) “ +f (x) for 




nor f(-x)|for all values of a 
nor odd. 


all values of x ‘ 

, they are termed neither oven 


Xf a function f ,is periodic then the smallest 
positive’ value of T if ,it exists such that f (x+T) = f (x) 

" i 

for all x is called,the period, of the function. 
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, this stage ‘the; teacher,has fa. point out' that a 

^ V* I 

.'constant function is nut p-eriottc even thought(x+T)-f(x) 
since there is no smallest T>0 exist which will make this 

true* 

t 

Example* ' 

, i 

t, f(x) t 2 

1 

f(iJC+T) = 2 

M * - * \f » M 

. ‘ ' f(sf-T) = f(x) 

♦ I ■ 

i t 

Here^T is not a period because however snail we take I, we 

u> * ' ' 

can £Lsmyh find a value scalier than this value. 

WHV' e ^y jLc ' Oil* ‘ ^ 6"^ 

• Vouv^T 'V-oUv\cA^0wv 

( ” -'*-*'•*?. c introducing the periodicity of the 

trigonometric functions, the following forcula can he 
introduced. 

. Sin(2nrjt® )= Sin(0, where nis an integer. This 

W oUA "^-A^O'riO'vv^xPv'C. s> * 

foiEula is useful for finding the values of the trigonometric 

functions for larger values of $ . Some nore.- exanples cay 

t 

he given by the teacher. 

i 




Fig. 13*6 


Fig. 13-7 


Hie sale rule is applicable for other carpi a- entry ratios 
The fact that sih<9' lies-balk^n and +1 ^ can be explained 
with the help of a diagrar . ; 



Pig. 13.8 

„ 

' *i 

13• 4 Trigononetric Identities 

** ■* i 

The teacher r.ay give core exarples to bring out the 

* / 

difference between a ,trigonoL etric identity and a trigononetric 
equation. 

Bxarpla 13.3 Alternative nethod 

Hint -s Since is in the 3r*&' quadrant -draw the 

- -v ,j - ' 

following diagran. 




FroE the diagram We can find r and then other trigono- 
netrical ratios. 

The teacher should explain th"© following point hy neons of 
the diagrar given below. Since it is required fur the derivation 
of Cos (A-B) 



CosCS* = ‘ ^ = OM « x 
Sin(p «= * PM = y 

Any point taken an the unit circle will be of the fom 
(CoscP, Sin®). 



v i* 


13.5 nmine of gym of TwO angle r?. .- • . _ , 


Jt. 


The derivation of Cos (At-B) and Sin(A<-B) are dealt with 
the - help of the diagram 'give'n “on the right" hand side'* 1 


/ 



POL - A and 


MOS = B 
OR 


So, Cos (A+B) = (by deffimtion) 


OL-RIi 

OS~ 


OL-TM 

“DST 


RL=TM 


and Sin (A+B), 


_ 01 
us 

TM 

ns 


11 

m 

OM 

. ~ T y s 

TM ■ 

sMr ‘ - 

= -Cos 

A. • Cos 

B - -S±nA,. v Sin. 

_ SR 
~ US 

TR+TS 
T)S , 

ML . TS 

= vs v ,v& t 


m * 

1 ?5s ■ + ’ 

TS., SM 

SB 4 ‘ ‘VS 

i * ^ 

1 It J . 

• c 

V - 1 

*-f l t 1 V » 4 \ ’ 

= Sin^A, 

. CqsB + 

Co a A ^ Siij. B 

i’’ 


SM 
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Cosine and Sine of difference of - Two angles 


The formula for Cos (A-~B) and Sin (A-B) can be derived with 


the help of the diagram 





Cos (A-B) 


Big:- 13.12 . 


0R+R1 

— or~ 


OS ^ TM 

m + sis 


* Cos A CosB + Sin A » Sin B 


(A - 


RS OS , 

ns - " tm - 


— ' Sin A.. Cos B -’Cos A . Sin B 


To derive Sine of the difference of two angles: 

Refer figure 13-10 in article 13-5 of the text "book. 
We see that angles P^ . 0 Pg and P Q O P^ e^ual in length. 
Hence distance formula i^ujld» Corrollary - 1 
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-| # Sin (A+B) Sin (A—B) — Sin A — £>in Bo 

2 , Oos (A^B) Cob (A~B) — Cos A. — Sin B* 

* i 

By using the product formula and talcing A+B=C and A-&=D and 

C+D 

deriving the values of A=-^- and INC^D t We can derive the 
relations» 

* X 

1 . SinO Sin D = 2Sin ^ . sill £z2 

- f 

2, Sin 0 - Sin D = 2 Oos 2+2 Sin 

3 „ Cos C + Cos D — 2 Cos • Cos — 

4. Cos C - Cos D = 2 Sin 2t£ sin D-C 

* 2 


AF+er deriving product and Burn formulae as given in the 
text took, teacher should give exercises involving these results, 
teacher should derive sir - a id product fonrla for other trigono¬ 
metric functions. These are already stated in the hook before 
exercise 13°3 in the section 13-5. In this section with the 
help of these formulae method for derivation of values for 
sine and cosine of any angle is also dealt with. 


Sin 15° = Sin (45° - 30°) 


= Sin 45° 09 s 30°- Cos 45 Sin 30° 
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and Cos 15 


= Cos (45° - 3^ u ) 

= Cos 45 Cos 3C + Sm 45 Sin 30 
i 

= ^ 


ir -we have to determine sin 224-° and Cos 22f4° we derive 


as follows! 

2 Sin 2 ^j = 1 - Cos 2& 

Sin 2 22i° ~ 1-Cos 45°^J 

or Sin 2 224° = 4 L 1 1 

.1 r '42 - 1 7 ^ 

= *'L“T2—j 

2 - /2 

2F 


if<S> = 224-° 


. Sin 22%° = 4- v 2 - J2“ 

Sim 11 arly 

£> —*-1 

Cos 2 224 = \ L. 1+ Gos 45°J 

= k ^'+ r? 3 

■JT + 1 vf2 

sa2" 


_ i 

'SS 




2 + N\ ^ 


. * , Cos 22i° = 4- g 2 + 2 
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• * 
* m 


t 

Also : 

Sin 105° - Sin (90 + 15°) 

= Cos 15°, = 

cos 105° - cos C§o'+ 15°) 

■ -Sin 15° 


12.6 Table of Trigonometric functions s 

In the article 13.3 of the Textbook values of the trigono¬ 
metric functions for different angles are derived with the help 
of the figure 13.6, 13-7 a::’ 13-8. In this way we can develop 
the table for values of trigonometric functions for different 
angl es variying from 0 to 180 . 


" 1 

0° 

30° 

j 

45° 

60° 

i 

90° 

120° 

135° 

150 

3 180° 

Sin 

0 

* 


<3 

2 

! 

■ 1 

■*'3 

2 

\k 

* 

0 

Coe 

1 

43 

? 

A 

4 

0 


-k 

|-f" 

- 1 

Tan 

1 

Cot 

0 

A 

i 

. sn 

not de¬ 
fined 

-jr 

-1 . ' 

3* 

5) 

not 

define 

sP" 

>d- 

—i 

i _ 


0 

i 

i 

-1 

-T3 - ' 

not 

defined 

Sec 


tf J 

^2 j 

2 

not 

defined 

: .-2 ; 


* ’• 

-1 

Gosec 

s not 
defim 

2 

ad 

i 

1- 

N2 

J* 

1 l 

. .1 

- 

\f2 

1 

j 

2 

not 

defined 
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By the helft of these .values and with the help of different 
trigonometrical relations woy.&n 'ierive values of different 
trigonometric ratios for any ^ e can find out the values 

of trigonometric ratios with the help of tables also given at 
the end of the text book. Derivation of these values are deal 
in the examples 13-15, 13*16 and 13.17 of the text book. 


13.7 Graphs of Trigonometric Function^, 

t 

For diujlng the graphs of the functions of the type 

sin ax, sin (ax+b) and C sin <ax -t*b) it can-be.. found that the 

2 Tf 

period of each of these functions is -g*- . ■ 

i ,, « , 

Verification 
(l) f(x) = sin ax 


f(x + *21 ) = sin a (x + Z-U- ) 

St O' 


2TT ^ _ f „ , 2 7T 

• = sin (ax* + 2. w ) 


= sin ax 


= ffx-) - 


Hence 1 the-period- is- 


2lt 


y ' f (x-)~ — '■Jr -sin -(-3x-h —4-)... - -- 

f(x + ) 1 *- 5 sin f3 ( x+ " ' V ' •) + A . 


.= i<5\sin ,|~J|.3x + 2 ft) + 4-^j 
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+ 4) + 2trHj 
* * * 

= 5 sin (3x+4) 

= f (x) 



The period is 




13.8 Conditional Identities ; 

Teacher should make it ctlear the difference between 

Identities and conditional identities. By giving examples 

he must clarify that an Identity is true for all values of ^ 

While conditional identities are time only under certain 

imposed conditions. e.g. A+B-t-C = ' tv , A B 0 TT 

‘ “ 2 + 2 + ? = ~ 2 — 

etc. 

When At B + C = u 

*Y . 

t i 

.^Sin (A+B) = Sin (JT -C) 

= Sin C 

Cos (A+B) - r = cos (TT-C) 

w > if i , 

~ -Cos (* 

' ' « - H 

Tan (a+B) . = tan .(iT-C) 


-tan C 
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A + £ + £ „ 1L. 

2 2 2 2 


Then Sin ' (—— -g- “ Sin ( ^ ~ ?r ) — Cos 


Cos ) 


Cos (J"- § ) = + Sin §■ 


(^B) = Tan (IT §) = Cot § 


1 3»9 Trigonometric Equations 


Before taking up the solution of 


Sin =■ Sin ^ 
Cos © = Cos 


and tan <9 = tan ^ 


The teacher should explain the solution of 


Sin(?)= 0, i,e. Sin©= Sin 0 or Sirity \ 


Cos(£-= 0, i.e. Cost® = Cos or Cos n -S 


tan<&»= 0, i.e. tan©= tan 0 or tan n (V 


where n is an integer and thus we get value of ' ” ,in 


each case as below,; 


~ 0, ±^ +2JT , 3TT 


;+_ n“fT 


_ U 3_H _5JT 7TT - TT 

o y p y p ? p 2n-f1 ) —75— 


© z: o, + 


i 2 TT» +3if, ; 




rv>/o 






Sin© 9 Sin 

i * ! mi 

* C°MP • Oo&.^ 

sand -tan(£) = , tan^ 

! . **r ■" - " ' 

v* » w r m ^ Jr i * 

the solutions of these Trigonometric equations are already 
dealt inflection 13>9 of ,the book. *~J 
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Solution .f some of -the questions from different exercises are 
given belows 

Exorcise 13«3 

Q .16 Bind sin 7j-° 

cos 15° = l-2sin 2 7 
sin 2 7i° = 1 - |° e 15 ° 

= 1 - fill 
2 

= IgJl ^ -1) nT2 
4 vfT "ST 

= 4 - >TS“ - & 

= -8- 


nln 7—® _ s \ 4* B -^^"2”" — vj6* 
sifi / s-r*3=—: 

2 42 J 

7T 


Q.No. 18 


Prove -that 

Sin -^-i Sin Sin 

,i l 

v~ 

Sin 


= i- J (2sin-*^T^ 

sin -Iji- ) (2si_n 2 lJ^L 

• 2 
am ^ 

- £ Cos 


- Cos Tf^ j~"cbs 


~ J CjosTf\ 

=■ i jG?os 

108° 

+ 1 ^3(£oa 36° 

+ 1 



f Cos 

(90° 

+ l8°)tlTJ[0Qs i 36 o + 

a 


il 

*>>* 

fH 

£ 

18 ° + 

logos'36° + 1 

3 
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Cos 2 A +Cos 2 (A+120°) + Coa 2 (A-120°)^ 


l.H.g = Cos 2 A + Cos 2 (a+120°) + 1 - sin 2 (A-120°) 

= 1+0os 2 A + ^Cos 2 (aM 2Q°) ~ain 2 (A-120°)^j 
* 1+Cos 2 A + Coa (AM20° + A-120°) Cos (Af-120°-AM 20°) 

p 

=? 1 + Cos A + Cos2 A Cos 240° 

=■ 1 + Cos 2 A + Cos2 A . Cos (i80° + 60°) 

= 1 + Cos 2 A+ Cos 2A (- Cos 60°) 

= 1 + Cos 2 A + (2Cos 2 A -l) (-1) 

* 

- 1 + Cos 2 A - Cos 2 A +£ = | - E.H.S* 



Q.No.24. Prove tot Coe tk* 32 Cos 6 A - 48Cos 4 A* 18 Cos 2 a- 

I 

l 

Ii.H.S.® Cos (4A+ 2A) 

=5 Cos 4A Cos 2A - Sin 4A Sin 2 A 
s (2 cos 2 2A-1) Cos 2A - 2sin 2A cos 2A sin 2 A 
3 2 Cos 3 2A - Cos2A - 2 sin 2 2A cos 2A ' ' 


= 2 


2^2 Cos 2 A-1 J 3 - (2cos 2 A-l) -2 cos2A (l-cos 2 A) 
|*J3 cos^A - 12 cob 4 A + 6 cos 2 A-1^j 
-2 cob 2 AM - t (2 cos 2 A-l) Jj-(2cob 2 A-1) 2 ] 
16cos 6 A - 24cob 4 A + 12 cos 2 A - 2 -2cos 2 At-1 
-(4 cos 2 A-2) (-4 cob 4 A + 4cos 2 A) 


16 cos 6 A - 24 cos 4 A + 10 cos 2 A- 1 


ft * A O 

- (-16 cos°A + 16 cos-V A + Qcos^A -8 cos^A) 


6 4 2 

16 cob A - 24 cos A + 10 cos A - 1 


+ 16 cos^A - 24 cos 4 A + 8 cos 2 A 


= 32cos 6 A 48cob 4 A + l8cos 2 A-1 = B.H.S. 



• * 


316 s; 


3. Learning Outcomes 

(a) Essential learning out comes for all. 

if ter studying this chapter student should "be able to: 

i) Explain angles and the way they are measured. 

ii) Convert measurement of angle from one system to another. 

iii) Establish relationship among trigonometric ratios* 

iv) discriminate between trigonometric identities and equations. 

v) draw graph of trigonometric functions. 

vi) tell values of trigonometric ratios for certain angles. 

vii) calculate values of trigonometric functions for different 
angles with the help of known results. 

viii) solve trigonometric identities, equations and derive relation 

v^i'T v-V 

(b) 

i) 

ii) 

iii) 

iv) 


ship between trigone^ratios. 

Learning Outcomes for tho higher group: 

Student should be able to derive and solve different 
trigonometric relations and difficult questions of 
trigonometric identities. 

Teacher should help tho students of higher group so that 
they are able to solve difficult -type of conditional 
identities. 

Students of the higher group should be able to trace the 
graphs involving trigonometric functions. 

Studonts of the higher group should be able to solve 
difficult questions of trigonometric equations and 
fin<£ their general values. 
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Motivation : 

Teacher should introduce each concept with reference to 
learners 1, previous knowledge. 


In the hegining teacher should use proper diagrams and 

i 'if 

teaching aids. The concept of angle and mode of theiir 
measurement are dealt with reference to historical de\ lopment 
in measurement; British system of measurement french e "Stem 
of measurement & Radian measure of measurement Shoul 1 "be 
discussed with the student with practical examples of inter 
conversion from one system to another system. 



(a) Trigonometric functions aro introduced to student with 
the help of circle of unit radius. 



In the diagram a circle with unit radius is given. The 
co-ordinate of point P is (a,b) and distance OA=OB=OB=1. 

By definition student can easily derive that 


Sin<9= b and Cos0= a 
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Here teacher should explain that a Vi cosine of <9 » 
read as cosine theta or cos {T, , and sine of 0 road as sine theta 
or sin Q • So is the case With tangent Q or ta n Q . 


(h) Teacher should" aBk the child to form the angle AOB 

i) then select point P, Q, R....on OB 

ii) draw 1 from P, Q, R. ..on OA 
measure length of each. 

X PL, QM & RN 

also measure length of each base OL, OM & OB & distances 
0 P r OQ, OR. 



Now teacher should ask the student to find out different 
ratio's among the sides of right triangle QPL, OQM and ORN. 

Prom this.ask the child to conclude that 

i) What will be the ratio of peipendicular to hypotenuse 
in each right trianglo, is it equal in,all cases ? 

ii) What will be the ratio of base to hypotenuse in each 
right triangle, is it equal in all cases ? 



• • 


S 19 ti 


iii)What will "be the ratio of perpendicular to base in 
each right triangle, io it equal in all cases ? 


What will you conclude ? Here teacher should explain 
that 


perpendicular 
Hypo tenus e 


Sin (P 


Base 

Hypotenuse 


Cos <£> 


Perpendicular 

Base 


tan <3J> 


Mia concept ions/C omnon errors 

i) Student some times taTfco Since, Oos(p, and tan(C> 
seperately a^b 

Sin and Q, cos an&<£, tan and while they are 
not separable 

Sinf?'means sine of /' v *’an^ not the product of sin and#*. 
So is the case with other trigononetric functions. 

ii) In'^fraBa.. lification of trigonometrical functions 

L- 

Sin^T Wd Sin 2 <? _ 

Coag* J anQ Cds 2 <Hr 

0 ! A * ' 2© can not be cancelled out, here sin <£>, 

sin<0, sin 2 <§, oos & cos 2 Q, are independent 
term in themselves. 


iii) Student should also be made clar that all trigonometric 
functions in first quadrant have positive value and in 
other quadrants different functions havo positive or 
negative sign according to their nature. 
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i-v) Values of Trigonometric functions can be derived from 
Tables of Trigonometric functions, given at tbe end of 
the text book. 

v) Some times students Writes 
Sin (A-B) = Sin A - Sin B 
Sin ( 90 - 30 ) = sin 60 = 

sin. 90 — sin 30 = 1 -4 o -J- 

i.e. sin (90—30) j 4 sin 90 — sin 30 

so is the case with cos (90-30) cos 90° - cos 30° 

Additional Examples ; 

1 . If A + B + C =TV 

Show that Sin 2 A + Sin 2 B - Sin 2 C ■ 2 SinA Sin B Oos 0 

Sol. L.H.S = Sin 2 A + Sin 2 B - Sin 2 C 

- Sin 2 A - Sin 2 C + 

= Sin (A+C) , Sin (A-C) + Sin 2 B 

= Sin B« Sin (A-C}+ Sin 2 B 

• « 

• Sin (A+ 0 ) = Sin B 
(A-C) + Sin B | 

= Sin BpSin (A-C) + Sin (AtC)^} 

» Sin B . 2 Sin A Cos C 
= 2 Sin A Sin B Cos C 


=* Sin 


B pS in 


E.H.S 
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Alternate method * 


The same problem can be solved by using the fomula 


Sin^A = e tc. then L.H.S. will be3°E© 


_ 1 - cos 2A . 1-cos2B 
" —5 + 3 


1-cos2C 


s ijj ~ Cos 2A - Cos2B + Cos2C^ 

•*D - 0oa2A - ( . Cos2B - Cos 20) *1 

= £ Q - Cos2A + 2Sin (B+0) Sin (B-C) 

s i Sin 2 A + 2Sin A Sin (B-C) 

= 4 2Sin A piin A + Sin (B-C) J 
= Sin A J”~Sin (Bt-C) + Sin(B-C) J 


2 Sin A Sin B . Sin C 
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2. If A + B + C =~\T Provo that 

Cos 2 | + Cos 2 | + Cos 2 | = 2+2SinA . Sin| . Sin§ 

V A + B + 0 =~[f 


‘ l + l ^ 


3L . o 

2 2 


i.e. Cog —g B = Coe ( 
Soln.Thus L.H.S. of the (l) is. 


|-) = Sin Sj> etc. 


« 4 Q C°e 2 | + 2 Cob 2 | + 2 Cos 2 | 

c— J 

= -I £j+ Coe A + 1 + Cos B + 1 + Cos 
= i + 2 Cos A -4 | — 9 . Cos A -7j ~ - (1 -Cos c fj 
= 4 pi -E 2 Sin | # Cos _ 2Sin 2 | ~~j 

= |’Q + Sin £ (Cos - Cos ( A+B) 


Sin I* = Cos 


= 2 + Sin 


^Cos A -2“ B - Cos A - ^ - - 3 


= 2+2 Sin £ . Sin £ . 


Sin 


(t) 
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Alternate method: 


The above problem can also be solved by using the formula: 
L.H.S. =Cos 2 | + Cos 2 | + Cos 2 § 

= 1 - Sin 2 ^ + 1 - Sin 2 ^ + Cos 2 ^ 


2 - Sin 2 | - {Sin 2 | - 0os 2 | ) 

2 - Sin 2 |= + Oos B - — Cos - ^ - 

2 - Sin 2 | + Sin| . Cos ^ 

2 + Sin | p 03 - Cos 

2+2 Sin |r Sin ^ Sin ^ 


5. 


Chapter Test 


(a) Oral -Test 


Express following radian neaeuronents in degrees 


(a) § 'fTradian 

(b) radian 


(c) radian 

(d) radian 

If Sin AHs? & Sin B=&‘ then whc/t will be value of 


Sin (A+B) ? 


Ans, 


jC±i 
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3 . If the difference between two acute angles of a 
right triangle is — 

f then calculate the 

angles in degrees. ■ Ana. ' ( 55°, 35°), 

4 . What will be the expression formula for 

(a) ' Oos 0 - Cos D ? 

(b) 2 Cos A Sin B 

(c) Sin 3 A 

5 . What will be value of Qln the equations ? 

( a) Sin <9 = £ 

(b) Cos 2g»=^| 

(c) tan ( 5 = JT 

5. Chapter Test : Written Test 

Ql. Pill up the blanks in the followings 

(a) The degree measure of an angle is 81 O 0 , its 

radian measure is_ , 

* o i I 

(b) The value of * radians in degree will be 

(c) The angle between the minute hand of a clock and 
the hour hand when the time is 3-40. 

Q2. If Sinc^ = ^ find Cos.^ and tan qC 

C 

Q3. If tan © ~ 3 rd quadrant find the value of other 

five functions. 

04. Prove that 

(SebQ-, Cos©) (Coses- Sin©) = t a h©+ “go t© 
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Q5. Prove that 

(a) Sin A (1 + tani) + Cqs-A (l + Oot A) = SecA + Cosec A 

(b) Sin A + Sin (120 + A) ; + Sin (240 + A) = 0 


Q6. Show that 

(a) Sec 6 ^ - tan 6 ^f = 1 + 3tan 2 f/+ 3 tan ^S u 

w ■ c °-° a oot a ' 

Q7. If Sir£s£= and Oog *= ^ find value of 

(a) Sin (o£+- f3 ) 

(h) Cos - fS) 


Q8. 


09. 


QlO. 


Prove that 


(a) 

(h) 


Sin $ + Cos <$> = 
Cot A + Cot B * 


*2 Sin ( 45°+ €>)’ 

Sin (Aj-B) 

Sin A Sih B 


(c) tan — + tan -4^— + tan ■ . tan 

f 

If Sin (& + £) = n Sin ( © - < ), 

then prove that Cot $ = j—j“ co t *i(_ 

- Pind the value of following (By use of table) 

(a) Sin 34°. 22* 

(b) Cos 20° 10*- 
(o) Tan §4° 30* , 


1 


011. Trane the following graph 
, y = cos x, y =3 sin 2x 

- « i* , * 

Q12. In & ABC,’ prove that 

(a) Cos 2 ^ + Cos 2 ^ - Cos 2 ^ = 2Cos^ Cos^ Sin 

(b) Cot B Cot C + Cot C Cot A + Cot A Cot B =1 


olcvi 
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Q13. If AfBfC =TT , to that 

(a) Cos;A + CobjB - Co3':C =. 1-4 Sin A Sin B Cos C, 

(h) Co 9 2 A + Cos 2 B - Cos 2 C *1 - 2 Sin A Sili B Cos 0. 

Q14. Solve the equations 

(a)f3^+ Sinfl=j2 

(h) Cos 39 + C 0 S 19 - 2 Cos2 Q = 0 

Q15, Solve lie equation 


2 tan®- Cot g = -1 
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Key to Oh-arter Teat (Written Test) 


3. 


7. 


10 . 


14. 


(a) 4|i+ —U- 


or £ ~2 


(Id) 120 c 


(c) 


150 


2. Cos<3£ = ^ 


tan 

Sin <p 
CJoa tP 
Cot 19 


Sec (P 

Goaec(9 


= * 


5 

11 

12 
il 

n 


-H 


(a) 


(b) 56 

F5 


(a) .5645 

(b) .9387 

(c) 1.4020 


(a) © = 2nff+ 1 or 2n \\ - 

(b) CS> = (2rthl) —— or 2n“j-f, where n, n 
Q = n\f+ (-1 ) n ~V— 


M 

IT 


15 . 


- cTf + C-D : 


T 


n, n £ I 
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Additional Problems: Unit . I 


1 . 


2 . 


5. 


If ain $ = and lies in I quadrant, then find 
the value of sec <5+ tan <9 j^(Ans - 


find cos A and Ooaec A. A !• being. 


If tan A = 

m -n 

acute. 




„ „ . 13 2 sin A -t- 3Cos A 

3 , If Sec A ~5 find 4 S in 4 . - <5 Cob A 


A being acute' 


jj^Unsj i 3 f\ 


4 . If cot<$>» C3 evaluate . c P - S 9 P, . fr + —3 ec ^ Ana(4) 

^ cosec sec^ © *' 


Unit - II 


1 . 

2 . 

3. 

4. 

5. 

6 . 
7. 


Prove the following identities 

Sin^A - Cos^A = (Sin A - Cos A) (l+sinA cosA) 

Sin^9 + Cos^<£)= 2sin^O“ 2sin 2 £)+ 1 

Cos^£ + sin^(S> = 1-3sin 2 Q cos 2 <P 

Sec_K> . 

cot9+ tan<9 Bln ® 

■1 C-Gr" 

“ + tin(o r “ tan ^ 

S42.cu5r 

(tan9- cot<Q) (cosecQ - sin£)) (sec^)- cos$»Sin 2 (£-Cog 
(SinA-CosecA) 2 + (OosA-SecA) 2 =Cot 2 A + tan 2 A-1 



i i 329 


8 - * 1-2- seo(ytane+ 2tan 2 ^ 

„ sin (&. tan <3 _ cj-i 2 ' (l+ cot &) " 

3 ‘ oot® ~ cos" 2 <9 

10. Sec 2 A + Cosec 2 A = tanA + Got A. 

I 1+tan 2 A _ tan A-1 

\{ T^t 5 ! ' T^mA 

i? ' t an A t Got B _ tan A 
cot A - tan B ian B 

13. tan 2 A - tan 2 B = s . ln .^ . ~ .. Sin ^ B 

Cos^A x Cos^B 

14. (Sin x + teosec x ) 2 + (cot x + sec x ) 2 = 7+tan 2 x cot 2 x 

15. (l+cot A-CosecA) (l+tan A+ secA) = 2, 

jjf 16 . 3 (sin x- cosx)^ + 6 (sin x + cos x ) 2 + 4 (sin^x + cos^x)-13» 

tan x + tan y _ ^_„ 

17 ‘ co t ' " x rooty = tan x tan y 

l8 * cot y i+ Bin "y + 000 y T 4¥5o y“ = 0 


1+sin A - Cos A . 1 +SinA + Cos A _ __ . 

7+Sin ' T +’ ooaA + 1+S'in A-D6i" A “ 2 cosec A 

o o o 

(Sec©+ cosec £)) = ( 1 +tan ^ + (l+cotQ) 

1 1 

If tan$+ Sec®L= a, show that 2 tan©= a-~ , 2 sec <9 = a.+— t 

cl cl 

a 2 - 1 

Hence show that sin( 9 = ■=»- L 


a + 1 


22 . ' ELininate 0 fron the following equations 

x = a cos 0 + bain 0 ' 

OOOO 

y = a sin 0 - bcos 0 (Ans x +y -a +b ) 
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P 3 _ if tan A + sin A = e, tan A - Sin A = n, prove 
that m 2 -n 2 = 4 v j‘cn 

g 2 

24. If x = a cos^Q y = bsin 3 ^ show that (-)* + (^)7 = 1# 

Unit - III 

1 . Find the value of sin 2 30° + sin 2 45° + sin 2 60° (Ans: 1^-) 

2 . Find the value of 3tan 2 30 o +-£sec 2 60 o +5cot 2 +45 O -§s±n 2 60 o 

(Mss 6) 

3 . Provo that cos24 o +cos55 O +cosl25°+cos204 o +cos300 o =H& - 

4. Find the value of sin 780° cost 30°+cosl20 o sin390° 

(Ana 40 

5. Simplify: a^(l80VV r : ta n (270°-A) 

Ssc(540°-a) cos(Ao0 o +A)cosec(270°+A) 

(Aas : sinA Cos 2 A) 

Unit - IV 

1 . If Sin A = ^> Cos B = find sin (A-B) and cos (AhB) 

(Ms H ) 

2. Show that Sin A + Sin (l20°+A) + Sin (240°+A) = 0. 

Find tan 75°, sl^ow that tan 75° + Cot 75° = 4 


3 
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4. 


5. 


6 . 


7. 


Prova that + .§gH— = 4 Cos 2 A 

Show that tan 5x - tail 3x - tun 2x = tan 5x tan 3x tan 2x. 

Show that 4(Cos^20° + Cos^40°) = 3(cos20 o +coe40°) 


If sinx + siny = a, Cos x + cosy = b, 
find the value of tan 2 (^^) 


(4ns: 


4 -a 2 -b 2 
a 2 + h 2 


) 
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Chapter u 

SOLUTOCffiT Qg aatlAHGL'ss 

ii # 

^ f , 1 .. 

t 

X. Introduction 

4 

A triangle has three angLes and three si dee, and they are termed 
as parts of a triangle* If we have the measures of, three parts then 

I 

other three parts of the triangle can he easily derived* However, 
knowing three angLes of triangLe is just equivalent to knowing bwo 
apgLes an d in eudh situation we have to know one more side of the 

I 

triangle so that we oan construct the triangLe or solve t&e triangLe# 

(This chapter deals with the solution of triangles or finding the 
unknown parts of the triangle, when the measures of three independent 
parte are given. Ihe knowledge of solution of triangLe is useful in 
finding the heights and distanoes. However the knowledge of solving 
a triangLe is used in navigation, astronony and in other soienoes# 

2* Content Analysis ' 

i 1 , i 

In this section the number of each subsection is in accordance 
with the textbook, 

14*1 Soma Basic Formulae, 

1* Parts of a TriangLe 

(a) Three sides and three angles of a triangLe are termed as 

* T U * * _ , 

parts of the triangLe, ‘ ^ 

(b<) Knowledge of two angles of a 4 triangLe is sufficient to 
find the third angLe. ‘ 
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(o) Any triangle 08JL_*be ^oljired if throe independent ports 

1 r - *- *4 N ' 

of the triangle ore known .to ua. Knowledge 'of throe 
angles is not taken as'throe independent parts-of the 
triangLe* 

(1) With the help of three known ports of the triangLe, the 

J r r " 

other parts of the triangLe can he calculated. The pro cose 
its known as eolution of the triangLe. 1 , 

When two sides and one angL© or two angles and one side of the 
triangLe are givenj we oon determine the"third side and the 
othSr two' angLes or the other two sides and the third angle of 
the triangLe with tho help of tho relation . 


Sin A 
a 


Sin B 


Sin C 


for a & ABC. - . ','1 

3, When two sides -and en .angle ip given, we use oo3ine formula known 
as law of oosine to find the third si do and the other angles.' 


The formulae are given Below : _ 

a 2 * b 2 + o 2 - 2bo Oos A 
b 2 s» o 2 + a 2 — 2ao Oos B <. 

... -jp 

o 2 «= a 2 + b 2 — 2ab Oos G 

b 2 . c 2 

Wai f p jn| prTea Using the formula Cos A’.'® , " 2 a'b ■' 


in 2 Sin 2 s| 


» 1 — Cos A 


Vie get 2 Sin 2 ^ » 1 - 


,22 2 

Id ^t~ 1 

2 bo - 1 - ’ 




‘L + ' y --< ; 


ft 


ft - ££ 


2 bo 


oWh ~ + o ) 
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In article' 14*I* the formulae 130064.011 a,+ b + o = p.s oro derived 

Sf 1 - ■ ^ 

for Sin A t Sin B" Sin C and Cos £ , Cos B , ' 60 s <T * 

2 'z *2 2 *j "z 

g I * I w M 

With the help of the figures 14*1 -and. 14* 2. as given in the 
textbook, the area of a triangLe ABC is derived as 

^ sa ■jg* be Sin. A = jt ab Sin C = -g- ac Sin B 

or A f 7 s (o — a) (s — b) (s - o) , where s “ S/ ^ 3+0 

, ' 2 

This formula is known as Hero's formula* 

14.2 Some more Formulae 

1 With the help of the Fig. 14*1 and 14*2 of the textbook, 
relation between sides and angLes are established as follows j 

1 

1* a»h Cos C + o Cos B 

2* ' b = o Cos A + o Cos C 

3* o = a Cos B + b Cos A 

4* ~tan B - 0 _ b - o Cot &. 

2 " b + c 2. 

0 — A 

5* tan ~r g— ~ ** 0 z a Co ' b 

o + a 2 

6. tan A . 7 . . B . - ■ ~ £ Cot 2 

2 a + b - 2 

Half angle formula 

With-thfe heGLp of lig, 14*3 in the textbook, ue establish 
relations among the radius r of the inoirole, radiuo p of the cir- 
oumoirdLe and the area A of a triangLe. OSiesc rdLationo aro giv«J 
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‘‘ A 

.r Area-of ihe/j, „ r ,A 

r «a ■ K - wn . - - ■ 5 = . tan- “5~ 

s . . i a~a I 1 c , 


JL- a tan r- | = ta 4 -~- end ■ 


2 Sin A 2 Sin B 2 Sm 0 


The solved examples of 14*3 "bo 14*5 are helpful in solving 


questions of exeroise 14*3* 


14.3 


In such triangles if we know .one side and one more angle then 


we oan salve the triangLe with the help of formulae 


Sin A 


Sin B 


Sin 0 


where A is 9°°» if / B and b are given 


then a 


Sin 90 


Sin B 



Sin B , 


and 0 




b 2 (i-r sin 2 b) : ■ 


"" " o 

Sin B 


Eig. 14.1 


0 ss b Dot B. 


Examples 14.6 and-14.7 will be helpful in solving, exercise 14.4 
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14.4 Jblicrue Triangles 

In solving problems related to oblique' & four different 

. . ,f ^7 

situations are possible as given in the text book* 

14*5 Heights and Distances 

The most effeotive use of trigonometric functions is in solving 
problems on heights and distances* 


In solving such problems the teacher should distinguish, between 
angle of elevation and angLe of depression, and how they are measured 
and represented in the figure* In solving problems following steps 
are being followed t 

1, Figure should be drawn according to the data or facts given ' ■* 
xn the problem. 


2. Establish the relation between the angle of elevation, angle 
of depression or distances given* 

ri V : - 

i 

3* With the help of trigonometric functions and known fadts Of 
■triangle, the other parts of tho triangles^ are found out. 

Jungles of ELev^tion and Angies of Depression fi 0y^\ 

If h is the height of the tower, 
and P is a point at a distanoe x frofc 
the bottom of the tower. 

' f 

/ BPA <7^ is the angle 
of elevation of the top 
of the tower from the point p t V 
and J_ FAN = & is the angle of 
depression, from the top of the 
tower* \ ' 




Fig* 14.2 
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^ Find lieight of the, tower i 

» * 

/ ' » I | 

3jr the property of right angLes, we have 

* = tan cK • 
x 

- K 1 

Out of three unknown quantities the knowledge of -two measures 
will he sufficient for calculating the third* 

h s x tan o( if x and are known. 


Direction 


In traoing the figure wo must give proper attention to directions 
East, West, South, North or N.E* t S*E*, N«W. and S.W. Ihis will help 
the child in proper illustration of the problem. 



Exercise 14*1 




Here a = 18, 


24 , 


o = 


•with tho help of Here* s-. f oimula,e. 


Area of the -/ (36) ( 18 ) (12) (6) 


30 



3 


' b38 * 



(a.i) To find, the value for tan a» we first find the value of 
Oos A from the formula 



Similarly the value for other function can "be found out# 

(iii) The area of triangle is. aLreacty- calculated above with the 
help of Herots formula and ix is 216 squ* units* 

(iv) The value of tan ~ , tan t tan |j— cm he calculated 
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Here we rejeot ■tan —*± —as —can never exceed , 

Similarly, with the help of proper formulae the value of tan—5- 

£ 

Q 

and tan —g- oan he calculated* 

, \ ‘ l r 

Qiestions of Exercise 14*5 are solved with the help of 


Exampl e 14* 8 * 
Exercise 14*6 


iiestion No. 


Solution : a = 40» o «* 40 sF and B = 30° solve the triangl< 


‘ Since B « 30° , A + 0 » 150* 

C—A 

ALso, using formula tan ~n—~ 


(Jot -~- 
o+a 2 


We get tan «* f Cot 15° 


40J/3 + l) 


•4 Cot i5 c 


>/Tv 1 

■ » 

/X- 1 


tan 


or ' C - A = 90 


With the help of (l) and ( 2 )'we get 


A = 30° and C = 120° 


*» w j. if * 

A 

For getting ; the other si do h, we..use the , 


formula 


Sin B ’ Sin A 


' "V ‘-h'i= a Sin B 
Sin A 


a = 40 


= a Sin 30 
Sin 30 s 
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Henoe wo oan de to mine tho parts of -the tnangLe 
A >■ 30° B * 30° s 0 as 120 

a h 40 t « 40 o *40^ « 


Tteeroiso 14*9. 

Qgjjo.i With the help of the figure 

* 

-^2- e tan 58° 

AC 

*\ AB »» AC tan 58° 

= 9*6 x 1.6 



15*36 meter. 


Fig* 14*4 


Q,No,4 With the help of the figure 


QA 65 h Cot®^ 

QB sa h Cot ^ 

OA - OB a h (Cot °( - Cot 


240 




* 

»» 


j2AP x 


iL. 

1.6 



fit <r~540 


225 meter* 


Fig* 14*5 




With "the help of the figure, • 

B aiid 0 ax© two ship B Jyfcj-C. ' 

A is the top of the tower, 

OB * ,200 Cot 45° ’ , 

00 - 200 Got 30° ^ 

Which gives CBB - OG «= 200 £cot 30° - Cot 45° 

Cyr-f) 


200 


Diet an oe between the two ships is 

- 200 x [l.732 - l] 

= 200 x ,732 
= 146,4 met er^ 

Learning Cut pomes i 


(a) Essential Learning Outcomes Star AL1, 

Learner should lit; cbj <- lo ; 

1. define* and reoognise parts of a triangle. 

2* Use sine and oosine formulae for the solution of triangles* 

3. Use Half AngLe formulas and to celculate area of ‘ v 

triangle with the help of Hero’s formula* 


4» Find radii of inscribed and circumscribed oirdles. 

5, Calculate the sides of a triangle in terms of tadii of 
circumscribe circle and angles of the triangle, 

6, Solve right triangles and oblique triangles. 

Use the tables of trigonometric functions. 


7 



8. Reoognise ambiguous cases in solution of triangles 
and find out parts of such tmcngLes with the help 

of taTd.es for trigonometric functions, 

, * 1 * 

cj. Solve problems based on heights and distances with 
the help of trigonometric functions, 

(b) Learning Outgomes For .The Higher. Croup ; 

1, Learner should be able to sketch the difficult problems 
and solve them, 

2, Learner should be able to solve the ambiguous tnangLe 
eoilUfind Out both solutions for it, 

i 

41 Teaohing Strategies : 

Motivation 

In order to arouse the interest of the child, motivational 
activities of the following sort are suggested t 



(d) When two sides |^id one -4thgL-e.-is -given.. ' 

in a nght ang|^d triangLe, vihioh formulae pig. 14,7 
are useful- in |priving oiher results ? " 
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(e) When measures of three sides are given, how can 
you calculate the area othe triangle ? 

(ii) How the measures of sides of a triangle are helpful 
'in calculating its angLes ? - 

(iii) How radii of inoirde and oircumTpird e of a triangle 
are used in calculating area of the triangle and other 
parts of the triangle# 

(iv) Tteaoher will display the different types of triangles 
and ask the students to differentiate right triangle, 

oblique triangle'and ambiguous trxangLe. 

«... • 1 

(v) Teaoher may explain the situations in whioh height of 

a mountain, tower or window m a wall, distance aocross 
the river cfr distance between two ships sailing on the 

sea is to be determined* 

* 1 

; J 

(a) How the situations aro sketohed ? ’ .. 

I 

(b) How the uiil, 3r Heights are being .oaiculated» 

- ^c) Redesoribe the situation using mathematical 

knowledge and then we check to aee« if we have 
the solution, " , . 

(d) Tile mathematical rediadaption usually' invdves 

the use of J>ne or more trigonometric ratios chosen 
ill such a way that it relates the known and unknown’ 
parts of a right triangle, 

i *■ * 

r 1 ' 

Misoonoeplqons and Common ^Errora 

(i; Some times students do 1 hot reoyll idle proper formula. 
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(li) In using the Heroes formula for urea of a triangle 

or formulae for half engleo as Sin L , Cos A , tan A 

2 2 2 

student usually use s as sum of three sides of the 
triangfLe instead of hsif of the sum of the three 
sides of a triangle* 

(iii) Writing relationship "between, radii of mcircle and 

oiroumcirdLe, area of triangle and angLes of a triangle, 
students do not use proper formulae at proper pi 

(iv) Sometimes student commit mistake m denoting’ ongLe of 
dLovation and angle of depresi-^Lon, 

(v) In cal oul at ions involving logarithmic tables, students 
usually oommit mistake in using tog, Sin g , Log Oos Q , 

L Sm<£> es -10 + log' Sin£-)an& l Cos£) » 10 + log Cos^P 

Additional Exercises : • 

Properties of triangle : 

1* In any A ABC, prove that 

2 (a Sin 2 ~ + 0 Sin 2 |) * c+a-b 

2. Provo that, in any A ABC 

(a+b+o) (tan ■g™ + tan ^ ) *» 2 o Cot ’g— 

3* If Cot a prove that the triangle ABC 

is right angled* 
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A. 


5. 


6 . 


In a triangle me allurement of the sides arte 6, 10, 

and 14 resjsedtiVeiy. Show that the triangLe is 

ohtuse and that the obtuse angLe as i20°* 

2 2 h 2 

(Hint s Use CoS B = "" *and solve) 

In any ^ ABC prove that 


CQ5 -^ 


a Cos G 


Cos B a — b, CosC 

Solve the following triangles, when 


(i) 

a = 32, 

b = 40, 

c = 66 

(ii) 

b as 130 , 

c = 72, 

A « 42° 

(hi) 


A = So 

B = 53° 

i il * 

(iv) 

b * 105 , 

0 = 150 

1 I 

B = 52° 30 V 

(v) 

a = 38.8, 

b = 42.9 

G = 30°lff" / 

“Die 

angles of elevation of the 

bop of a vertical 


from two poixlts distant a$. and bfrotn the base and m 
the aame line u a L3i xx • .re oomprementaiy. Prove that 
the height of the to^er i© y/ab ** , 

If & is the angle subtended at the top of the tower 

by the line joining these points, then prove that 

Sin fi> « . 

affc * ^ 

(Hint i Use the following diagram, y 

r> 
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A vertical tower stands on a horizontal plane and is 
surmounted "by a vertical flag staff of height h. At 
a point on the plane, the angle of elevation of the 

^ i 

"bottom of the flagstaff is< 7 \ and that of the top of 

the flag staff is jQ ’» Prove that the height of the 

tower is htan ^ 

tan^-tan^ 


9 , Prom the top of a cliff, 200 m high, the angLes* of 

depression of the top and bottom of a tower arc 
observed to be 30° and 60°# Pind the height of the 
tower. * (isps; 133*33 tn) 

i • ' 

ft 

i 

10. A man on the top of a rook rising oh a seashore observes 
a boat coming towards it. If it takes 10 minutes for the 
angle of depression to change from 30 ° to' 60 °, hoy soon 

• t 

uHl$»p boat reach the oho re ? 

- u 

(jtfisi In 5 minutes) 
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tan 60° = - tan 30° = 

• h ■ . - 

X 

x + y 

, h = tlJI 7 h « 

* * 

2L+JI 

* F 

m * ^ 

/T 

hy solving x ,/T* = x + y 

we get 


e ■ % y- 1 - i, e» -the boat will reaoh the shore 
in 5 minutes. 


5. 


11 . If tho angle of elevation of a cloud from a point h 

metre above a lake be J3 and the angLe of depression 
of its reflection in the lake be , then find the 
height of the cloud, 

^(Ans: height of the cloud x - ■ . ) . meter. 

Sin -ft ) 

Chapter Test : 

Oral Test 

I 

1, AngLe of depression of a point on earth from the top of 

a tower whose height is 60 m is 30°, Find the distanoe 
/ of the point from the foot of the tower, 

(Ans (60 yT*) m, 

2* Length of the shadow of a pole is —— time the height 

VT ' 

of the pole* What is the engLe of eilevation of the sun? 

, - M- 30°) 

Find the angle of elevation, when the length of the shadow 
, of a pale is ^/T^times the height of the pole. 


3 
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4* 


5. 


What as the- value of 


(a) 1 Siii (a + B) 

(h) Cos (k + B) 


(c) Sm (A ~ B) 

(d) Cos (A - B) 




If Cos B = —what will 155 the velue of tan 13 ? 

• 

Prove that A + B =* 45 


Give the Cosine formulae when.sides a, h, & o of a 
triangLe are given. 


£ 

7. VJhat types of triangLes ara formed when two sides 
and angLe opposite to one of them is given ? 

8 . , What is ambiguous oaoe in solution of a triangle ? 


(a) 

1 . 


2 . 


Written Test 

Find the area of a triangle, .when the measures of its 
thpee sides are a = /]» 1i = 1 o = 3 

(Ane: 6 Sq> units) 

In a triangle- ABC, a = JT* , £k = 60° and /G * 45°5 
Bind C. 

V 

(Anss c a yfiT ) 


Solve the triangLe when to 
JB = 30 p ' 


3, o = 3 yflT and 

Ana: %G e 60° 
[k =- 90 ° 
a = 6 


3* 
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_4ngl.es of depression of the top and bottom of a tower 
from the top of a light house are .15° and 60° respect*- 
iv&y. If the height of the light house is 600 metres 
find out the height of the tower* 

Ansi 200 JT ( JT- 1) nu 
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! w n .*p t® i GQMQMfT q io h j‘ id no' 1 r. 

— . I I M l I- —■ »■«■ — ! ■ I » ^" l f . I ■ ■ H I ■■ I m I I 1— 

1 . I.VT^-DUCT l^r 1 : ? «. 

S+udsr.+ r, are already famll far with t'he ’ f'tr-f In ft ion rtf Inverse 

’ I 

function of e n iven function ant the conn it ion frr the existence 
of inverse function of a n iven function,' This idm will u e 
extended to tr ioohomo+r ic f unct ions n t h I.S ,c he* ptor. 

The ccnoe't of inverse functions no« ■* numbtr rf applications 
in Tr Iconom^trv f M u»nter Tnoory, ?<ca I and Co>'-,n| y Analysis-, 

Functional Analvsis, Abstract Aloetra, To pc i o v ■'r.d several other 
tranches of Mathematic;-. t,r e have implicitly used tho concept of 
inverse functions in the Chapter 7 of th"> +pv f- torh. The concept 
of inversi. tr Inoromctr lc functions will tt- used vividly 1 r. ■ 
Differential and Intenral Calculus in the su !:■ sequr, t c lassos, 

2 . c^Kj TF T AjvU LYT. IS; 

In this section, the number of each subsection is In accordance 
with that. In.'JihcJ text book. - .. .^ 

1^.1 The Inverse of' a Function 

The students have an Idea mardinn 'ono-ona 1 and 'onto* 
function. It may Ki. nad' - - clear to the students +hnt Inverse of 
a function exists" Iff 1+ Is cne-one as w*- 51 ns onto. 

The ecuaticn sin 8 = X m 03 r, s that P la the ancle whoso 
sine is x. 

* 1 , ‘ 1 -* 1 

' -1 
The same relation is expressed hv + he notation 9 = sip x 

(read as sine inverse x ); Jo, sln”^x is the, nroje- whose sine Is x. 

In this wav, we ran define cos ^x, tan ^x, cosec s<c x and 



cot ^x. 1 I these are cal let Inverse Tr laonometr ic Functions - 

or Inverse C I rcu I a r >f t&nct Ion s. 

Pefore startlnn to teach prlncfn->| values ant q-onera I value 
the teacher Is advised to ta!*< z particular example, say sin 9 = 1. 
then 9 * 30, 150, 390 etc, so the student is convinced that 
correspondinn to e.q, sin 9 =x, there will he many values for 9 
satlsfylnq above equation* 

Pr I nc i pa I Value 

If sin 0 = x, we havo © = sin ^x. 

Now, If 9 Is nlvon, x can have only one value. Put If x be given 
9 (or sin 'x) can have any one value of an indefinite number of 
annles. All these annlos taken toqother oive us the general value 


X , -1 

of sin x 

. If 

sl n 

9 = 

X P 

then r, oneral value.cf sin ^x ,1s nir+ 

q enera 1 

va 1 ue 

of 

cos 

"'x 

Is 2mr ± 9. where cos 0 = x 

nenera 1 

value 

of 

ta n 

"'x 

is mr + 9, where tan 9 = x. 

- i 


Thus all Inverse tr Inonomctr Ic functions are many valued 
functions out of all theseangles, the numerical ly sma I I ost one 
Is called the principal va'u^ -* + h* inverse function . 

If there are two equal but opposite smallest values (l.e. 
one +ve and the other -ve), In such a ca so fhe nositive value Is 
to be considered as the nrlnclDal value; for oxample, 

cos 30 r = and cos (-30°) - l -~ .. cos 1 = +.3 0 

In this case nrlncroal value cf cos ^ is +30. Evidently 
the prlncinpl value cf s!n"^x and tan ^x lies between - ^-and ^ 

I I 

and that of cos x lies between 0 and tt , 
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15.? O ropertlos of lbver.se Tr iHO'nomc'tr i a .FuflChlons’ 

Many properties Of Inverse Tr I*: ^nonetr Ic fuoctTcns have' 
hern discussed in 515.? of the tvyt-book, ,Twr add 11 i-cnaU , pro- 

L , L 

pert 1 rs which are of ton rrou I r'-d ir so I v ! " / tsouatlons Involving 


Inverse Tr loonomctr* ic functions arc proved h o I o w i 

_i f — 1 - T~ 

Cx/l -*y~ t y/l-y ]. 


1 . 


-1 -1 
i in x + sln v=s1n 


Proof ; 

Lot x s sin » ?nH y »= £ln 4 
© = sin and <f = sin y 

V ( e know that 

s l n(Q+A) - sin © cos A + cos $ sin A 

• = s l n © /l-sI r.^A f </] -s i n*© sin •> 
©+A = sln”^Csln ©/1 -s I n^ t' /]- & 1 4 * © $ I h t ] 


Su 1 sti+uting values, we oet 


sin ^ x + sin * V - s 


in ^ Cv/l ~y 2 M y/i-x^ 1 1 . 


Sir Marly one c--n prove , 

I » * - 

s 

-i -i -i r r. t~7. i , 

cos x+cos y = cos [xy *- /1-x /1-y J. 

* « ” 1 1 

Note; Tho Inverts Tr I qonorootr ic func+ions ar- 1 tnetr principal 

* t 

value branches are given In Ex. 15.1 of Taxi-‘book. 

r * \ "* i 

Equations Involving inverse + r I gonc-ie hr ic functicns are 

i ' _ ”i " , r 

solved with the hole of Tr Ig^nometr Ic .relations already discussed 
in the Previous chapter and us l m properTft-s ' i n §'l5;2i In' solving 
such equations we have tr. determine the value -f a varljblu wi*'h 
tho help of tr incnoirstr Ic relations. 
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We shall solve here two equations involvlno Inverse 

f 1 ' 

tr Iqonometr i'c functions. - - 

Cxftiftp 1 o: So Ivo the equ-iticr, ■ . r 


,“15, , rl 12 ,r 

sin — + sin — = s* 
x x .. 


I utjoh : The qiven equation Is 


or 

or 

or 

or 

or 

or 

or 

or 

or 


-1 5 

sin - + 
x 


, -1 12 TT 

sin — 58 — 
- -x 2 


,“15 TT 
sin -“2= 


r -1 / 12 , 

-sin ( — ) 
x 


sin" 1 < 5. ) - sin -1 (1 ) = -sin" 1 ( Y sin 

sin " 1 c - /rr=TT-i /rT~— n = sin ' 1 (- ~ ) 

X x 2 

sin 1 C -/l - 2|! j » sin 1 (- — ) 

x^ • * 

/nr. 12 . 

>r x . 

, 25_ _ 144 

2 " 2 
x x 

169 , 

2 " 1 
x 

X 2 = 169 
X, = + 13 


But x = -13 makes the L.H.S. of tho nivcn eauatlon negative. 
Hence It Is rejected. 

The required solution is x = 13. 


N>|=* 
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g. Flnri^ If there Is anv value of x v.hio.h strictly sfltlsftos 
the ©ciiiat ion . ! 

tan 1 ( “~j- ) + tan ^ ) = tan 1 (-7)' 

Solution: A^hlylne the formula tsn^x + taruAy. = tin” 1 ( — ), 

‘ 1 k— k*^. • 1 V 

the oiven aquation hocomas ' . 4 * 1 ^ - - ‘ ■ 


x ti x-1 

— 1 y — ] v —1 

tan 1 " 1,1 — f l -- =• tan (■■ 7) 


1 - 


x H, x-1 
x-1 * x 


I;©; tan -1 — ■ ■, ■ =,.tan H (-7) 


(The formuIn Is 
hruA only y^h< j n 

■ i»i <i 

-i*i < i 


* 2x*~- x 11 __ 


1 -X 


or 

or 

Cl* 

or 


2 x‘ 


- k- L l = 7x-7 


2 x z - 8 x +’ R - 0 


x - 4x t -4 •- 0 


(x -2 ) = 0 


So tfoat x = 2 . 


This value makes both the-terms of the left-hand side of 
the oiven equation positive; that i c , left-hand side is fhi> sum 
of tyn nosit ivc anqles and as such Is positive •*hile r i g nt-hand 

TT 

side obviously denotes neciatfve angle (between - s-and'0)jij Ids 
tanoent Is nonet I've. Therefore, the qtvon equation ? not 
satisfied by x-= 2. . Wonco is no va iuo of ^x which strictly 

satisfy the eoua+ion. 
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3 . LEARNING, OUTCOMES ; 

a > Essential [earning outcomes for nil : 

The learneh should ho able to: 
t) Define Inverse Trfn'n nitric functions 

tl) Explain on^-one-onto function. 

Ill) Find principal valueof any Inverse Tr 1qohorfi atr ic functions* 

iv) Draw the nraph of an Inverse tr I or-nomei r Ic function. 

v) Recall all the properties of Inverse Trinonomotric functions 

vl) Prove the above properties 

vii) Solve problems based on the unit. 

b) Learning outcomes for the higher group : 

I) The Learner with Molior ability may bo able to solve tvpical 
Drnblems based on inverse Tr I qonomrtr ic functions.- 
it) He may. take. J ess 11 me in 50 Iv I no a prob I em . 

Ill) He can make a question u s I nr) the properties. 

4. TEACHING STRATEGIES: 

M ot Wat ion ; A teacher con v-'ry mc! I -levelop lesson making use of 
previous knowledge o* students. 

- A student is expected to know one-one onto function. 
Trigonometric rablos and some values of trigonometric ratjos. 

As explained In content, students can bo motivated follow- 
inn < steps systematically. 

1 

Common Errors : The teachor should explain the difference 

between sin ^x and (sin x) ^). Note that sin ^x is a notation 

and an angle and (sin x) * !.e. —- Is a number.We see that 

s 1 n x 

sin ' x 4 (sinx) ^ 

even though In notation 

2 2 3 3 

1 sin x - (sin x) , sin x = (sin x) 



Graphof Inverse Function 


A T oa c h o r should s n c o u r a q a t h o s t u d k p ' u ^ to <.! r m w n r ? p h s of 
standard functions 1 , 1 k© sin ^x, cr/s 4 ten \x otc . ^ver prescribed 
Interval 3 . The students should be asked t c verify tha + t lv> graph 
of v = s j n x and' y = sin" arjs- symmetrical about th^ line y *- x r 


Dv drawtno other Franks, students oav seo that qroohs of 
nil other tr inonomotr lei functions and their Inverses aro svrrmetr fca 
with each other at nu+ the 1 I n6 y = x- 

Students should also verify that Y he sane conclusloh holds 
for the nraphs of tan ^x, cos ^x, _>uc ^x, cosoc cot 

HInts/So Iu11 ons of Problem Exercise 15,1 -* the Toxt-bock. 

10, If cos ^ “ cos ^ ^ = ° then show that 

a — b 



Snuarlne hotp sides 


c 

a b 


- c o s 9 ) ^ =» 




n 9 - * ' 0 

x v 2xy a . , 2 a , x 

a 2 b 2 ab 3 2 

^y “ 2 ~~^' cosQ + ^y = 1 -cos 2 9 

7 ab h 2 

%-*r - —X. cos ft + X - = sin 2 6 



X 

a 


2 

*2 




L 


2 
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11. F1 rM the vaIue of 


^ 1 .-12x ‘ . 1 1* . -1 1 -v 

tanC -xr sin -7 + 7 C'*** —As- ] 

z 1+x Z 1+y 


1 

? 


-1 2x . 1 


-1 1 


L.H.S. = tanC 7? sin ' —A5- + ^ cos ' - ~^- 0 3 


1+x 


1+y' 


tan[ 2 tan 1 x + j 2. t^n^y] 


tanttan ^x + tan 1 yl 


= tanttan" 1 Y^x7 ] 


= 7-^— where xy ’ < 1 
1 -x y 1 


ADDITIONAL PROBLEM: 


J-. __Prove .that cos * 2'sin 

Solution: If x = cosft 9 = cos 1 x. 


o "1 / 1 +x 
2 cos / ■-— 


-r, - / 1 -x _ / 1 -cos R 

Thenv —^— = / — 1 —- 




2 s t n ' <?/ 
. 2 


. 9 

= sin 2“ 


• 9 - cm ” 171 

. . ^ sfn 


( -1i/l -S 


0 = 2 sin" 1 / 


, -1 or' 1 / 1 -X 

I.e. cos x = 2sfn v —^— 



359 t 


Similarly 


1 +:< 
2 


2+cos9 

n 


2 cns ? 6/7 
2 


= cos e/2 


cos e /2 =/ 


1 +x 


I i G l 


q, • „--i / llh. 

2 —' cos v 1 2 


n - -1 / I +X 

e =2 cos v — 2 ~ 


! “I 0 “1 / i+X 

|.G. cos x = 2 c o s Y —r— 


2 . 


-1 . . 2 t 


Show that tan t + tan 


i-t 2 


. -i st-t 

= tan-o , 

1 -‘St 


-1 


Lot + = tan9 so that e = tan t 


then - +an v - tan 29 or 29 = tan" 1 ““ 


1-tan 2 © 


T -t 


2 * 


3 tan© - tan 3 © 
Also tan 30 = - • - 


1 -3 tan 6 


39 = tan 


-1 31 -f 


1 - 3t 


Uow 9+29 =39 

i.e. +an 1 1 + 2 tan 


-1 2t 


= ta n 


-1 3t-t 5 


I -t 1-3f 

Write the followlnn function Hi-the -stro-piGst 


cq+ -1j. ✓TTsTn^x + /I -s i n_x -j 
/I + s ! n x - J 1 -s I n x ' - 


t > 0 
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1st Method: 

- r , — -- 

, -1„ /l +sIn x + /I -sin x „ 
co+ r ~— ■ - - - -— j 

Jl t si n x - yT-s in x 


/1 + s 1 n x + /T-Vi n x 
y+sin x + yT-sIrt x 


L -1 r (/TTsTfTx ) 2 + (/I -si n x) 2 t 2/1tsin x . /T-sTn x 

COT “ :r— ,-q.-r“ ““ " 1 ' " " J 

(/TtTiTTT 2 - C/l -s 1 n x ) 2 


s cot 


“1 [- 1 + sin xt 1-s'in x t- 2 jT+s i n ~x , ^1 -si n x -j 
Itsin x - i+sln x 


, -1, 2t2/(itsin xTTT-sTn x) 

= cot £ ---- 3 

2 s I n x 

t 


.-I- 2 (11/1 -s 1 n 2 x) 
cot L —■——— - I 

2 sin x 


= cot \ 


It cos X 1 
s I n x 



2 cos 2 x/2 

X X 

2 sin 2 • coi 2 


cot 


-1 


cos x/2 
sin x/2 


= cot"^ cot Tj- 

x_ 

= 2 

ALTERNATIVE METHOD : 

i-lr /itsin x + /l "Si n x 
cot C 1 1 ■ 1 - r - J 

/itsin x - /T^sTrT x 
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, - r\ * " f\ x - .t A>\*3*jiia f ^ -j 

■ r — --— & 3 *sr~ 7 r -0 sfl n*£- * 

- W" ^ --4 - », . - u —a^^A. - . * - • - ■ ■ 

cos ~ + sin ~ - co 5 J + s Irt V- 


nrt =■ 


-I - ^ 1 ! I 

■. -i"‘ *' T,\?' ■ 


:-it! r : ’ 5i 


( 1 


„ _ ; i, r . i > 4 - N j j, ? - j _ 

‘ V <r2-1 , 'H‘ 


< Y 1+sin x =,(c^ -~ + +, ain j V 


« i r 


' '• JiJ? ^ +!«.,. 

- - -- iiir *-*.-*-** “p,-;7 — 1 - ) - <W ^ 

' f " J * 


» *■ V "I "".li 'f J 

X \? 


I 'T 4 


hi * 1 <; 


X< 


* , < , ,CO? 5- 

'-"-si- cnrt*" '' ■■■ * ■ -= - =~~cryf- ~c rvt 

sin | 


x j _; _____ 

Z ' *• • ~ -{ ' “]r If, irt 

—- -*-•¥ W’«—~ 


4, 


If cos 1 X 


.-1 -BaooM f~ L+‘Vk*+u — 

+ cos y + COS V ahEtw*+MtM.J 


i ±; * 

'i 


y.rs. 


x + y + z* + rf> 253y£ = 1 * » t 


r x ■ 1 r' ,* 

, _ /" [ t 1 * *■* 


* t 


- 1 ' ™ r J 

Solution: L6+ Cos * 3 A f .CQS- )(,? P, cos ^ = C 


Then x- - cos A, v - 
1 . ' .1.-1. ._--1 



£ 

ftr *— 

■»—* u 'T Jfc * 


1 aflt 

X( “ 

p» 

CO s 


(*~t ^ 

7, Co 5 
,1 r t 

^ l f- 
; z 

, 1 

r 


t i*t t * . ! „ 


J ^ ^ ^ 

.0, COS x f cos y = TT - CCS £ 


? rj ’-“ ' ; 

y“""J #vr T -• 


l . e * cos ^ C xy 


.'V cos^x+ cos \y co 


co-s J 


s ^ C xy-/l -x ~* \ ~y Z 3 


«i 


1 . e. cos 1 [ xy- /l - x^ /l -y = tt** cos 2 

^ ^ ^ , % ' ■' , ; ^ ^ J ^ 

C x y-/l -x ^ . '/l -y 2 - r - r 


on s 


- , •- 1 f ' 

~r? r -ft -I / . x 

'-Ml ' 

r -1 


I . - 


/, xy-/l -x 2 ./1 -x^ r= cos -- 

r, ' Jw V ^ -*1 - ^ 

(xy+z)^ =C J 1 -j?7^^ T? - r 


**• x 2 +y 2 +z Z + 2xv =L 1 


'* 1 



is 362 :s 


A LTER MAT IV F M FT HOD : 

2 "> 2 ■ 

The Identity cos A + co? P f + 2 cos A cos B cos C 

* 

holds when Atptc = tt . 

The teacher 'may ask tn« studcn-f prove this Identity 

I 

and use It in solvlnq the olven problein. 


5. ALTERNATIVE METHOD FOR THE WORKED OUT FXAMPLF IN 15.7. 

PAGE 297 OF, TFT WOK: 

Fxamp I e ; Show that 


t.n-’t ^-x 2 


/l +x z - •/1 ~x' 


t ir . 1 -12 

V A + 2 cr ‘ S * 


m r a-*TP* % 


Sol u11 on: 


L,. H. S. ■ ,tan * (C 


/1 tx t /l -x 11 
/l +x 2 - /l -x ‘ 


3* C 


/i tx <- + y i -x 
/1+x 2 t /l-X^ 


]) 


_ -Ir 1+X 2 +1 -X 2 t 2/1 -X 4 
• tn n f, L --- rs; - 

1tx“ - l+x'' 


r' > . 


l i 


= fan C 

i \ 


-1 r ’21+2/ 1i-X , 


3 ' = fan 


, , ,-1 1 +/1 -X 


2x ‘ 


’ '2 ' > | . 

Let"-x-- = -s-I ft-G*. --T-hert -- 


1 1 0 I 


' J , u 


L.H,S. = fan 


-1 1 tc o s,6 

sin© 


- 2 , 


= .£•:* juasj ta 


u * ! - si. 


2 sin j cos — 


, -1 cos 6/2 

- fan ■ I wtBi r r 


et rf’O/2 
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-i ft 

ta n cot 

tan ^ C ta n C ?y- - ,j- } 3 


Tt_ ft ■ • ** 

:25 “ 21 • 

2L 1 -1 2 

:2 " 5 fe 1 ° x 

,?p - jC 5* “ cos -^x^] 


TT TT 1 -12 

2 ' t -v + r^" cos x 


IT 1 -1 2 

T- + CO £ X 


= R.F.S 


.5.. 
(a ) 

1 . 
2 . 

3 . 


CHAPTER TFSf 
Oral Test 

w hnt Is the mean I no of Principal va h.s ' 


-I 


If slnft = x , then what Is the value of sin x ? 
l ‘’hat Is the difference bci-wcrn sin * v ^ nd Csin 
If slnft = x, what will be the value of ccsec ' 


5. Give the values of 

a) s I n ( s I r. ^ 9 ) 
h) cos(cos~^9) 
c) tanttan"^ ») 


6. w hat ar& the Principal value of 

a ) sln"^ 


h) - cos ^ 
c) tan ^ 1 . 
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(b) 

'•’rltten T-ost 

1 . 

Prove 

-i- 

\ 

that cot 

2. 

Use tnn(6+4>) * 


ta n 1 x 

: + ta n ^ 

i 

3. 

U s 1 no/ 

1 

ers 30 = 


3 cos’ 

■1 

X = cos 

4. 

Prov c 

that 


tan? 1 

1 + tan 

5. 

Show that 


ta n ^ 

IT) . “ 

-ta n 

n 

6. 

Show that 


x 


H. 

4 * 


1 -+:*• n9 tg n <t> 


“1 / /i..3 


r' ( > 


2L 

:2S 1 


TT 


-1 / a -x 
cos / —- 

/ a-h 


= sin 


i' 1 n \ _ 

m+n ' = f , 


-1 /x - b 


/ x-b .-1 / a-x 

a - b /x-b 


7. If cos 1 ~ + cos ^ then prove that 


8. 


co s 


2 

m + J -sy = s 1 n m . 


x 2 , 2x y 
2 a K 

a b 

Solve the equations: 

“1 — t t** 

cot ' x t tan 3 = —■ (Ans: x =5) 


q -1 x-I 1 , . -1 x+1 it .. 

9. ton jrj-t tan 


, ± > 


10 . 


ix j. -1 x/3 „ ' L -1 , 2x-k , 

f * t?,n and 6 = +fin ( fo7T“ } * 


prove that one of <b-6 Is 30°. 


for 



! T 

1. 

:Z. 

3. 


5. 

6 . 
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irH'M EXRniST: 


i I ' 

Find the Pr Inc Inal value of c^ch of the fc.llowtnq: 

A ns (a ) ~ ~ ' 

3tt - ' 


(a ) sin (- ) 


(h) sec 1 (-^ 2 ) 


(b> 


F i pci the value of 

(a ) cos(sin 1 j- + cos 1 7 ) 


An s• (a) 0 


(b) sec^ (tan ^2) + cosoc^Ccrt 3) (b) 15 


Prove 'that 

(a) 2 tan " 1 j t tan " 1 j 


2L 

r 


0 , -11,. -11 , -1 , 31 v 

(b) 2 t«n ^ + tan j- = t^n ( jj > 

(c) tan 1 1 t 1 an 1 2 + tan 1 3 = it 


-13 -11 

(d ) tan ( jr ) =2 tan 


= ? (ton 1 1 - + tan 1 ■ 


ta n 


-1 1 


Solve the eountions: 

. , .-15, -1 12 

(a) sin — + s 1 n — 

x x 2 


(b) tan 1 2x + tan 1 3x = ~ 


Ans: (a) x = 13 
(h) x = 1 


Solve the equation: 


-lx -lx -1. -1 

sec — - sec — = sec b -sec a. 
a b 


Ans: x = a b 


4 

If sec© - cosec© = j- , 
show that S = i sin 1 ^ 


O'! 
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CHAPTER 16 


3BE3Q1-.C'* 

1 . IHTROgJCTim 

The origin of the word "Statistics" ray ho traced to the 
corpilation by governments, since very early tines, of a record 
of population and wealth to holp in formulation of policies. 

Since the compilation work was carried out by the government 
(or, tho state) the tarr "Statistics 11 was used to describe the 
results of that activity, the word "Statistics" being derived 
from tho Latin word for the State. 

In India too, statistical records are known to have been in 
existences more than 2000 years ago during the reign of Chandragupta 
Ifaurya ( j^4-300 B.C). Kautilya‘s Arthihashtra talks of statistics 
of births and deaths. Thera is a rant-on of iaintenan.ee of 
staoiatical records for administrative purposes in Ain-^fikbari 
(1556-1605 A. D.) 

Over a long period of tine tho area of maintenance of numerical 
records has gradually extended to cover ■very different types of 
data. Thus we have trade statistics, labour statistics, health 
statistics, educational statistics, etc. The methodology of 
statistical analysis too has undergone a big change with tho 
development of its theoretical base. 1 

Tho theoretical foundations of the modem, science of statistic 
were laid by H.A.Fishor. In India, th^ development of statistical 1 ' 

i 

knowledge and its utilisation in. planning ovfos a great deal to the 
two pioneers ; P.0. Mahalanobis and P.V. Sukhatne. * 
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The use of statistics iB no longer confined to the collection 
and compilation of data. statist"5 r=- -°->.nds it*application 

in such diverse fields as the control over the quality of 
industrial production, the diagnosis of diseases in medicine, the 
selection of proper seeds and fertilisers to improve agricultural 
production, the developr ent of marketing strategies in commercial 
activities, and oven in the prodiction of election results ! 

This chapter in the first exposure of the student to 
statistics as a vary useful and significant component of applied 
mathematics, is such, it has no direct relation to the preceding 
succeeding chapters of the hook. Tho coverage is confined to a 
study of frequency tab] es as an important Tool in presenting raw 
data in a form which makes it easier to grasp its salient points, 
and to the use of roasurus of location and dispersion as summaries 
the information contained m the data on quantitative variables. 

A number of technical ter. s havo been introduced during the 
course of the discussion. These are : family budget survey, cost 
of living index, ago-distribution, scat-ratio, age-specific death 
rates. Brief description, or definition, has been given for each 
of then. Mention has also been made of a number of agencies 
(Census Organisation, National Sample Survey, Ministry of labour) 
which are engaged in tho collection of statistical information. 
These can be used not only to increase the general knowledge of 
the student but also t© make him aware that the use of statistics 
occupies an important place in the management of the country's 
affairs. 



The contents of this chapter have beon developed with 
a view to clarifying why we do certain things instead of • 
nerely describing what we do. The computations that are to 
be made are not to be regarded as mere arithmetic exercises 
but as being done with the purpose of drawing solo conclusions. 
The essence of learning statistics at this level is to-develop 
tho ability to rake an intelligent use of numerical data. These 
considerations ray be kept in Lind while teaching the Late rial 
of this chapter. 
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2. CONTENT MAliYSIS 

In this section the number of eacli sub-section is in 

4 

accordance with the text book* 

16.1 : Raw Data 

This section introduces the student to the fact that 
statistics deals with information given in^foim. It described 
that such information is collected by different methods (census, 
survey, routine recording) and has to be processed to make it 
intelligible. 

Mention has beon rade of solo agencies engaged in the 
collection of data. Besides a number of technical teims (family 
budget survey, cost of living index, age-distribution, sex ratio, 
age-specific death rates) have been introduced. This Increases-- - 
the student T s general knowledge and rakes tun aware of the 
diversity of areas where statistics is used. 

An. additional idea, usually not mentioned, is that of 
scrutinising all numerical data, so that, a student becomes as 
adept in dealing with the language of numbers as he is with ordinary 
language. The need for scrutinising all numerical data is 
established by means of two examples where the information as 
printed had errors. 

16.2 : Variables of Observation! 

The tem 'Variable of observation" is new and has been 
used to draw attention to the fact that what we deal with is not 
just some abstract variable but is a result of some actual process 
of observation. 
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’’he distinction between 1 a variable end its values is made, 
as also "between "nossible values" and "observed values"# 

•) 6 . 3 ; Qualitative and Quantitative variables 

, The distinction between qualitative and quantitative 
variables is based on the nature of their values. Examples’ 
illustrate the difference. 

16.4 ; Units of Observation 

This concept is new, in that it is not usually stated 
explicitly but rather left to one's own way of understanding it. 
It is not to be confused with unit of measijromont , 

Sections 16.2, 16-3 and 16.4 constitute one continuous 
chain of ideas which form the basis of understanding the treat¬ 
ment cf frequency distributions. 

16 ,?! Frequency Tables 

This section deals -vith the fo—owing i?ain ideas: 

i) The utility of the frequency table as a means of suitably 
presenting raw data. 

ii) The structure of a frequency table in terms of given units 
of observation and a given variable of observation. 

iii^ The equivalence of tho terms frequenev ■* able and frequency 
distribution. 

A novel idea is a discussion of the manner in which the 
classes of a frequency table are described by +>>e values of a 
continuous variable. The tw^ examples court f ~u show that an 
analysis of the method of recording the observations, or of the 
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way classes are described iupy make it clear that the classes 
are properly defined even if they do not appear to be so* 

The problem of how to determine the vyidth of an inter val, 
in case of frequency babies involving a continuous variable, has 
not been discussed. It may be taken up by the teacher if time 
is available, or interest is shown by the student. 

16 . 6 ; Construction of Frequency fables from Raw Data 

This section describes the use of the well known method of 
tally marks in construction of frequency tables from raw data. 

16 . 2} Relative Frog.uoncy fable 

This section defines relative frequency and the relative 
frequency table resulting from it. 

The usefulness of a relative frequency table in. 

i) understanding and assimilating the information contained 
m a frequency table. 

ii) comparing two froy,uancy distributions, is brought out 
through a discussion of some examples. What is thereby 
emphasised is that the relative frequency distribution is 
an important tool In understanding and analysis of 
numerical information. 

16,8 ? Graphical Presentation of Frequency Distributions 

The Section deals virith the methods of construction of 
bar diagrams and pie diagrams. 
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The importance of these i othods -.as been brought out 
through examples. Attention has been drawn to the fact that 
the sane "bar diagram can be used to represent a frequency 
distribution with actual frequencies or with relative frequencies. 

In case of comparison of two frequency distributions the usefulness 
of graphical presentation through bar diagrams using relative 
frequencies has been brought out. 

16 ,9; Measures of Location and Dispersion 

This section only draws attention to the fact that these 
measures are relevant only m case of frequency distributions based 
on values of a quantitative variable, and that they are really meant 
to provide some sort of a summary of the information contained in 
a frequency table. 

16 . IQ ; Measures of Location 

(a) The ArithLetic Mean 

This section gives the basic definition of the arithmetic 
mean and describes how, from this definition, the Lean can be 
considered to be a central value. 

The section also describes the methods of calculating, or 
approximating, the value of the mean from frequency tableB. 

The section has some exercises which illustrate the 
behaviour of the mean ' under linear transformations. 

(b) The Median 

' l 

This section defines the redian in a now manner. When this : 
definition is applied to different situations, where the total 
number of observations is odd cr oven, we get the usual rules for 


-■U J-4 


in aucli cases 
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The new definition of tho median maizes the determination 
of tho median unambiguous. 


The section also describes the methods of obtaining the 
median, exact or approximate as the case may be, from frequency- 
tables. 

The section also describes in what sense is the median to 
be regarded as acantral value. 

16.11 : The introduction to this section trios to describe the 
idea of dispersion (or scatter) of a number of values of a 
quantitative variable of observation about a fixed value. 
Sub-section (a) is devoted to variance and standard deviation; 
and (b) to the study of r ean deviation. 

(a) Variance and standard deviation 

The presentation follows a - othod different from the usual 
method. It builds up the definition of the variance step by 
step by starting with the individual deviations Xj_ - x and then 
combining then^into a single number measuring the dispersion. 


The section also emphasises that the calculation of the 

_ _p 

variance should he done by using the identity *£.(x. -x) = 


__-- £ / JL . ^ 

^r^i ” ^ -i'’ • The usa of the right hand side of this 

identity is to be preferred as it reduces the amount of 
computation and the chances of making errors. 


The use of linear transformation of the values to reduce 
the amount of calculations is also described. 



The definition of the mean deviation about the nedian is 
given and there is a discussion why it could also he considered 
to be a neasure of dispersion. 

A sir .pier method of calculating the nean deviation about 
the nedian is given which is applicable where the indi vidual 
observations are known. 

The idea of using a neasure of location along with a suitable 
reasure of dispersion is mentioned. 



LB-ARNING QtJTOQIVES 


(a) Essential learning outcomes for all 

(i) To become "nur orate", that is to say, to becone 
able to read, scrutinise, and understand inforn- 
ation presented in numerical foum, and to realise 
the need for processing of raw data. 

ii) To learn the basic structure of a frequency table 
in terns of variables of observation and units of 
observations, and to construct frequency tables 
froL, raw data. 

iii) To extract useful information fron frequency 

tables and to compare two frequency distributions 
with the help of relative frequencies. 

iv) To acquire skills in the calculation of the nean, 
median, variance, standard deviation, and nean 
deviation, and understand the utility of these 
re as urea of location and dispersion as sunnaries 
of the information contained in frequency tables, 
or raw data, based on quantitative variables. 

(b) Learning outcones for the higher groups 

i) To appreciate the usefulness and relevance of 

statistical data and analysis in widely differing 
fields» 

ii) To develop the faculty of quantitative reasoning. 
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4. TEACHING STRATEGIES 

16.1 RAW DATA 

This section is intehded to introduce the student to the 
concept of* statistics as naming use of information provided in 
numerical fort:. Sore examples are "briefly given in the first paragrs 
gnri ray he suppl'enented hy other examples by the teacher. 

The basic idea to he grasped here is that all numerical 
information that corns to us has first bean collected. What is 
collected is our raw data hut what is presented is something 
different. Unless the raw data is suitably presented it. cannot 
he made "use of, specially if the sdzo of tho raw data is large. 

The oxanple of the Census data (Table 16.1) was specially 
selected to drive hone tho fact that raw data nay be unmanageable 
and un-'i-L-telligible unless it is suitably processed and presented 
in a different form. 

Once we have the raw data in a suitably presented fcic ws 
have to learn how to r alee use of it.’ Eor example, Table -J6.1, at 
first glance is only a set of numbers classified under different 
headings. "But what is the infonaa +H on being conveyed by it ? 

We get an idea of information can be extracted from the table, 
fron the calculations described on page 303. The process is similar 
to what happens when we read a text written in ordinary language. 

The hidden r eaning is grasped only after a lot of thinking' over 
the text and after comparing and cross-checking it with previously ; 
known facts. In the sane way here too information is to be extracts 
by the mind from tho numerical data, and hence, the mind, muar ' 
be trained to read and understand the language of numbers. Just 
as we use the tern ’’literate" to denote a person who is able to 
read and understand a text written in ordinary language, we may 
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use the teax "nur.©rate" to denote a person who is able to read 
and understand the language of aembers. 

The examples and suggested exercises given on page 303 
showing how further information can be extracted from Table 16 . 1 , 
can be supplemented by fuorther exercises. Por example, w© ray 
compare the percentage of rural to total population in different 
aga-groups, we ray compare the age-distributions of males and 
females in the rural areas or, the age-distribution of males in 
rural and urban areas, etc. The students could even be asked to 
extract whatever additional information they can think of* 

The next point which has been stressed is that all data, in 
the foro it has beon presented, must bo scrutinised for discrepancies 
and efrors, and efforts made to remove them whenever possible. 

In the census table three of the figures w..re obviously wrong. The 
student should be encouraged to understand the method of 
detection which was possibly used. The best thing would be to 
replace the corrected figures by the original figures (reporduced 
at the foot of the table) and then ask the Btudents to see why 
these original figures w<ype found to be incorrect ? If the 
student is able to find out, he wouyld olao bo able to carry out 
the corrections. The thing to note is that the entries in 
Table 16 * 1 are being totalled in different ways. Inside each 
age-group, and for "all-ages 11 also, the first row and column are 
formed by the totals of the entries in the other rows and eolurmuiS. 
.Again, the entries in the **ell-ages" section are the totals of 
the corresponding entries in the sub-sections. Por example, for 
the column "Male" we have 



• : 379 si 


47,016,421 = 13,724,165 + 6,061,626 + .+ 3,723 

The entry 270,828** in the I’enale Colurn on page 302 was 
printed as 270,823 in the original census publication. If we 
take that value then the total of rural and urban values in that 
column is 1,916,479 + 270,823 = 2,187,302 and not 2,187,307,’ in¬ 
dicating the presence of an error. By cross checking against all 
other sub-totals one cones to the conclusion that the value should 
be 270 , 828 . The other two errors were also corrected in the 
sane manner. It is interesting to note that some more errors 
have crept in, which are not in the original census table*. These 
are to be corrected as follows: 

1) The total population of all ages is printed as 88,311,144 but 

should be 883 341,144. 

> 

2) In the 30-34 age group the total number of feciales should 
bo 2,897,439 and the nu-b-j- of urban females should be 
354,534. 

3) In the 45-49 age group the total number of males should be 
1,984,626. 

4) In the 50-54 age group the total.rural population should be 
3,1414,675. . 

5) In the 70+ ago group the total urban population should ak 
he 237,435. 

Similarly, in Table 16.2, the error which has been pointed 
out in the text should be brought to the notice of the students 
and they should be encouraged to guess why that figure has been 
declared to be wrong. The answer is from the theory of average 




380 


and ratios. If tho percentage of boys in one class-room is 
P^ and Pg, then the percent age p of boys taking the students of 
both the class rooms together must have a value between p and p 2< 
Algebraically the result ie« 


TJ* & y C I T- „ 81 J BrH 0 S C 

If F * h311 F *• EwT 


This can be proved in rany ways. Quo proof is given belows 
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If the students are not familiar with this thojjjcan b© asked 
to prove it as an exercise. Now, Table 16.2 gives for each 
age-group the ratio of rale deaths to male population, ratio of 
female deaths to female p^ocLL^ti'-u and the ratio of total deaths 
to total population. Hence, tho values entered in the "Both" 
column should lie between thu values in "Males" and "Females" column. 
Except for the value indicatocL, all other values satisfy this 
condition. That is why the error was spotted. However, in this 
case, the error cannot bcorrected unless one knows the number 
of nales and females in the aged-group 40-44. Note that even 
%£ one did not know anything about how death rates are calculated, 
and particularly that they are ratios, one could still see 
that except for the 40-44 age group the values in the "Both" 
column lie betwoon those in the "Moles" and "Penalos" column. 

This would set one thirjgking to see if this was really unused and 
could this be an error. In fact, the students could first be 
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asked to see why the value narked with ah asterisk suggests 
that there is an. error. spot that it does not 

follow the regular pattern -then they can he asked to find out 
if they can definitely say that it is an error and finally asked 
if it is possible to correct it and if not, what additional 
i nf ormation is needed to make the correction. In nany cases, 
a scrutiny of any nur.erical data can reveal'! some things «. 
falling outside a general pattern and those have always to he 
looked into to see if they were due to errors of recording, 
printing or calculating. The ability to spot any such "abnor¬ 
malities” in the data is an essential part of the training in 
using statistical data and analysis. 

The students should be encouraged to think of the reasons 
that could explain why the death-rates in the different age- 
groups are different for males and fscales, and-why the death- 
rate is so high (for both - .1^- ' f vCciio_) in the 1-4 age- 

group. The possible reasons are: 

(i) A largo number of deaths take place in the 1-4 age-group 
because of lack of proper maternity anc! early child-mare 
services in rural areas. 

ii) Itor the same roason death -rate for women in the age-groups 
15-19, 20-24, 25-29, 30-34 is high, as women in these 

qge-groups run the risk of death during child-birth. 

iii) Depth-rate in age-groups 1-4, 5-9 is higher for women 
possibly because female chilorcn receive less care and 
attention as compared to role children. 
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iv) Death-rate for males is more* as compared 

fco f email on in. the higher age'— groups because 
the males are subject to greater stress, 

1 6 .2 Variables of Observation 

This section introduces the idea of a variable of observation. 
Notice that we are talking of a variable of observation and not 
just a variable. The idea is that in our raw data, whatever it 
may be, every single entry reports an observation that has been 
made. The raw data is a result of some observation dprocess; 
tile measurement of an area, finding out the religion of an individual 
ihe noting of a birth or a death, etc. Before the raw data is 
collected, the variable, or variables, about which observations are 
to be obtained have to be decided upon, as also the manner in which 
the process of obtaining 1 the observation and recording the result 
is carried out. In each case ws are thus concerned with a specific 
variable that was observe’ anu ._.-t with the general notion of a 
variable as in mathematics. 

The distinction between the variable of observation and its 
values is very important and should be clearly established in 
the mind of the student. For, the fcwo are normally confused and 
one does come across statements where male and female, or Hindu, 
Christian, etc., are stated to be different variables. 

The distinction is more or less like that between a function 
and its value in mathematics. There, the distinction between sin 
as one of the trignometric functions and sin x as the value of 
that function for an angle of magnitude x is clear. So much so 

that we often use the same notation sin x for both. 

k 
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It would be "better to ask the student to try to locate 
what were the variable or *' -tri ablof observation in any 
example that he comes across either in the text or in the 
discussion- in the class room. He should be encouraged to make 
this a habit. This is essential because the numbers or numerical 
results that one deals with in statistics are nob just abstract 
numbers, nor are the operations we perform in statistics 
merely arithmetical operations. Wo are concerned with actual . 
situations. When we have data on heights we are not just looking 
at some numbers as length measurements. But every height recorded 
in the raw data is the height of some individual identified as 
a member of some distinct group. 

Each variable is really completely known b^the set of its 
possible values - some, or all of these values will enter in the 
recorded raw data. Thus, the possible values of the age variable 
may bo numbers 0, 1, 2,» . ». . . if we are recording rthe age in 

completed years, or in completod months or weeks. When we observe 
a particular group of individuals all these numbers will not 
appear in the raw data b’^t only some of them. Bor example, if 
one records the ages of the students in the class, only those 
numbers will appear in the raw data which correspond to the 
agos of tho students in the class. Hence, the distinction 
between possible values of a variable and itB recorded values. 

The idea of a variable of observation is connected with that 
of a unit of observation discussed in Section 16.4. The two ideas 
go together and can only bo fully understood in terms of each 


other. 
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16.3 Qualitative and flu anti batiye ygrlabloB 

The Variables are diMu-d i^Lo differwat types according 
to the nature of thoir values. We have only considered two 

broad types horo, qualitative and quantitative. Tho important 

consideration hero is that what is really relevant is the 

t 

nature of tho values and not tho way they are recorded and 
this difference has to be clearly explained to the student. 

With modem methods of analysis and specially with the increasing 
use of computers many qualitative variables are coded as 
numbers but that does not make such variables quantitative 
variables. 

The students should be encouraged to think of variables 
themselves and to classify them as qualitative or quantitative. 
Since the distinction can b; madv only by tho description of the 
values of the variable one sees the importance of alwayB thinking 
of a variable in terms of its values as emphasised in Section 
16.2. 


The distnetion between these two types of variables is also 
important because, as appears later in the text, some methods 
of r .' analysis can bj used with only one of the two types of 
variables. 
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16.4 Units of Observation 

As v?e have mentioned earlier, the raw data talks of some 
quality (sex, religion, political parts, place of residence, etc.) 
or some magnitude (height, weight, salary, area, etc.) i.o. 
represents the values of the variable of observation, and each 
of these values results from some observation beiog made - a plot 
of land is measured, an individual's relgion is noted, etc. 

Thus every recorded value of a variable is attached to a source 
from where this value comes. It is this source which has been 
called the unit of observation. Thus, if the raw-data consists 
of a number of recorded values of a variable there will be as 
many units of observation from where these values have been obtained. 
While looking at any data those two aspects, the variable of 

i 

observation and the unit of observation, have to be clearly under¬ 
stood. Only then it will be possible to properly analyse the 
data and interpret the infuii-rJ'ion obtain.^ from it. 

The unit of observation is not to bo confused with the unit 
of measurement. The latter is used to describe the scale of 
measurement of a quantitative variable. It only tells us whether 
the height will be recorded m cm^ or mas, the weight in grams 
ofkilogms., etc. 
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1C. 5 Frequency Tables 

One should bogm by naming the* studonU,, assimilate the 
form in which a frequency table occurs by using the two examples 
in the text In both wo have m one column (the first) a 
grouping of tho value? of a variable into different classes and 
in another column tli u frequency of each class of this group in g - 
The students must be asked to "read" these two frequency tables. 

In tho first table - Table 16.3 - suing only columns 2 and 3 wo 
"road" that 7116591 farmers cwn 0 d land which was less than 0.5 
hoc taros in area, 298 E 638 farmers had land with area between 0.5 
hactaros and 1 hectare, ..... and so on fill the last row saying 
that 1406 farmers owned land which was more than 50 hectares. In 
this example, the first column (i.o. Col. 2 ) refers to the valuo 
of a quantitative variable of observation - the area - with 
the hectare being tho unit of measurement, and the second column 
(i.e. Col.3) refers to the units of observation - the farmers - 
from whom tho values of tho variable of observation were obtained. 
The same is the case with Table 16.4 where the first column 
refers to the variable of observation -the age - with the year 
being the unit of measurement, and the second column refers to 
the units of obsorvatioxi - the inhabitants of Uttar Pradesh. 

Table 16.3 - where the title is given as it was in tho 
Census Tables" - could have been called (restricting ourselves 
to column 2 & 3 only) the frequency table (or frequency 
distribution) of land-holding by area* (or. of farmers by aroa 
of land held). Similarly, Table 16.4 is called frequency table 
of inhabitants of Uttar Pradesh by ago. Svo could also have 
called it a frequency distribution instead, of a frequency table. 



The important thing to note and understand here is that the 
title itself, if properly wn htan, describes how the table was 
constructed. In every frequency table it is the total frequency 
which is distributed into various classes. In other words the 
units of observation are being assigned to different classes. 

The classes are defined in terms of the values of the variable. 

In every frequency table that the student comes across 
he should first clearly identify the unit of observation and 
the variable of observation and then only proceed further. 

The utility of a frequency table should be brought out by 
giving exercises to the student to extract information from it. 
The exercises will highlight the fact that the information thus • 
extracted from the table could not be obtained by looking at the 
raw data and if calculated from the raw data it would have taken 
a lot of time and effort. With a frequency table some of these 
conclusions can be drawn by carefully looking at the table, some 
by doing some quick calculations. The table presents the raw 
data in a form in which further calculations can be quickly done 
and a number of questions answered. That precisely iB its 
utility. 

As a simple example, I can easily obtain the percentage of 
the population below 30 years of age from the Census table. It 
would not have beon possible to get it easily from the raw data. 
However, I can not easily get the percentage of the population 
with age less than 33 years duo to the manner in which the values 
of tho age variable have been grouped into classes in the 
frequency table. This problem should be posed before the 
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students and they should he asked to suggest a solution. The 
better students would perhaps he able to suggest the solution 
as one of approximating the percentage from grouped data after; 
they have studied the methods of calculating the mean and median 
from grouped data* The teacher should recall this problem to the 
students after they have completed the study of calculation of 
mean and median from grouped data and see if they oan now suggest 
g gglution, The teacher should provide the solution only after 
this stage and not earlier. 

The method of constructing a frequency table lias two stages 
At first the possible values of the variable are grouped into 
classes. The first idea to bring out is that a class may be 
defined by a single value of* a number of values. The two examples 
in the text have more than one value in a class. The teacher 
should present an example of a frequency distribution where each 
class is defined by a single value. The students should also be 
given the following example from the results of the last general 
election presented in the newspapers. 

FINAL I OK SABKA ELECTION SPORE CARD 


Parties 

No. of 

Congress 

191 

janta Dal 

141 

UK 

- 

Telegu Desam 

2 

BJP 

86 

CPM 

32 

CPI 

12 

I & 0* 

59 


Total 523 


•^Independents and Others 

(Source: limes of India, New Delhi, December 1, 1989) 
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This is also a frequency table where the unit of observation 
is the individual declared by !'► „ Slection Commission to have 
"been elected to the Lok Sabha, and the variable of observation is 
the party on whose ticket he has been elected. The students 
may be asked to note that all the classes except the last are 
defined by a single value of thi variable of observation, but 
the last one consists of more than one value. Thus, in the" 
saice table wo can havo some classes defined by a single value and 
some others by more than ono value of the variable of observation. 
Such a situation usually occurs in frequency tables depending 
on qualitative variables whore tho more important classes aro 
defined l-hrough single valh.s and the remaining values are 
clubbed together in the class called "others”. For example, 
when we havo a frequency table of individuals by religion a wo 
may find the classus define:, as Hindu, Muslim, Sikh, Christian, 
Others. Our choice of the manner of defining our classes depends 
on wha't' important idea wo want lo convey, for example, the 
above table of election results could also havo been presented as 


Parties 

Congress 

National Front 

BJP 

CPM 

CPI 

I & 0 


No. of Suats 
191 
143 
86 
32 
12 
59 


TOTAL 


523 
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Herd wo have created another class called "National Front" 
defined by more than on„ value of the var -1 abl ,, by considering 
Janta Dal, DKKand Tologu Desait MP's as belonging to this class. 

The second point to be highlighted is that the classes into 
which the values of the variable of observation have been grouped 
constitute whafc ray be called as '’mutually exclusive and exhaustive 
system of classes" This idea has been described in the third 
paragraph on page 308 Tho idea is easy to grasp but problems 
arise when 0110 is dealing with quantitative variables which are 
continuous . How docs one describe the classes in such cases. 

Tables 16,3 and i6 »4 illustrate the difficulty. In the first 
some values occur in more than one class and in the second some 
values do not occur at all. In both casus wo have explained to 
the student how to interpret the moaning of tho classes so that 
they a,ro seen to havu boon proi)orly constituted. In both the 
tables the class a-b is understood to mean values equal to or 
more than a and loss 1 han b. This interpret at ion is acceptable 
because of the way tho fable on land area has been presented with 
tho beginning class described as "below 0 . 5 " and the last one as 
"50.0 and above", and because of our knowledge about the manner 
in which age is usually recorded,, But there are other types of 
cases also. For example, the life insurance companies want the 
ago to bo recorded as "age nearest birth day". 

In this case too the recorded raw data will show tho age in 
whole numbers But now the class (or ago-group) 10-14 will not 
represent "ago 10 or more but less uha*h 15 " as in tho census 
example. Under the new systen of recording the obporvataon on the 
age-variable, any person whoso age is 9 i' years or more but loss than 
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10^ years will bo shown as Having ago ot±uai to 10 years. So that 
the age-group 10-14 now represents ag~s of 9k years or more but 
less than 14^ years. Our frequency table may still show the classes 
a s in the census example (Table l6„4) but the classes will not 
stand for the same set of values as earlier. The ago-group 10-14 
will thus stand for ^age 10 years or more but less than 15" if 
age is recorded in completed years, hut will stand for "age 9^ 
years or more but less than I4l years" if age is recorded as age 
nearest birthday. 

Notice that the classes in Table 16.4 could also have been 

shown as 0-10, 10-15, 15-20,-65-70, 70- , with 

the' clear understanding that in every group the right hand limit 
was to be excluded. So that the group 15-20 stands for "age 15 
years or more but loss than 20 years". But if age is recorded 
as "age nearest birthday M then the classes can bo shown as 0-9, 

10-14, 15-19.-***- » but not as 3-i0, 10-15, 15-20—-- 

In the second representation the class 10-15 would stand for 9^ 
drears or more but less than 15§ years, and the class 15-20 would 
stand for 14a - yoars or more and less than 15'^ years would be 
common to the classes 10-15 and 15-20. If in this case wo want 
to represent the classes without gaps wo will write 0-9, 10-14, 15-1' 

........ as 0-9,5, 9.5-14.5, 14.5-19-5, ..• with the 

convention that the right hand side is to be excluded so that 
9-5-14.5 stands for ago 9-5 years or more but loss than 14.5 years. 

As you may have noticed the problem arises only when we are 
dealing with continuous variables. Sue]?, variables can conceivably 
take any- value between two given values. As against its discrete 
variables have values which can be labelled as 1st, 2nd, 3rd, 
so that for any value one can indicate what the next value will be, 
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eoraothing which, is impossible fco do in tho case of continuous 
variables Yel , at tho tiro qf observation every continuous 
Variable becomes a discrete variable duo to the limit of accuracy 
of measurement? length is a continuous variable but if we measure 4 
it upto centimeters, rounding off tho fractional part, our 
observations yield discrete values. If wo measure it upto milli¬ 
metres. i.e , upto one decimal point in centimetres, gggi n the 
observations yield discrete values. No matter upto what b-igb 
level of accuracy wo make the measurement some fractional part 
will still have to be rounded off. It is in this sense that 
we way that every continuous variable becomes a discrete variable 
at the time of making observations* on it. 

It is becaus 3 of this that certain authors make a distinction 
"between class-marks and class-limit in the case of continuous 
quantitative variables Tit vo need not go into it at this stage. 
It is enough if the student is able io verify that the classes in 
a frequency table have been properly defined. 


1 6 . 6 Construction of Proquoncy Tables from Raw Data 

The last stage in the construction of frequency tables is 
the use of tally marks. The students must understand that this 
is a procedure for making tho frequency table conveniently and 
with less chances of error. I have noticed that many a time tho 
students show the tally marks in their exercise hooks but have 
not used them properly. They first count from the raw data tho 
number of units of observation falling in a particular class 
and then put the requisite number of tally marks m their answer 
sheet. The answer looks all right hut the procedure is totally 


wrong. The* vers 7 purpose of using tally narks is lost. It must 
he emphasised that we put tl: j t-\lly marks ono by one as we read 
through the values of tho variable of observation. It would be 
a good idea to let tho student make a frequency table by counting 
from the raw data and by the use of tally marks in the proper 
manner. If the raw data has, say, 100 observations tho student 
would see easily why the method of tally narks is to be prof errod. 

There is one problem regarding making of frequency tables 
from raw data which we have not touched upon. That is, in case 
of quantitative variables, how does one determine tho width of 
the intervals which from the classes into which the values of 
the variable are divided^fihould the intervals be of equal or 
unequal size ? Should they be of small width or largo width ? 

It is not possible to go into tho details of this question at 
this stage. It would be sufficient at this stage to highlight 
the following aspects. As far as possible, one tries to have 
intervals of equal width but there is nothing wrong in having 
unequal width intervals. In fact in some cases one deliberately 
chooses intervals of unequal width. As an example of a frequency 
table where unequal class intervals have been chosen the student‘s 
attention should be drawn to Table 16 . 3 . Here the first two 
class intervals are 0.5 hectares in width, tbhe next four are of 
1 hectare width followed by one interval of 5 hectare width 
and four of i0 hectare width, and the last interval is what 
we call M open ended” that is an interval whose width is indeter¬ 
minate. If we had kept all intervals of 10 hectare width, 
keeping the last one open ended our frequency distribution would 
be as follows! 




Bel ow 1 0. 0 
10,0 - 20.0 
20.0 - 30,0 
30.0 - 40.0 
40.0 50.C 

50.0 and above 

O’OT A! 


15046791 

99.26 

94727 

9.62 

11752 

0.08 

3198 

0.02 

1058 

0.007 

1406 

0.009 

15158932 

99.996 


From such a table wo could only conclude that 90$ holdings 
are below 10 hectares and almost all (i.e. 99.26 + 0.62 = 99.88$) 

are below 20 hectares. And thereby the very important infoimation 
provided by Table 16.3 that almost half (46.9$) the holdings are 
less than, half a hectare and nearly two third (46.9 + 19.7=66.6$) 
are loss than one hectare would have boon lost. The particular 
choice of unequal class intervals in Table 1 6 .3 was made because 
we know that a very larfee number of peasants in tho country havo 
vory sj.-all pieces of land and wo wanted this aspect to be brought 
out vory accurately to help in evolving proper policies. Again, 
if we look at columns 3(a) and 4(a) of Table 16.3 we find that 
persons holding less than half a hectare each constitute 46.9$ 
of the population but tho land owned by them is only f&. 6$ of the 
total land. At the other end of the table persons having more "than 
50 hectares of land fort, only 0.009$ of tho population (i.e. 1 in 
10,000) but ovm 0 8$ of the land. In between also we find, for 
example that persons with land between 3 and 4 hectares own 10 $ 
of tho land but cons+ituto only ,3.5$ of the population. Thus, 

Table 1 6 .3 clearly" reveals the glaring inequality in land ownership 
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in the countryside. If we do tho same claculations in tho 
rodified tahlo wo find that 3 : 3. iCf*. of the population owning 
less than. 10 hectares oach own 89.95$ of the land, and the 
state of inequality prevalent is no larger very alarming. 

Thus, the division into classes through the values of a 
quantitative variable .cannot be. made according to any fixed 
rale but has to he decided according to what we already know 
about the problem being studied and what sort of conclusions 
we are trying to reach. The general rule is that the class 
width should not be too small as that can. result in having 
classes with aero frequencies, ‘ and should not ha too large 
as they ray smoothen out any significant differences present in t 
data. Usually, one should begin with fairly small widths and 
then redefine the classes with larger widths, or even, widths of 
unnequal size. 

16.7 Relative Frequency ^ahlo 

As explained in tho text-ho ok the use of relative frequencit 
mainly servos two purposes. One is to make it easier to under¬ 
stand the information provided by the frequency distribution. Tk 
discussion on Page 311 of the relative frequency distribution 
given by Table 16.3 and 16.4 already describes this use of 
relative frequencies. The teacher canjgive other examples. What 
must be emphasis ad and made clar is that the kind of insight 
we have got through the relative frequency distribution we would 
not have obtained from the original frequency distribution. Thic 
may require framing suitable questions which cannot be quickly 
answered from looking at the frequency table but can. be answered 
by using relativo frequencies. One such question is as follows? 
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"If we assume that fill persons, male and female, between 
the ages of 20 to 60 cone tit’ 1 / e ■'■he working force and the 
rest are considered as dependants how many dependants each 
member of tho woiking force will have to support on the 
average?" Tho working force constitutes 43.4% (7.4+7.3+6, 7+5.9+ 
5,4+4.2+4 1+2-4) of the population. Hence, the remaining 56.7% 
(29-5+12 3 + 18 .i = 49.9% children and youth, 3.0+1.4+2. 4 = 6 . 8 % 
old people) are tho dependants. Thus on the average = 1.3 

dependants have to be supported by each working person. 

The second main use of tho relative frequencies is in 
comparing two frequency distributions as has been done through 
the example given in Table 16 . 6 . That example was artifically 
constructed just to illustrate how relative frequencies enable 
us to compare two situations. Even in this artificial example 
students can be made to see that if relative frequencies are 
not known wo would not be abl : 1 ') see uaoil 0 if one village has 
a larger proportion of older people than the other. Many 
interesting relative frequency distribution can bo obtained from 
the census table (Table 16 . 1 ), Par each age-group we have a 
frequency distribution into two classes, rural and urban. Hero 
the unit of observation iu a person belonging to a particular 
ags group and tho variable of observation is the place of residonc 
with just two values; rural and urban. If we calculate the 
relative frequency for each of these distributions we have the 
interesting result that for most of tho age-groups the percentage 
of persons living in rural areas i 86 %. We can also obtain 
the relative frequency distributions of the rural and urban 
populations by age. If wo do that we will find that compared 



to the rural population the’ urban population has a slightly 
higher proportion of young:r ncroons. 

Lastly., the students must be taught to round-off the 
percentage to either one or two decimal points when obtaining 
the relative frequency distributions and made to observe that 
the total of relative .fxoq.uen.cios of the classes does not 
always add up to 100. 

Finally, the statement made in the last para of Soc* 

16.7 must be firmly established in the nind of the students. 
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16 , 8 Graphical Pres out at ion of Pro guenon Distributions 


The methods of drawing har diagrams are already known to the 
students. The pie-diagram may he new. There is not much to 
explain in this section except that the methods, which have hoen 
illustrated for quantitative variables only, aro equally applicable 
to qualitative variables also. Therein lies one of the differences 
between a bar diagram and a histogram. ,The bar diagram can be 
usod for graphical, presentation of any frequency distribution but 
the histogram can bo used only for frequency distributions with 
classes based on the values of a continuous quantitative variable. 


16.9 Measures of location and dispersion 


The discussion which follows this section covers the important 
concepts of measures of loes+ion and dispersion. Their basic 
purpose is to give a summary represent ntion of the frequency distri¬ 
bution based on the values of a quantitative variable of observation . 
Thus, apart from learning the methods of calculating them' the 
student has to learn to make an intelligent use of the information 
supplied hy thorn. 


l6.l0 Measures of Location 
(a) The arithmetic mean 

The basic definition is given on p. 317. It is 



and the fact that it has to bo expressed not as a nero number 
x 1 + . „ . + x n . 

but as —— ' g - per unit of observation, as is explained 

on p, 317, must be emphasised. The next thing to be made clear 
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that this is the only definition uf the 'arithmetic naan which 
basically stands'for the sum of the values divided by the number 
of values. In many texts one finds the statement that S-f± x^i/ 
(discussed on page 318 ) is another definition of the mean, 
which is incorrect. The latter is a formula for calculating the 
arithmetic mean in a particular case and is actually derived from 
the original definition (as described on p 3l8). Finally, in 
the case of grouped data it rust bo emphasised that what we' are 
getting is an approximate value of the arithmetic mean and not its 
exact value. The fact that this method of approximation, viz. , 
replacing every value in a class by the middle value of that 
class, is a reasonabdle one, can he brought home to Hie students 
by giving them some numerical data and asking then to calculate 
tho arithmetic roan first without grouping the data and then after 
grouping it. Then, they can be told tho logic behind the method. 
When all values are replaced by tho nid value then some are 
increased and some are d o crofrv*o : and we hope that the two types 
of error will partly cancel each other so that the approximate 
value is not much different from the exact value. 

Problem 2, 3, 4 and 5 of Exercise 16.1 are the usual results 
on the effect on the arithmetic mean of' a linear transformation 
of a variable x to ax+b. It was earlier used to deviso a short 
cut to calculating the mean. However, that short cut need no 
longer he discussed as the advent of electronic computers has 
rendered it redundant. 

Problem 6 is rather important. It is not merely an exercise 
in calculating the arithmetic mean of a group from the means of 
its sub -groups through the usual forcaula of the type 



n 1 x 1 +n 2 x 2 +. .. +n k Xj c 

. r l^+Tlp+ » . , + i 1 ,. 


It is really supposed to bring home to tho student that 
though the class-wise mean ages per student are less in school a. 
the piean age per student for the whole school is greater 
School A as corparod to School B. This happens because the 
relative froguoncy for higher age-claes is more in School A as 
compared to School B and because of that the average age for 
thf. whole school increases. 

(b) Median s 

The median is another reasure of location Like the arithmatic 

mean it too ropresonbs the centre of all the observations of a 

quantitative variable but in a sense different fron the arithmetic 

roan. This difference has to be orphasised and kept in mind 

while interpreting the information provided by the median oi^ a 

1 

sot of observations. i 


A new definition of the median has been provided in this book 
on p. 322, It is different from tho usual one hasod on even and 
odd numbers of observations. This has been done bapauso this is the 

vy~JO S W-vJLt ^ JiyvN 

definitionjstudy tho subject in the higher classes. Also, because 
tho earlier definitions in terms of oven and odd numbers of 
observations are really speaking not definitions but methods of 
calculating the median in different cases. These are accordingly 
discussed under the sub heading "Calculation of the Median" on 


p, 323-324, The teacher should try to make tho students see that 
these rules to calculate the median follow fro:a the definition 
of the median given on p. 322. 
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When, we coirs to the calculation of tho median from 
frequency tables we have to distinguish between two cases. 

In the first, the classes of tho frequency table are defined 
through single valuos of the variable of obsorvation. So, 
it is not really different from tho earlier discussion except 
that repeated values have beon put togethor in a class with 
its frequency. Hence the rule for calculating the median does 
not change. It just depends, as before, on whether tho 

total frequency is an odd or even number. 

When we come to a frequency table where the classes are 
defined by rore than one value, in fact, represent a whole 
interval of values, then the problem is different. It is now 

J 

a question of devising a method to obtain an approximate value 
of the radian. This fact must bo clearly brought hone to the 
student and the expression. 



on p. 326 shown to be the approximation. It should bo 
pointed out, in particular, that because we are approximating, 
we do not mate any distinction now between even and odd number 
of values, but use n/2 in all oases. 

In problem i & 2 of Exercise 16.2 the important aspect is 
not the calculation of the median but the inteiprotation of ite 
value. 


In problem 3 the situation is different. Hore the approx, 
mation method is to be used Total frequency n— 357 so that n/2= 
178.5 Thus. 20-24 is the median class. Now we can uso the 
foimula 



Here 1-20 n/2=l78.5» f 0 *5Jj' ^^= 140 , h=5 (3ote that we cannot 
take h=4 because the class 20-24 really represents age twenty 
or more but less than twenty five years). Hence 


K = 20 + 53 ■ 5 

= 20 + 4.48 ^24.5 years 


Problem 4 is intended to show that in many cases the median 
is a more useful summary than the mean. Though the average size 
of a holding i3 1.25 hectares the median shews that nearly half 
the peasants have holdings below 0.58 hectares. It would be a 
good exercise to ask the students to find the number of persons 
whose holding is less than the average i.e. 1.25 hectares. Prom 
Table 16.8 on page 319 we find ;his number c be 7116591 + 298638 
+ part of 2591431 The las-"- term has to be approximated. If5 
we follow the same method of approximation a^re did for calculating 
the median from grouped dkta, we will get the last term equal to 

- - x 2591431 (approx.) 

Thus y the number of persons with holdings less than ^the average 
in size may be taken as 

7116591 + 2986638 + 647858 ’ 

= 10751087 
= 71 /* 

We now see that more than two-third of, all persQns have 
holdings less than the average in size., 
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The important; idea to emphasise again at this stage is 
that the mean and the median ar~ only sonm ara.es and hence can 
only convey a part of the total information. So, care has 
to "be taken to come to any conclusion from the given values 
of the mean or the median. 


16,11 Measures of Dispersion 

This section introduces the student to the concept of 
dispersion and describes two standard measures of dispersion. 
These are the variance or its square root, and the mean 
deviation about the median. 


In both cases it is shown that the measure of dispersion f 
is built from the deviation of the .observations x^ from the mean 
(for the variance) or the i pdian (for the mean deviation) , 
Starting with the deviation x^-x, or x^-M one tries to derive a 
single number which will somehow measure if these deviations are 
small or large in magnitude. 


For the calculation of the variance one uses the identity 

CT\ 2 


< x l - *> = £•*! -pi\ 


It must be emphasised that the method of calculating separately 

each deviation £.= -’x) and then squaring it must never be used. 

Instead, ono should always use the method of squaring the 

observations and then using -the formula^}?;^ ' tlave 
seen many text books where the method of squaring the deviations 

is still followed in the solved examples. Not only should this 

he discouraged but the students should; also he made to see why 
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the method of squaring the deviations Bhould be replaced by 

^ 2 \f^ x ij . The first advantage is in the reduction of the 

2- x i—■ x 

number of arithmetic operations where n subtractions are 
replaced by only ono subtraction and that at the oost of 
increasing the number of multiplications by one. The second 
advantage is that the chance of making calculation errors is 
reduced, since the chance of making an error is more while 
doing subtractions. 


The student shmild also bo told that while algebraically 
the three expressions '• . a 


.(Xi-x^S** 2 - nx 2 , s .x i 2 ( Hi) 


t 


are equivalent they can in practice, load to different results 
because of rounding off errors. For example, takeSJC^HSl, 
n-39, ^hen‘x = -j g— ~ 29.51282. We will normally round it off 

to 29.5 which will give n5c^- 39x29.5x29.5=33939.75. But 


2 2 

( £ fi> - n vy■ ^ = 33969.256. If we round off x to two decimals 

we will taka T = 29.51 giving nx^=33962.763 which is till 


slightly different from (g? x^) y n. If we round off x to 3 

2 

docimal places, talcing "x= 29- 513, we got nx =33969.669. Therefore, 
one should always compute nx as yn even though algebraically 

they are equivalent. 


The short cut method described on pages 335 336 is based on the 

v —A 

effect on variance of a linear transformation u = —g of the 
variable x. With the use of modem electronic calculators it 
is likely that the calculation may lead to numbers beyond the 
display capacity (usual 8 digits) of small pocket calculators. 

In such cases tho use of the transformation u - whereby the 

observations x^ *aro replaced by. observation u^ which are smaller 



• i 


i i 405 :s 

in f agnitu.de is advisable. The raxJjui advantage of this 
method occurs when we have data grouped in equal size intervals. 

In such cases, wo can by a suitable choice of A and h cake the 
u- values equal to 0 +1, 4>2, +3,•■••• thus Faking the computation 
of the variance extremely easy. This is what happens in the 
examplQ on p. 336. But, the student should be made to see that 
such a simplification was made possible becauses A was taken 
to be as one of the mid-vplues and h was taken equal to the gap 
between the mid-values of the intervals which are all of the 
Bane width. 
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CHAPTER TESTS (ORAL) 

1 . What is the difference between a census and a survey? 

2. What is the purpose of calculating the "Cost of living 

index’” 

3c What is meant "by the "age-distribution of a population"? 

4. What is "Sox-ratio" ; can it have a value (a) equal to i, 

(b) less than 1, (c) more than 1 ? 

5. What is the meaning of "age-specific death rate" *? 

6. What are the units of observation and variables of 
observation in the following 

(a) Table 16 -1 (b) Table 16.7 

(c) Problem. 4(b) of (d) Problem 1 of Exercise 16.2 
Exercise lS„l 

Which variables are qualitative and which quantitative ? 

7 - What is meant by ^ho "r-lt lvo frequency " of a class ? 

8. If a constant is added to (subtracted from.) all the values 

of a quantitative variable what happens to the values of 
the mean, median, variance, standard deviation, mean 
deviation about ttujmedian ? 

9- If ovary valua of a quantitative variable is multiplied 

(divided) by a constant what happens to the values of the 
mean, median, variance, standard deviation, mean deviation 
about the median ? 

10. The frequency distribution of the inhabitants of village A 
by age gave the moan ago as 25-6 years per inhabitant and 
standard deviation as 3.25 years. 3?or village B the mean was 
25.7 years and standard deviation 8.34 years. What do you 
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ANSWERS 

1 . See Page 30° 

2* Mainly used to seo the affect of prices on the living 

standards and to decide if the dearness allowance is to 
he increased or decreased. 

3. It tells ns about the numbers (or percentages) of persons 
falling in different age-groups. 

4 . It is -ithe number of females divided by the number of 
males in a given group. I*' can ha^o values ^ 1. 

5. It is the death-rate of persons belonging to a given age- 
group . 

6. (a) Persons alive at the time of the Census (Unit); 

Age (Quantitative variable); sex, place of residence 
(qualitative variables) 

(b) families (unit) : number of children (quantitative 
variable) 


(c) Letters posted on a given day (Unit) ; amount of 
postage (quantitative variable): 
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(d) Day on which attendance recordea (Unit); No. 
of students absent (quantitative variable). 

I, It is the frequency of + he given class divided by the 
total frequency. 

8. The same constant is added to (subtracted from) the mean 
and tho median; no chauge in variance, standard deviation 
and mean deviation about the median. 

9. The mean, median, standard deviation and mean deviation 
are multiplied (divided) by the same constant, the 
variance is multiplied (divided) by the square of the 
constant 

10. Though the roan ages aro almost oqual for the two villages, 
village A has a larger proportion of inhabitants, as 
compared to villago B, with ages near to the moan age. 

II. Most of tho workers havu almost tho same income but the 
incomes of office staff show greater differences. Also* 
a largo majority of office staff has higher income as 
compared to the workers. 





CHAPTER - 17 . 


LINEAR PROGRAMMING 


1 . Introduction ; 

Svsterns of simulataneous equations and their solutions were 

I 

discuss^ 11 earlier classes. But the world of equations is highly 
restrictive and we deal here with only inequalities (inequations). 

Let us consider the problem faced by a housewife in 
her daily routine. She wants to find the daily diet satisfying 
the minimum daily requirements of nutrients by spending minimum 
on different food articles. Similar is the situation for a 
manager who wants to mate the best use of his limited resources, 
for producing different items to meet the demand and maximize 
his profit. In these situations. We implicitly deal with 
inequalities rather than equalities. In this chapter we deal 
with inequalities to tackle the problems similar to these mentioned 
above 

The algebra of inequalities was studied in detail by tke 
Russian mathematician and economist L.Kontarovitch after 1939. 

-"V 

In 1947, George B. Dant/j/ig discovered a simple algorithm called 
the simplex method to.solve problems involving linear inequalities 
along with linear objective function which is to be maximized 
or minimized. With the advent of computers, vexw large problems 
have been solved using this method. 

The purpose of thiB chapter is to study a special class 
of problems known as linear programming problems. The problems 
involving linear inequalities along with linear objective 
function which is to be maximized or minimized are known as 



linear ’programming problems« When the objective function 
is nonlinear and the constraints are also non linear inequalities 
then the problem is known as nonlinear programming problem. 
However, in this chapter we will bo dealing with only linear 
programming problems. 

Operations Research has been described as the scientific approach 
to decision making problems. This new science came into existence 
during World War-II. Here, wo will be concerned with particular 
problems of Operations Research;called tho linear programming 
problems. The subject dealing with linear programming problem is 
called linear programming. 

linear programming has found wide variety of applications, 
particularly, in defence, economics and airline industry etc. In 
the field of telecommunication, large network, problems have been 
solved using linear programming methods. Further the study of 
algorithmic analysis has developed very rapidly after the 
advent of linear programming. 


CONTENT ANALYSIS 


i) 


a 1 sag. 


The following terms and concepts occur in this chapters 
The equation ax+by+c*0, where a and b are not simultenuously 
zero, is called a linear equation in two variables x and y. 
Similarly the equation a^x^+agXg+.. ,.a I1 x n +k=0, whore 
.., a n are not simultaneously zero, is called a linear 
equation in n variables x^ >Xg... , x n « 


ii) The linear equation ax+by+c=0 represents a straight line. 
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iii) Every point (x,y) on the. straight line ax+by+e=0 

is a solution of t’n« ion ax+by+c=0. Therefore, 

the solution set of ax+by+c=0 is an infinite set. 


iv) 


v) 


ax+by+c < 0 is called a linear inequation intwo variables, 
Similarly ax-f-by+c>0 is also a linear inequation in two 
variables. 


The linear inequation ax+-by+c < 0 represent^ a- 
plane and ax+by-w5> 0 represents another half-plane 
with respect to the line ax+by+c=0. 


vl) ax+by+c ^0 is a compound statement with the connector 

"or". The solution set of ax+by+c£ 0 is the union of the 
solution sets of ax+by+c Z.0 and ax+by+c=0. 

vii) fa 1 x+b 1 y+c.=0 

la 2 x+b 2 y+c 2 =0 

is a compound statement where the simple statements - 
a^+b^y+c^O^ a 2 x+b 2 y+c 2 =0 are connected by "and/. 

This is callod a system of equations. 


viii) The solution set of a system of equations is the 
intersection of tho solution sets of its constituents 

ix) Wo can have a system whore the constituents are 
equalities or inequalities or both. Mostly, we are 
dealing with such systems only. 

x) The solution sot of a system of inequalities may be 
an empty set or a finite set or an infinite set. 
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xi) A problem of the type 

Optimise (i aximise or minimise) 
o(x 7 y) = c 1 x+c 2 y 
subject to the constraints 
x> 

y > 


:i 


(D 


and 


a 1 x+b 1 y 4 e 1 


a 0 x-fb _y 


4°2 


( 2 ) 


a x + b y<T C 
n n • n 


is called a linear programming problem. i,C(x,y) 
is called the objective function of the problem e 
(2) is called the linear constraints and (i) 
is particularly called the non-negativity constraints.. 

xii) A region is said to be a convex region if the line 
segment joining any two points of the region lies 
entirely in the region. • 

xiii) The region representing the solution set of the 
constraints is called the region of feasible solution. 

xiv) A feasible solution which also optimises tho objective 
function is called on optimal solution. 

xv) Since the set of feasible solutions to a linear • 

1 programming problems is a convex set, the proof of 
this statement is beyond the scope of this chapter, 

' therefore, the optimal solution lies at a verted 
-of the convex polygon. 
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It is clear that any solution (x,y) of a linear 
programming .problon which satisfies the dondition 
x ^ 0., y ^ 0 lies in the first quadrant only. 
ThM, the search for a desired solution (x,y) 
will he restricted to the first quadrant only. 


LEARNING OUTCOKSS 

Essential learning outcones for all 
i) Use of linear inequalities to describe certain 
situations and to obtain their solution set. To roalise 
that the solution set raj- be bounded or unbounded, nay 
consist of a single solution, or more than one solution 
or may not have a solution at all. Since the solutions 
are represented by points in a plane the student rust 
understand what is meant by the solution set being bounded 
or unbounded, and what is r^ant by the solution being 
unique in thu case of subsets of a plane. " . o 

be n>, 1 h f Y .r |should also be able to 

seo that if there is rora than one solution, then the 
number of solutions is infinite because of the convexity 
of the solution set. Due to convexity, if (x y 1 ) and 
(Xg j y 2 ) are two solutions , than every point on the 
line segment joining these two solution points is also 
a solution. 


Learning the special form in which a linear programming 
problem is mathematically presented, specially the 
non-negativity condition, the linearity of the function 
to he minimised or maximised, and the fact that all 
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inequalities clescribingjthe constraints, other than 
the non-negativity constraints, are written as <, 
inequalities. • 1 

iii) Learning to formulate practical problems mathematically 1 
as a linear programing problem. 

iv) Using the graphical method to obtain the solution 

i l 

to a linear programming problems in two 'variables. 


Learning outcomes for the higher 


Since the topic has been treated at an elementary 
level restricted to the use of the graphical method involving 
two variables only there are no immediate learning outcomes 
for the higher groups. However, the following learning outcomes 
are possible for such groups if the teacher, and the good 
students have the time to interact to go a bit into the 
theoretical foundations. 

i) To visualise that there can he simple problems-involving 
more than two variables which can also be treated as 
linear programing problems. 


ii* To see that by the use of vector and matrix notation 
a linoar programming problem can be presented in the 
following general form which takes care of any number 
of variables that may be presented i 

Maximise (or minimise) c.^x^tc^Xg-K - + c u x n» subject to 

A, 3C ^ b^ (constraints) • 

X \ 0 (non-negativity) 
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iii) To understand that instead,of using differential 

calculus net hods to jb i aiu the raxii-uK (or mini nur.) 
value we are able to use a sirplor method "because 
■ of tho special nature of the problen in which the 
function to be naxirisod or niniiriisod is linear and 
the solution set is a convex polygon. 

4 TEACHING STRATEGIES 

In this section tho number of oaoh subsection is in 
accordance with tho toxt books. 

Motivation for tho development of Concepts 
17«1 Linear Constraints 

Teachers are familiar with equations and their solution 
sot There are r.any situations m our das to day life which 
can be modelled in the forr of ou.ua!' bies and inequalities. 

Many such situations arc explained in the textbook. 

A set of equations nay hav4- a unique solution or an ay 
not have a solution or nay '^.ve an infinite number of solutions, 
Similarly, the set of inequalities nay have a unique solution 
or nay not have a solution or raj have an infinite number of 
solutions, 

Teachers can clarify tho above mentioned concepts as 
follows: 

In the case of equations, the system of equations: 

2x + 5 = 7 
3x + 7— 10 

has a unique solution x = 1. The following systert of 
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equations 

3x * 4 
2x = 7 

has an empty solution sot since no value of x satisfies 
both the equations simultaneously. On the other hand the 
system of equations 

3x » 2x + x 
x + 5 * 5 + x 

has an infinite solution set. 

Similarly equations in two variables can be taken to 
clear the above concepts. 

It can be easily seen that the system of inequalities 

2x 4 2 
3x >,3 

has the solution set which is unique. But the system 

of inequalities 

2x 4 2 ”1 

J 

*» 

has solution set ^x ^ 1 which is an infinite 

solution set. On the other hand the following system of 
inequalities; 



2x ^ 2 
3x 4,-3 
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has an orpty solution set as no value of x satisfies 
both the ‘ inequalities si] ultaneously. 

An important property of linear constraints of 
two variables x and y is that the set of points (x,y), i.e. the 
solution set, for which all the inequalities are satisfied 
is either -empty. or is bounded by straight linos, i.e. bounded 
region is a polygon, or is an unboundod region with straight 
line boundaries. This can be r.ado clear by the. following 
exanplos: 

The thick lines represent the fact that the points 
of the solution set lie on the’ lines. 

Example 1; Obtain the solution of tho systor_ 
x - y < -1 
-x + y <4 0 
x^o, y>0 

Solution ; To determine tho solution of the given system, 
we draw the graph of the each of the inequalities of tho 
system, on the saro coordinate plane. The graph of the 




It is clear that thar§ is no point which, satisfied both 
the inequalities sira\a3.tanoously. Thus , the solution set is 
enpty. 

Bxainple 2 s Obtain the solution of the Hasten 

2 x - y 4 . 2 

x 4 3 

x> 0 , y > 0 

Solution s To find the solution of the sjstec, wo draw the 
graph of the systen .in Pig. 17.2. The shaded region of 
the figure represents to the solution set. Sons of the 
coiarnon points of the solution set are ( 0 , 0 ), ( 2 * 2 ) » ( 2 , 3 ) 
In fact, all the points in the shaded region 


and so on. 
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arc the points pf the solution set. Here the solution set 
is an unbounded region . 

Example 3 ° Solve the si'stjL of inequalities 

3c + y 4,4 
3x + 8y^24 
I0x+3y^30 
x^O, y >■ 0 

i 

Solution ; The graph of the system is shown in Pig. 17.3 

The shaded region of the figure along with the boundary points 
is the solution set of the system. Any point within the 
region and lying on tho boundaries satisfied the inaqualitiea. 
The bounded region is the solution set. 



Till now we have studied a system consisting of 
inequalities only. In the following examples, we shall now 
he studying the system consisting of one equation and one 
inequation. If the system consists of several inequations i 
an equation, then the method of finding the solution set is 
the same as in the following examples. 



Bxar-ples 4: 
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Exarrple 5 : Solve the syster. 
x - 2y = 2 




Pig. 17.5 


Pron the graph of tho systcr it is clear that the thick 
line AB including tho point A(4,l) is the graph of the 
solution sot. However, we can verify the solution 
algebraically also as is clone below. 


By Substituting x for y in x+2y"^.6, we get 
2 x ^ 8 x ^ 4. 


}: 


■v- 

i23 f: 


Hence, the solution set is 


^ xy) \ 


x-2y~2 and x ^ 


Thus, t he- ray AB is the roquirod solution sot of the system. 


Note that the set of pairs of values (x,y) which 
satisfyes all the inequalities or equalities of the system 
is called the set of feasible solutions of the problem. 


<17.2 LINEAR PROGRAJj'MNG 

Due to the extensive use of computers, all the teachers, 
are familiar with the ten: 'programming*. Here, by programming, 
we mean the set of stops to be considered for formulating the 

ft M«. 

r 

everyday life problems into mathematical language and solving 
the sane. As seen above, such situations give rise to 
linear equalities or linear inequalities, therefore, the tern 
linear programming. By a linear programming problems, wo mean a 
problem whero our air is to optimise a linear objective function 
subject to given linear constraints. 

Below, we mention a linear prograiming problems. 

A firr can produco three types of cloth, say, A, B and 
C. Tlr^tee kinds of whool are required for it, say red wool, green 
wool and blue wool. One unit of length of types A cloth needs 
2 yeards of red wool and 3 yards of blue wool, one units of 
length of type B cloth needs 3 yeards of red wool, 2 yards . 
of green wool and 2 yards of blue wool and one unit of type C 
cloth needs 5 yards of green wool and 4 yards of blue wool. 

The fins has only a stock of 8 yards of red wool, to yards of 
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green wool and 15 yards of 31uo wool. It is assumed that 
incore obtained fror one unit of length of type A cloth 
is Rs. 3. of type B cloth is Rs. 5 and of type C cloth 
Rs. 4 and. it is to be raxirdsed. The rather at i cal 
formulation of the problems is given "below. 

Suppose the firm produces ,Xg»x^ units of A, B an d 
C types of cloth respectively. Then the total profit (in 
rupees) is given by 

a = 3x 1 + 5 x 2 + 4x^ 

The total units of rod wool required to produce x^ units of typ ( 
A and x 2 units of type B cloth are given by 

2x + 3x 0 » 

1 

-t 

and the to^al units of green wool and blue wool required to 
produce x 2 uni la of type B; x^ units of type C and x^ units 
of type A, Xg unitB of type B and x^ units of type C cloth 
arc given by 

2x 2 + 5x^ 

and 3x 1 +> 2x 2 + 4x^ 

respectively. Since the fin: has only 8 yards of red wool, 

10 yards of green wool and 15 yards of, blue wool, therefore, 
we rust have 

2x 1 + 3x 2 8 

2 x 2 + 5 x 3 4. 10 

3x + 2Xg + 4x^15 



Also since it is not possible for the fin to produce negative 
units of different cloth, i l if- obvious uhat we must also have 

x 1 ^ 0, x 2 > 0 and x^ ^ 0. 

This is called the non-negativity condition. 

Hence, the finr's production problem can be put in the 
following f atheia+ical form: 

x 2 , such that the total profit (objective function) 
z = 3x 1 + 5 x 2 + 4x^ 

is maximised subject to the following constraints 

2x^ + 3 x 2 < 8 

2x 2 + ?x-j <10 

3x 1 + 2 x 2 + 4x,^,l5 

x 1 > 0 x 2 ■" 0, x 3 > 0 

'Hie teachers should taka some more problems and also 
the students to write them in mathematical fore. 

As you know that the set of values x, y which satisfy 
•Hie constraints and the non-negativity condition is called 
a feasible solution . A feasible solution which also optimizes 
the objective functuion is called an optimal solution. 
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17.3 SOLUTION OF A LINEAR PROGRAMMING PROBLEM 

» 

To ebtain the solution of the p rob lens involving 
inequalities using graphical method it can be observed that 
the optimal value of the objective function is obtained at 
the boundary of the region of the feasible solution by 
moving the straight line which represents the objective 
function in that region. This is possible due to the special 
nature of the problem in which the function to be maximised 
or minimised is linear and the solution set is a convex 
polygon. This property of the function gives us a simpler 
method to solve the problem instead of differential calculus 
methods. Through the following examples we see that the 
optional solution of a linear programming is obtained at the 
boundary of the region of the feasible solution. 

Lot us see the following linear programming problem: 

Sxarple 6 : Maximize z = 5x + 7y 
subject to: x+y ^.4 

3x + 8y<424 
lOx t 3y ^.30 

x > 0, y ^,0 

Solution : Please refea» to Pig. 17.3 of example 3* The shaded 
region in the figure is the feasible region bounded by the 
darklines. Note that every point within this region and on 
the boundary of the region satisfies all the constraints. Now, 
our aim is to find a point in this region including boundary 
which gives the maximum value of z. In order to find this 
point we draw a line corresponding to some arbitrary numerical 
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value of z and rove this lino above and parallel to itself, 
until it contiins a poin' . f ’ . feasible region. By doing 
so, we find that the required point is C ) and the 

maxiruir value of z is . ITote that the point C is the 
inters action point of tho linos whoso eq,uations are x+y=4 
and 3x +8y=24 

Note that wo can draw further lines corresponding to 
the greater values of z, but those lines will not contain 
even a single point of tho feasible region. 

TTote that in most linear programing p rob Ians the 
sot of feasible solution is a polygon in the positive quadrant, 
that is, a closed figure bounded by straight lines. The set 
of feasible solution is also a convex set which no axis that if 
any two points of the set of feasible solution are joined 
by a straight line, tho straight line lies completely in the 
sot of feasible solution In ’ig, 17-6, polygon at (i) and 
(iii) are convox while 



Fig. *7-6 

that at (ii) is not convex. 


The fact that the feasible region is a closed sot is 
important for the solution procedure of a linear programming 
problem. We want to either maximize or minimize our objective 
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function which is linear. It is. an important result the 
maxirur or minimum of a linear oh 3 octave function over a 
closed convex set if it exists, is attained at a point 
(points) on the boundary. , ■> 

With reference to the Example 6 we note that the value 
of the objective function is zf=0 at the point (0,0). At 
the point ( 0 , 3)7 2 * 21 , at (4,0), z=20 and at the point 

Q ii p -1 

(■£■, ly) , 1^- which is the maximum value of a. The 

O -i O 

point ( ^ , 1^- ) is tho boundary point of the feasible 

solution set. Infact, it is a point of the convex polygon 
of the feasible region. 

When the feasible region is bounded it is easy to find 
the optimum solution. What can we say about the optimum 
solution when tho feasible region is uribo^uided ? Let us refer 
to example 2. 

Exarple 7 s Maxirize z=6x-2y 
s.t. 2x-y 2 
x 3 

x ^0, y > 0 ■ • 

Solution: Note that the feasible region as shown in Pig. 17.2 

is unbounded but the finite maximum exists. Tints always 
bounded region does not mean unbounded solution. The optimum 
solution is the point B=(3*4) and the maximum value of z=*lO. 

It is important to note that with the unbounded region 
the optimal solution may exist. But, on the other hand, if 
the feasible solution set is empty, i.e. there is no point 
which satisfies all the constraints, then there is no optimal 
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solution of the given linear programing problen (l.p.p) 

Bxarple 8 ; Solvo the l.p.p. where we have to naxirizo 
? = x+y 

subject to the constraints 
x + y^ 2 
-4x + y sjp 4 
x ^ 0 y > 0 

Solutions As shown in FiSj> 17.7 the two half planes 
x + y ^ 2 and -4x 4 -* j ^ 4 



Fig.. 17.7 
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A3 there is no point (x,y) which can lie in "both the 
regions, there exists-no solu+i^n to the given l.p.p. 

“ So far, we have dealt with l.p.p. having bounded feasible 

region with a uniq.ua optical solution and unbounded feasible 
region with a unique optical solution. Below we solve a l.p.p. 
having a bounded feasible region but there exists an infinite 
number of optiiral solution to the given l.p.p. 

Exercise 9 : Solve the l.p.p. in wj».ich the objective function 
1 - x + y 

is to be caxirised subject to the cerT^traints; 

-2x + y ^ 1 
x 42 
x+y^3 

y>,0 

Solution ; The shaded region of Fig. 17.8 represents the 
feasible region of the given l.p.p. and we observe that the 



Fig. 17.8 
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value of tho objective function lies at the points of a 
convex polygon. Therefor., j !j.j values of 2 at tho four 
points, 

Ot= (0,0). A-(2,0), B=^2,1) , C=(0,7,2,3) and D=(0,1). 

are given by 

Z<0) »0, Z<A)«2 i Z(B>=3, Z(C)=3 , Z(D)-1. 

Obviously, the raxirur value of Z occurs at two points 
B. and C of the shaded convex region 0A3CD. It is important 
to note that all those points lying on the li'Wc BC joining 
the points B and C will give the raxirur value. Hence, there 
exists an infinite nurbor of optiral solution to the given 
1 “P P 

- In tho following 1 y>. the feasible region is unbounded 
Do * ' re exists an optiral solution to tho given l.p.p.? 

Bxercise; -.-A, Q ; Solve the l.p.p. where Z=x+y 
is to be raxirised subject to the constraints;, 

2 x - y 4 0 
x 3 

X y ^ 0 

Solution ;' Refer to Pig, t7.2 The feasible region is unbounda< 

j •, 

The .value of the function Z at point B=(3,4.) -is 7 which is 
raxiruir with respect to the points 0, and A. Note that the ray 

*4 

lies in the feasible-region and-value of the function keeps or 
increasing on this live. Hence, Z can be irtade arbitrarily 
large, and the probler has no finite raxinuu value of Z. In 
such a case we say that the problen has an unbounded solution 
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5. ANSWERS AND SOLUTIONS TO SELECTED PROBLEMS IN TOYttPriTcrot, 
17 1 AND 17.2 ON THE TJiZt BOOK 

1 - Answer to question 6 of exercise 17°1 is wrong. The 
correct answer is 

2x + 3y^. 3 
x - 6y ^ 3 
3x+4y ^ 18 
-^7x + 4y^l4 
x > O y y^ 0 

2. The linear prograrring prohlor of question No. 4 
of exercise 17.2 is ns follows: 

let x kr denotes distance travelled at 25 kn/h 
y >i m * «, k 40 kr/h 


. Maxirisa x+y 

V 

subject to 
2x+5y ^100 

25 + 4 & ^ 1 ^ 
x ^,0, y^. 0 

Max. = 3Gkm, at. 


(50 

' a 3 


40 , 

T } 


6 . 

1. 

2 . 

i 

3 


CHAPTER TEST (ORAl/WRITTEN!) 

Answer the following as true or false: 

The region between two concentric circles is convex (False) 
Every, plane triangular region is convex (True) 

The feasible region of x^O, x^2, yJ’Sa 2 


is unbounded 
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4. 


* 

J* 

6 . 


7- 


8 . 


9- 


The solution sot of x^.2, x<*i is erpty 
Tho feasible region of a limar program lug 
probler is always nonempty. 

i 

The feasible region of a linear programing 
problem is always bounded 

Every linear programing problem has a uni<iuo 
optiral solution. 

If the feasible region is bounded then for any 
linear objective function of a l.p.p. There is 
a finite optiral solution. 

If a linear programing probler. have two points 
as optiral solutions then every point un tho 
line segment joining these two points is also 
optiral having tho sane optiral objective function 


value - 


10. If exactly two points or j on+iral in a l.p.p. then 
they are adjacent points of the feasible region. 


B. 




Solvo the following linoar programing problems: 


Fi^Z=2x - 10 y 
subject, to the constraints 


x-y X o 


x-5y^-5 

x^. 0 y > y 0 


(True) 

(False) 

(False) 

(False) 

(Falsa) 

r 

J 

(True) j 
( Trut 


(min. Z=g at (0,0) 
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12. min. Z=s2x+y 

subject to the con& + rai-r:s: 
x+2y 4 1° 
x+y ^ 1 

y 4 

x ^0, y ^ 0 

(nin z!=l at (0,i) 

13. max. Z = ~5y 

subject to the following constraints? 
x + y 2 
x + 5y^.lO 
x ^0, y ^ 0 

14 Max. 4x + 5y 

subject to the constraints? 
x + y 1 
-2x + y<l 
4x - 2y ^1 

x*y ^ 0 

(Solution sot-is unbounded) 

15. Max. Z=4x+3y 

subject to the constraints; 

-2x+3y^. 9 
x-5y ^ -2 

0 , y ^ 0 


(There exists no solution) 
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16 . Fax. A=x+y . •• 

subject to the constr-iints **''* 

-2x+y dor 4 
x - 3y .<6 
x >,0, . j 0 

(Solution sat is unbounded) 

17- Finirize Z=x-2y 

subject to the constraints 
x~y 2 
3 x - y ^ -3 

xVO, y->0 

t P* 

(Solution set is unbounded) 

l8, Fax, Z ~ -x+y 

subject to the constraints 
x+y <. 3 
x - y^.5 
x>p ? y ^ 0 

(fiTo solution as feasible solution 
sot is eiipty) 

Fax. Z=x + 3y 
subject to the constraints 
5x + 2yi£ 7 
3 x + y ^ 4 
x^O, y >, 0 


19 . 



20 . Maxirize Z = 2x + 3y 

subject to the constraints 

, x + y 42 

» 

4x + 6y^9 
x fcO, y£ 0 


(Optiral solution is infinite) 
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CHAPTER - 18 


ALGORITHM S “ITD ^fW OH^.-TS 

1. I NTROEtT CTI ON 

The post significant scientific event in the history' 
of twentieth century is the advent of computer. CoLputer 
re-volution has taken place every where in the present day life. 
Industrial revolution helped to increase the muscle power of 
rahkind. Computer revolution has helped to increase the hrain 
power of rahkind. Enoirous ar.ount of information-is collected 
and analysed, with enorr ous speed, accuracy and efficiency by 
the use of corputers, and then stored in the cor.puter itself. 

•St 

Ar 

Great mathematicians like Pascal, Leibnitz, Babbage, Turing 
and John Von Neuman have contributed a lot in this revolution. 
Computer is an electronic i achine. How it is built and 
ranufactured is not our concern in ratheLatics curriculur? 

Only those aspects of coi puler revolution which have bearing 
on ratheratics and involve ratheratical thinking are considered 
and paid attention here. 

There is no field of huran activity in which- computers 
are not used. They are used in factories, banks, railway 
reservation offices, national laboratories, rilitary establish¬ 
ments and satellite launching stations etc. By the enormous 
use of oorputers we feel that wo cannot bypass the computers 
any more. Whether we want then or. not, we welcore then or not, 
computers will be thore as they have core to stay. We rust 
get acquainted with their and find out how to use then for our 
advantage. 



When a computer jo use I to solve a problem, wq have 
to use a particular prograrring language like PORTRAIT, PASCAL, 
BASIC etc. to write a prograr. A program is a collection of 
instructions arranged in a proper order Leant to solve a 
pro tier. The particular way of writing this set of logical 
instructions is called prograrring language. Without the 
knowledge of a progrcrring language, we cannot use computers 

t i I 

to solve a rather:atical problem. Since our ail is to nake 
students thirik logically and cone up with a systematicstop-by- 
step procedure which, when followed, will lead to a solution 
(if it exists) of the problem. However, we will not be 
dealing with prograrring languages here. Discussion of these 
languages is outside the scope of this book. In this Chapter 
we develop algorithms and flowcharts. 

In every t^nic in ratheratics, Wj core across algorithms. 

Por exarple, in the chapter on equations, we learn an algorithm 

of solving a quadratic equation ax +bx+c=0. In set theory, we 

have algorithms to find union, intersection, difference and 

complement of given sots. In commercial rather atics, we have 

algorithrs to find sir pie and corpcund interests, profits and 

losses given $ gain or less and cost prices. In permutations 

and combinations, we have algorithms to find n Q and n_ given 

r ^r 

n and r. Many such examples can be cited where the concept 
of algorithrs is used. The teachers can then selves give more 
problers to the students and encourage them to write algorithm^ 
and flowcharts. 

It is clear that this topic is the heart of mathematics 
and therefore, it is necessary tc study and teach it sincerely 
and seriously. 



2. 


(Jonient Analysis ; 


*8,2''‘ A~i g orifhiii ; 

Given a problem, an algorithm is a set of steps arranged 
in a particular order, and when it is executed in that very order, 
i&leadB to the solution of the problem, if it exists* What is 
important here is the fact that an algorithm necessarily pre¬ 
supposes that a problem exists and that, in general, the problem, 
has its solution. However, if the solution does not.exists,- then 
a conclusion to that effect is drawn and accordingly a statement 
is made. Another important aspect of an algorithm is that its 
steps are arranged in a particular order for their execution. Ihe 
determination of order of steps requires logical thinking. It 
is this aspect which makes the teaching of this topic desirable ~ 
and meaningful. 

We can say that the modem mes..ng of algorithm is quite 
similar to th&t of recipe, process, method, technique, procedure 
routine, except that the word "algorithm" cannotes something 
just a little different. Besides merely being a finite set of 
rules which gives a sequence of operations for solving a specific 
type of problem, an algorithm have the following characteristics: 

1. A given problem may not necessarily have a unique 
algorithm for its solution. In fact, a problem . 
genera" y has more than one algorithm for finding 
its solution. 

2. An algorithm, should he precise. 

3. - Ic should be unambiguous. 

f % 

4. * ’ ^ch e-hep of an ai-gori+fcr nhonld te T ell defined*^ 
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5. I'-eps should be logically ordered. 

6- It irust end in a finite number of steps, 

7. "i algorithr has zero or more inpurs i.e., quantities 
which are given to it initially before the algorithm 
begins execution. 

8. An algorithr has one or more outputs i.e. quantities 

i 

which have a specified relation to the input. 

1 < 

Now, we try to explain tho above mentioned characteristics 
of an algorithr hy talcing few examples. 

Example 1 ; 

Given a set A containing first four natural numbers, 

Write an algorithr to find and enlist all the pairs of distinct 
element's of A such that the sum of their squares is even. 

Solution ; As mentioned above, a pro bleu: ray not have a unique 
algorithm for its solu + ic i T3clow we give -*-wo algorithms for 
J 'j~ding the solution of this problem. 

Algorithr 1 ; 

Step 1;Take i=1 

Step 2;Take j=i+1 

Step 3shot A=i 2 

Step 4:Let B=j 2 

Step 5;Let S=A+B 

Step fisTf S is even, 

then enlist tho pair (i,j) 

Step 7:If j 4.4, 

-then increase the value of j hy 1 .and go to step 4. 

8:If i=4, 
then stop; 

else increase the value of i by 1 
•■aid so to step 2. 


Step 
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orithm 2: 


);^=ire i=1 


Step 2:Take j=i+1 
, ? 

Step 3slie+ A=i 
Step 4-sI/st B=j^ 

Step 5: If A is odd and B is odd, 
then enlist the pair (i, j) 

Step 6:If A is oven and B is even^ then enlist the pair (i, j) 

Step 7sIf j ZL.4, then increase the value of j by 1 and go to step 4 
Step 8:If i=4, then stop; else increase the value of i by'Jand go to 
step 2. 


Ex air-pie 2 : 

write an algorithm to print first 100 positive integers.' 

SqT ntiou 1 , 

ALgorithirS * 

Step 1” Take i=1 

Step 2: Increase the value of i by 1 

Step 3s If i=lOO, then point i and step; else go to step 2. 

let us check whether by this algorithm our aim 'is achieved 
or not. Now we carry out the working of the above three steps. 

1 • i =1 

2. i becores 2 

3- is x ^ lOO, in step 3, we go to step 2. 

4. i becomes 3. 

5. is i ^ 100 in step 3 , we go to step 2. 

6. i becomes 4. ' 

'We see that as soon as i = lOO, the value of i(whioh 
is lOO) will be printed and the execution of the algorithm 


7. 
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Has our air boen achiever 1 *> Surely, not. Instead of 
printing all tho first 100 positive integers, it has printed 
the 100th positive integer only. Clearly, our algorithm 3 is 
not precise as it does not give us the solution of the problem. 

By using the following alternative algorithm, we get the solution 
of the problem. 

Algorithm 4 : 

Step 1: ^ake i = 1 
Step 2: Print i 

Step 3; Increase tho va 1 ue of 1 by 1 
Step 4: If i ■ 101 
than stop 

else go to step 2. 

It is clear that as soon as i becomes lOi, the execution 
of the algorithm stops and before it stops, all tho 100 integers 
are printed. 

l8.3 Flowcharts 

A flowchart is a graphical representation of an algorithm, 
i.e. it is a visual picture of the logical s qgps and the flow of 
control between the various steps of an algorithm. As already 
explained, an algorithm is a step-by-step method for solving 
a problem. In a flowchart, we enclose each operation, instruction 
or series of instructions in a box and indicate the flow . 
of control by arrow between the boxes. Further ore, different 
types of operations are indicated by differently shaped boxes 
as indicated below:- 



Shape of the box 


Leaning, 



A stretched ellipse 



A parallelogram 



For start or stop 


For input or output: The datafed 
into the computer and the print ' 
out given by the computer 


For a decision. Computer has to 
decide for an alternative 
instruction. 


Diamond 


For a calculation or process other 
than a decision. 


A rectangle 


For a connection between two 
partB of a flowchart. 

|^\ Ia v _ ^ 

H3ie symbol " ^is called an assignment symbol. 

NiSf**-N+1 means that N has been assigned the new value N+1. 

Sometimes the symbol "===" is also used as an assignment symbol. 
We agree to use the symbol as ;.n assignment symbol or 

for the replacement operation. 

Now, we learn the study of flowcharts through examples. 
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Jbcanrple 3 ; "Draw a flowchart to find -the area o.C a triangle when 
its three sides a, h, c are given: 


Solution: 


f START >, 



NO 


PRINT WRONG DATA /“-j/'^STOP 


• « 
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Example 4: 

Draw a flowchart to cma Fahrewfiit ter.perature F to 
centigrade temperature O' using the foimula , 

C=| (F-32) 

Solution 



Example 5 : 

Tairee sides ajbjC of each of five triangles are given. 
Draw a flowchart to find the areas of five triangles. 



step 2 




Oal oulato 
j\roa = 


T 




18.4 Loops 


. ■ . c TJie, flowchart o:l* .Example 5 in the formof an algorithm. 

s»■ ' - kJ - - ' ‘ •> 'X - 1 1 , »" i. i 11 

is given bejow:. ... , 

4 

Algorithm 5 • ! ' 

Step 1 : Take i - ,1 

* * 1 1 ' 11 i ,/ ' 

Step 2 y-Input, a,b,c, 

Step 3 s Calculate a = 


Step 4 : Calculate Area_=_(s-b) (s-c) 


Step 5 s Print aroa 


>_a = (s-b) 

\ -$o^~ 

/ i 

Step 6 : Increase the value of/i. by 1 

Step 7 i If i>5, 
then atop; 
else go to step 2. 

: ■■ : , ' : « , /. _ , . 

Observe that the st epd fron- step 2 to step 7 are repeated 
many times. ' When a set of instructions’(steps) is repeated many 
times, it is called a loop. Hence,-in the algorithm 5, the set 

i ' * ' 1 

of .steps - step 2 to step 7 - has .created a _locr>. Every time the 
loop ia repeated, the value of i is increased by 1. Aa soon as 
the value of i becomes greater s t,hian 5 (±.e. becomes a^ual to 6) 

4*^ I t 

the exit from the loon-takas!x5fac6. to stop execution of the 
algorithm. 


loop -takas“fj?lace ; _to stop execution 


i * . . 

To -understand more ab4u± loop, we work out few more 

examples. 


Example 6 


Draw a flowchart to find*, the value of • - j for a given 


positive integer, n. 


/ 



*: 4-50 * 



Print n and the E 

message'Wrong Data" 


1 

' Rep&atition of instruc 

^ takes place, Hence, a 
\ 

\is created. 


\. 

I 


\ 

\ 


\ 

i 








: l 
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Note: The box being a decision box, instead 

of writing *is i^n’?* as mentioned in the textbook, wa 
agree to write simply r i dn' ia the above mentioned box in 
the above flowchart, 


3. LEARNING- OUT GOMES 

Ca) - Essential laarni ag outcomes for all 

i) Students should acquire ability to identify such problems 
from their fields of study as are amenable to step-by-step 
execution. Xu general, students * ability of writing a 
solution procedure logically, using various steps, will be 
sharpened. 

jLj.) Students should be able to analyze a problem and split 

. it up-into sub-probloms such that each subprohlem is 

simpler than the original problem. 

iii) Students should be able to identify the set of actions 
and the order of therein execution for obtaining a 
solution. 

iv) Capacity of logical thinking should be developed among 
students. 

b) learning outcomes for the higher groups 

i) Students should be able to tackle more complex problems 
developing algorithms to solve them. 

ii) Students should develop the ability of redefining the 
problem transforming it into a form which may be more 
convenient for obtaining a solution. 
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iii) Students should he abl ^ to recognize the most precise, 

4 f 

simple and reliable oJ ^crithin out of several algorithms 
of solving a given problem. 

iv) Inmate capacity for logical, thinking present in a group 
of students should be enhanced. 

4. Teaching Strategies 

a.) Motivation for the development of concents 

We emphasize and explain below some ideas and terms that 
are sometimes not properly understood and assimilated.. The 
discussion here will help teachers to appreicate the significance 
of these usages with a view to communicate them -tssthe students. 


18.1 Computers 

Pirst of all, the meaning of mie word 1 computer* itself 
should be clearly understood. What is a computer ? One is 
likely to say that "any device that aids to perform computations 
is a computer" Now consider the following devics to solve 
the equation 

x^ + x = 20 .— — --— (1) 



Pig. 18.1 



• * 
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Device to solve x^+a?=k, k is a positive number consider, 
on the left, a circular cylinder (iraae of aluminium or plywood 
07 ? cardboard slieot- ate-) radius of iis circulai* cross*- 

section =* — . Similarly, take a right circular cone cn the 

right such that the ratio g (ratio of radius of a circular_ 

cross-section to its height from the vertex of the cone)= 
at any place of the cone. The lower portion of the cylinder 
and cone are ■ connected by a tube as shown in the Fig. , 
and this ’ , is always kept filled with water. Now, take 


20 C.C. ‘ * vater and pour, it. either in the cylinder or cone 
from the top. Because of the property of water, it will stand 
at tho same height, say a, in both cylinder and cone Now, 


Volume of water in cylindoa^ 3Vr 2 a 38 -4r) a — a c.c. 
.Volume of water in cone = = i f^(-^h 2 )a 

v a 2 .a = c.c. 


O 

So volume of the water poured w 20 c.c. =» (a J +a) c.c. 

Thus a satisfies equation (l) that was to be solved* 
Therefore, a is a solution of the equation (l). Thus the 
device given in Fag. 18.1 helps in computing the solution 
of the equation of the type x^+x=?k, where k is a positive 
real number. 

The device given in Fig. 18.1 is an analog computer. 
The main characteristics of analog computers are: 

1. Numbers are represented by a continuously varying 

quantity like distance, voltage, current etc. For 
example, in tho device of Fig.l 8 .i, numbers are 
represented by a distance giving the height of water 
column in the cyliner or cone. 
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2. The accuracy of computation performed Is limited* This 
is because of the difficulty i... the measurement of 

a continuous quantity to represent a specific number. 

3. They are meant to solve a particular class of problems. 

For example, the device of Fig. 18.1 solves any equation 
of the type x 3 +x=k, 3c £ \vC onljr. uae a 

to solve any other equation even simpler than this, 
e.g., one that is quadratic. 

When we use the term Computer' for ajlevice, what is understood 
is that the device trust have the following characteristics: 

1) It is electronic (o.g. T.V. is an electronic device)., 

2) It is digital (e.g. you have seen the digital watches). 

3 ) stored-program-concept is employed. 

So remember that a computor is a machine that is 
electronic, digital and in which stored-program-concept is 
used; Stored-program-concept means that along with data/ 
information of the problem, the set of instructions th^Tpb 
forms a program are also stored, in the main memory (explained 
below) of the computer. This idea looks very simple now-a-days 
but it was a r^lutionary idea which changed the complexion 
of mathematical computation to a great extent. Credit of this 
idea goes to John Von Neuman (1903-1957) and Alan Turning 
(1912-1954). 

From the above discussions, we can conclude that the 
device given,in Fig. l 8 »'l is not a computer. 
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18,2 .Algorithms 

With the extensive use of. computers, one may tend to feel 
that algorithms are always associated with computers. But this 
Is not true. fhe word algorithm was most frequently associated 
with ”Eholid r s algorithm”, a process for finding the greatest 
c omm on divisor of two numbers. Now, we exhibit Euclid *3 
algorithm: 

EDDLID * S ALGORITHM 

Given two positive integers m and n, find their greatest 
common divisor, i.e., the largest positive integer which divides 
both m and n. 

Step Is (Find remainder) Divide v by n and let r be the remainder, 
(we will have 

Step 2: (Is it zero?) If r=0, the algorithm terminates; n 1 b the 
answer. 

Step 3: (interchange): Set m^n, n r and go to step 1. 

Let us woric out Euclid 1 s algorithm tailing m=25 and n=15. 

r 

Step 1:Dividing n by n, we get the remainder r=lO. 

Step 2: Since x^O, therefore, we go to step 3 of the algorithm. 
Step 3: Here npl5 and n=lO and we go to step 1 of the algorithm. 
Step 4: Dividing m by n, we get the remainder*^. 

Step 5: r^Oi therefore, we go to step 3 of the algorithm. 
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Step 6: Here m~lO and n=5, and we go t- step 1 of the algorithm. 

Step 7s Dividing m "by n, wo get the remainder r = 0. 

Step 8s r=0j therefore, the algorithm terminates and n-5 is the 
answer. 


h) llgSOOHGEPTIOHS/OQ]l(tQIT,..SEmOiRS 

i) Many "books mention thht ENIAC (Electronic Numerical 
Integrator and Computer) which was "built in 1946 is the 
first computer. This is not correct "because stored - 
program-concept was not usod in it. EDSAC (Electronic 
Delayed Storage Automatic Computer) in the first, 
computer which was built in 1949. 


ii) 


Computers main memory can, be looked upon as a collection 

of compartr ents or locations, from the users* point of 

view. Each compartr.ont i 1- gonorally called a word. Each 

word has a number attached to it called its address as 

-- 

shown in Pig. ™»2. Those addresses start from 0 and go 

h~ 

through 1,2. 



Computer’s main memory from user’s point of view 


Pig. 18.2 
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iii) In or dinar y usage, we use the world computation when 
numbers are involved . t On the numbers, we perform the 
operations of addition, multiplication etc. This is 
called numeric computation. Suppose we arc given 
' 1000, nanesj they are to "bo arranged in the alphabetical 

’ order. The work involved in achieving this is called 
non-numeric computation. In computing field, the tore 
computation refers to both nun erica and non-numeric 
computation. 


iv) While presenting algorithms as well as flowcharts, the 


symbol 




r is used as an assignment symbol. »i 


1 " 


v. 


is read as "i becomes 1" and _ 3+1 " is read as 

t 'j becomes j+1". Note that the arrow always appears 
pointing to the left. Further to tho left of ^ 


only one variable name can appe- r and on the right of 




any expression involving variables and operations 


. can appear. Thus "a. 


n-n+1 " is a valids statement. 


Such a statement is called an assignment statement. On 

Oy P *' 

the otherhand, b -b+2" is not a valid statement 


^7 

as an expression (viz. a+l) appears on the left of 


«- 


An assignment statement is executed as follows. The 

expression on the right of ^ _is evaluated with current values 

of the variables appearing therein and the value of expression 
thus calculated is assigned as the new value to the variable 

appearing on the left of _and whatever value, if any, this 

variable on the left of ^_had earlier to .the execution of 

this assignment statement, is wiped out and is not a vailable as 

the value of that variable hereafter in the algorithm. 
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Consider the two consecutive assignment statements: 



Statement (2) assigns the value 1 to the variable I, When 
statement (3) 'is executed, we first evaluate the. expression 1+1 
appearing on the right of ^ At the tine of evaluation of 

1 +1, the value of I is 1 since stater.ent (2) has done that 
assignment, and it is not changed before the execution of (3) is 
undertaken. Ohereforo, when (3) is executed, I+i appearing on 

the right of ^_ assumes the value 1+1=2. Now this value 2* 

is assigned to I as it appears on the left of ^ QJhus new 

value of I becomes 2 and its old value (namely 1) is completely 
lost. For the portion of the algorithm that appears after 
these two statements, value of I will be 2 till it is changed 
by some other statement. ' 

Actually, what happens inside a computer when assignment 
statements are executed is interesting to note and is explained 
below. When a computer exocutes a program (i.e. an algorithm 
written in a particular programming language), it reserves one 
separate memory location for each of the variables occuring in the 
program. As soon as a variable is assigned a value, this value 
is put in the memory location reserved for it. Whenever the value 
of this variable is changed in further part of the algorithm by 
another assignment statement, the new value of the variable is 
put in the memory location reserved for the variable and the old 
value present in that location is automatically lost. For 
example, consider the statements (2) and (3) given above. 

Consider the memory location reserved for the variable I. 

Suppose it looks as shown in Fdg. 
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__I 

| . 8 {actual address of 

j_ ‘ _{the memory location. 

Memory location reserved for variable I 
Pig. 18.3 

< i 

When (2) is executed, value 1 is put in the memory location, 
so memory location will look: as shown in Pig. 18,4 f 



Memory location reserved for I after(2) is executed 
Pig. 18.4 

After (3) is executed, the -value of I becores 2 . So after(3) 
is executed, the nei-ory loculi, n reserved for I looks as shown 
in Pig. 18 . 5 .' 



Memory location for I after (3) is executed 

Pig. 18.5 

Note that after the execution of( 3 ), earlier contents of the 
memory location for I are lost. 

Note that after the execution of ( 3 ), earlier contents of the 
memory location for X ar 3 lost. 
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V. Flowchart is a pictorial representation of an algorithm, 
Generally it is said thab a piebure conveys the Information many 
times better than the words, Flowchart exhibits the structure 
of an alogrithm. 


It is an experience that programmes (persons who are 
experts in writing an alogirthm in the form of a programing 
language) write the algorithm or program first and then 
produce flowchart, if demanded. Here teachers are advised to 
ecnourage the students to write flowcharts first; this will 
help them to find the precise logical steps to be followed for 
getting the solution of a problem. 


jlanation of examples from the text-book. 


1, Example 18 . 4 .the textbook given a flowchart to find 
interesection of a finite number 'of finite sets. Hie flowchart- 
given there is 
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We have xiunbered tho boxes. We carryout the instructions 
of this flowchart by taking tho uxanplo given in the textbook. 
The given sets are -Af* 1,2,3,4»5j-> 

B=^3,4, 5,8,91, 

C=^2 f 3, 8 ? 9l 

D= J1,2,3,10\ 


i 1 - ' ' j 

We want to find out A^B^O j^D. 


A 2= 


r:e the sets as = |j2,3 ? 8 ,9 j, 
»4, 5,8,9A^ = >2>3»10j, 


First, wo renor: ( 

A-,=43.4,5.b99,^ A,= A 1,2,3,10 i so that 

tho set Au has least nurbor of sots, iluw, we present o«r 
working procedure associated with the execution of the 
flowchart systenaticnLly in tabular fon. 
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m 


i 

type of 
box 

Action performed 

i, 

1 

start 

execution of algorithm starts 

2 . 

2 

Input 

A 2 ^,2,3,4,5j^ 

4 ^ * 6 * ^ 2 * ^ » 1 95» 

n=4 s m=4, Xy=2, Xg=3, x^=8,x^=9. 

3. 

3 

Computation 

±=*2, 3=1 

4 

4 

clecisicj'i 

yes, because x^Ag 

5 

7 

decision 

No, because i=2^4=n 

6, 

8 

computation 

i=2H=3» Here the value of 
ile causes 3. 

7. 

4 

decision 

I 

No, because x^^A^ 

8 

5 

decision 

No, becuase 3=2 ^ 4=m 

9. 

6 

Computation 

3 =1+1=2, i=2 

10 . 

4 

decision 

Yes, xg (=3) €. A 2 

11 . 

7 

decision 

No, because i=^4=n 

12 . 

8 

computation 

i=2ifc=3 

13- 

4 

decision 

Yes, because Xg(- 3e .3) £ A^ 

14. 

7 

decision , 

No, because i=3j^4=n 

15. 

8 

computation 

1-3IM 

16 . 

4 

decision 

Yes, because Xg (=3)<£-A^ 

17. 

7 

decision 

Yes, because i=4=4=n 

18 . 

10 

output 

j ^3 is printed^ 

19. 

5 

decision 

No, because j=^4=in 

20 . 

6 

computation 

3 =2+1=3 and ±=2 

21 . 

4 

decision 

No, because x^(=3)^r-Ag 

22 . 

5 

decision 

No, because 3=3^4=m 

23. 

6 

computation 

3=3+1=4, i=2 

24. 

4 

decision 

No, because x^{=3)&Ag 

25. 

5 

decision 

j yes, because j=4=4=m 

! . i 
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.After the execution stops we observe that our answer - to 
the problem is 3 which was prin^-a at S.ITo. 18. Let us soe 

the roll of land j. x.. £, A’ represents the belonging of 

*J 

element of the set A^ to the'other sets (i.e. A^> A^, A^)* 

I 

Therefore, variation of j keeps the track of the elements of 
the set A^ and variation of i keeps the track of different 
sets (in our caseiJ^ey are Ag, A^, A^). Observe that the value 
of j will vary from 1 to 4 and that of i will vary from 2 to 4. 


2 Example l 8„7 in the textbook gives ,a flowchart which 

is not correct. The correct flowchart is as follows; 



Let us workout the steps of this flowchart to find the 
solution to 3(a) of Exercise 18.i in the textbook. 



Since siniC^= k 



3-No 

. Box Kb, 
visited 

Type fof Box 

Action perfoimed 

1. 

1 

start 

execution of the algorithm starts 

2. 

2 

Inpul? , 

CM 

i-!f02 

II 

3. 

3 

decision 

No, because^ i 1 

4. 

4 

decision 

No, because^i^l 

5. 

5 

computation 

6. 

6 

Output 

A = ft and A - - 


0 

. . tan^= ft and tanfr- 


is the solution to tho given problem. 

3, Example l8.9 in tho texo bo-,k gives a flow chart 
to find the variance and standard deviation for the given 
data. This flowchart ia wrong. Tho correct flowchart is 
given below: 
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Box 1 


(Jtart y 




The following points will make clear the working procedure 
in the flowcharts 

a) Steps of the flowchart from Box 1 to Box 6 will give us 
the arithmetic mean value of the given data as explained 
in Example 7 . AM denotes the arithmetic mean and 
SX denotes the sum of the values of + he given data. 




• » 
F » 
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c) Steps of the flowchart fror Box 7 to Box 10 will give us 

S=(x 1 -AM) + (x^-AM) + (x 3 -AM)+.+(x n -AM) 

SS= (x 1 -Ate) 2 + )Xg-AM) 2 + (x^-AM) 2 + . . ~ 

VAR = ^| 



d) As soon as the execution of the alogrithm is stopped, 

values for n, AM, VAR, SD, S are printed for our 
purpose. 

Note that the value of i=i at Box 6 was not changed 
in the flowchart given in tho textbook . Therefore, the 
value available for i at the decision box following Box 7 will 
always he 1 and the execution of the flowchart will never stop. 

To overcome this difficulty the box i<£-i +1 following the Box 7 

has been added. Also not-s th vb tho value of S has not been 
used to find out variance and standard deviation. The teachers 
can drop the statements S^O, s=S+Yi from the Boxes 6 and 7 
respectively. Similarly, the S can be droped from the Box 11 . 

d. ANSWERS AND SOLUTIONS TO SELECTED PROBLEMS IN 

EXERCISE 18.1 OP THE TEXTBOOK. 

1 . (a) (i) 3 , (ii) 2 , (iii) 1 , 

(b) 4 



2 . (a) Stage Is 
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* • 
e * 


Stage 2 s 


Stage 3s 


3 , 


0. 


4 ? 


B=1 / i*=4 


A 




8 


EL 


a 


120 


B=3 / r=4 


Stage 4; 


V 


B^ 

<r- 


0 


210 


B=4 = r =*,- 


y 

a o 


0 = 210 
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First arrange the data in the ascending or descending 

order. We denote this arranged data by x^ t x^, . . 

M denotes the median of the data. 


f^start^ 


Input x,x 1 ,x 2 , . mX nJ 


Is n odcr*, 


Yes \ t = S|1 



“-TT* 


n 



Print M 


Stop 


We know that ~ let /_C=90° 


Start 


Input a,b/ 


Print A,3 


d = ]aT+V 


Stop 
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Here is a collection, of some 'core exercises. 

Identify sone situations, fron your daily life, for whihh 
algorithns can be written down. 

• 

Pron each chapter of your mathematics book, identify the 
problems, the solution methods of which can be presented 
in -the foim of algorithns. 

Write an algorithn which will print each two digit odd 

2 

nunber N. its square N and its cube N . 

Write an algorithm which will print the sun of odd numbers, 
each number having two digits. 

Write an algorithn to find the sue. of the numbers 
n and the sun of the of tde^e numbers. 

Write an algorithn and its aorresp' 'Tiding flowchart 

a) To print even positive integers up to 100 

b) To count the nunber of positive integers and negative 
integers when a sequence of integers a^ag.^.a^, 
where is positive or negative, is given. 

A sequence of numbers a 1 , a 2 , *’** a ri is given. Write 
an algorithm and its corresponding flowchart to find 
another sequence b^ * * * *^n suc -* 1 ^i =a y^» bg=ai^^, 

b n =a 1 . - 

Write an algorithn to Sprint the Fibonacci sequence 

T 

■ i,1,2,3,5,8,13,21, ...having 50 terms. Also draw 

its flowchart. 
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INTRODUCTION TO V5DIC MATHEMATICS 

i 

'pA^r-i , 

» i 

1,„ 7 INTRODUCTION ; 

v ' i 

Ancient Ve<^ic Mathematics system has been re* 

expounded in recent titles by Sankaracharya Swami Sri .. 

) 

Bharati Krishna Tirtha Ji» Vedic Maths (VM) offers a 
new approach to mathematics based on pattern recogni* 
tion and allows for constant expression of a-student* s 

it. i * 

creativity, VM provides a multiple choice system with 
flexibility at. each stage of working, which keeps the 

y * 1 * 

lively and alert, VM provides mental and superfast, 
methods alongwith quick grosschecking systems. As such 
VM is a boon for all .competitions, VM has been found 

to be easier to learn and delightful to use, 

o_ A 

: . on matrices and determinants ancj 

problems of statistics etc involve- large number of-' ari* 

thmcbical operations, VM allows for combined operations 

i 

of arithmetic, which can lead to large savings in time 

and space of working. Further, we can do every operation 

! 1 
from, loft to right and thus obtain the most significant 

‘ - - • 
digit/digits first^directly. . 


Let us briefly learn the VM methods for basic 

; , 

\ operations, • Further details are available elsewhere 
(Ref, 1,2,3,4), 


/ 


’"contd 
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2, URDHVA SUTRA 

The Urdhva Sutra is the third in tho totdl list 
of sixteen sutras. It stats f Udhva Tiryagbhyam r , which 
means Vertically and Crosswise. This sutra provides the 
general methods of multiplication and has large number ... 
of applications (Rof.2, • 4& 5)# 

Example l: For the produce of two i-digit numbers» 

* 

we simply multiply the digits vertically. 

6 

x 4 
24 

1 1 

5^amgle_2{ For multiplying two numbers, each with 
2 digits; 

We 1. Take the* vertical produce 1 2 

of the right column digits x 3 l 
(units) 3/7/2 = 372 

2. Take the cross product:2x3+lxl = 7 

3. Take' the vortical product of the left column digits 

I 

(tans) : • 1x3 = 3 

Example 3: Similarly form the product of 

2 3 

X 4 2 


i * 


contd»* * 



rrn 


The products are 

1 - 2 I 

4 


31 


UJ 
1 } 

m: ■ 


— 3x1*3 i*0. 


‘ 1 


= 2x1+3x4=14 


= 2x4 = 8 


i.s 


X 
1 : 


2 

4 


3 

JL 


8/4/3 

1 • 


9 4 3 = 943 

Ex^nple 4s Let us compute the produce 132 x 405 
Vie have five steps of working 


1. 13 r 2 i 

4 0 isJ 


2 x 5 = 10 


3 

k4 0 


1 T3 
4 \& 

'■ c n 


L3- 

2 

5 

2 

5 


) 


= 3x5+ 0X2 = 15 


I .1 

X 


2 

5 

2 

5 


- 1x5+2x4+3x0 = 13 ’ 


= 1X0 + 3x4 = \12 



= 1x4 


= 4 


X 
\ *. 


contd, . 
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The extra digit ■ •' c t rri> d forvv rd« 

1 r. 2 

x 4 0 5 


4/2/3/5/0" 

1 / 1 / 1 / 1 / 

5 3 4 6 0 = 53430 


Dla^uasAuas • 


1. Simplifications of 2 digit- in o sincjl<- culumn is 
tho vertical proouct (st 1 and 5). 


2. Simplifiedci .p of ■! digits 3u 2 column is 
crosswise product (stop; 2 n.io ■ 4} # 

3, Simplifications of 6 digits in 3 columns 
crosswise product of cor,' r digits and v *rticnl 
of c 'ntral column digits. 


th > 

is th -■ 
produc 


J. 

I* 


4. Ilio stops can b • ...si.'y rev rs id, and thus the re¬ 

sult shall b) obtain ,d from 1 ft to right, 

5. Th- carry digit can b dir ctly added. 

Th-- rational - of th V.oic M )thod Cctn b - ..-asily 
soon if w’ consider th'- multipli ca liunof the following 
2 polynomials. 

Example 5: lx 2 +3 x +2 100+30+2 a 132 

4x 2 +0x +5 400+00+5 = 405 

4 o 

4x /+ 12 x 3 / + JL 3 X 2 /+ 15 x +/10 
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a • 


The 2 polunomials ar js a anti ally the same 
numb :rs of the previous example, if wj put x=10*. As 

f B 

such in .-jach st p wa ara '^''.s^nt tally collecting tha 
coefficients of different povj.-rs of x (which arc same 
as different plac.- valu-s). The produce may be obtained 
starting fr^m left hand side or right hand side. 

Loft to Right Compubatlugs *. 

Sxampls 6: Multiply 10 23 

x 2 1 0 2 

1/2/ 4/0/3/4/6 =2150 346 


Start from left hand column 

1 


1# i 

2 . 1 

2 


OR 1 x 2 = 


\ 


Ik * If* 



OR lxl + 2x0 = 1 


X 


3. 1 
2 



2 

OR 1x0 + 0x1 + 2x2 = 4 'X.' 


/ 1 ^ . 



k x 


7. 3. 


3 

I 

OR 

3x2= 6 

‘ ' ' \ 

2 



« l « * 
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Luft to right working is v' ry conv 'niint one! 

us' Oil for practical w„ rk. .*• , wh *£«. wj ao not n ;.-*d bh-.* 

♦ 

total rosult. 

TER VINCULUM; 

Wo all find that op r-cion of digit.*: 9,8,7 
and 6 requires slight wj" effort. In V-*dic Maths 
wo also us R«£khanlcs (digits with Ll bar). As such 
wo can always us ■ fch * cuJipl-m.*n J (Purak) of bigger digits, 
ano thus always we -k with o;C y small digits (0, J ,2,3,4 
& b). T h ■ use of R khanks (bar digits) avoids thu 
larg.' digits. , incr-as » hh app -aranci-.- of 0 and l and 


tha 

numb* ■ r 

_C , . 

vU u i i 

partially or 

wholly canc 

9 

= 10 

- i 

= 10 + 1 

= 11 

18 

= 20 

- 2 

= & + 2 ' 

= 22 

29 

= 30 

- 1 

1^ 

+ 

$ 

II 

= 3 1 

99 

= 100 

- 1 

= 100 + 1 

= 1 0 1 

79 

=100 

-21 

=100 + 21 

= 12 1 

So wo may 

us ’ 1 

0 1 inst.ad 

of p9, vhich 


easier, quiclo.r and sampler. For obtaining fch * Vinculum 
numbers, having both positiv and n -gativ* digits, wo 
make Ur,.* of th. 


firot 2 sutras. 


1» Wf* g*.*'c tho compi in^nt* of bigger digits by using 

thu Nikhilam Nava tar, car am am Dasaiah (All from g and last 
from 10) and writ i eh *n ar R khan! s (bar digibs). 

No to: While* using Nikhilam r.ukra w*.. always ..tart from 
th ■ 1 ft hand sido. 


con td.. 
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2, Me us? oho first V ’lie 8utra 5k-*J u ik'-na Pur von a 

(om more than th-'-j pr -vious one) and taka Skadhika 
(one fi»ora) of the previous digit just boforu the 
bigger digit/digits), whoso compliments haV< been taken. 

Frequently, we may hav • mor~* than 1 group of 
big digits, we shall convert -ach group separately into 
Vinculum. 

9 2 8 = 1 1 32 

389 1 0 2= 4 I I 2 I 2 otc 

In 928 wo havv- two blocks of big digits 9 & 8 
separately, Puralc of 9 is 1 and Skadhika of 0 (before 
it) is 1, as such wo gut 1 T as th vinculum form'of 
the left block. Further, Pur^k of 8 is 2 and Skadhika 
of th>j previous digi’: 3 is 3 + 1-4, Hence we get 
1 I 3 2, 

Similarly 89 and 9 ar * thv two largo digit 
blocks in se c 3dd number 389192, as we would not like to 
take the compliments of smaller digits (as th.. eompli— 
m«nfcs shall bt* bigg >r than 5»aiad generally it shall not 
add to our convenience of vjorking), Th^ Purak of 89 is 
"I 1 and Hkadhika of the previous digit 3 is 4., and 
Purak of 9 is 1 and Ekadliika of the previous 1 is 2, 

f 

Please note that we do not change last 2, 


contd* • 
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lb is ih t r a u uiy tu 1 .am tho t .v n “cho 
nor^ alls a cion Vincul 1 " 1 n"nb-r i., d°n' j by u-'ing ths 

K 

Nxlchilrffl stotrn alonQwith th ■ Slcanyu^rxa Purv na gutm 
numb -r 14 (On -. 1 .ss than fcli* p - .viour 0.1 ) W-i .'ak..« 
5kanyun .-no uf th • oi'iit b fni-• th. be..? digits -tc. 
Vsdic maths alni> pruviu ■' a nuiclc ch -ck m-fchod using 
tha Briajank (Rsf. 2,3,„.6), 

Th ’ r. llovdhy ‘Xampl.' p’i- 13. cl nrly show tho 
aasc anc simplicity pmvid *cJ by Vinculum approach o •. 

5xampIs 7: Product of 98 x 98 
9 8 1. V'Tticals (R) R x 0 = 64 

& 8 2. Cross : 9x8 + Rx!% = 72 + 64=136 

72/6/4 3. Vortical: (L) 9x8 sr 72 

13/6/ 

— 1 * n-. , „ - - 

8 6 2 4 = 86 24 

If ws us i Vinculum numb rs using Nikhilam 
98 = 1 0 2 

and 88 x 1 "l 2 

Now 1 02 

1 T 2 

1/1/4/2/4 = 8 6 24 


1 * Vortical produce ”2 x "2 =4 

2 . Cross Produce 0x2 - 1 x 2 

3. Cross & Vertical products 

1 x 2 + 2 x 1 + 0 *V - 4 


VM. 


contd 


* * * 
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4. Cross 1 if t product lxl + 1x0 - "l 

5. Vertical product 1 x 1 - l 

# 

We observe that absolutely no carry ov r is 
r 'quired and computations ar > drastically reduced. 

Further, w-j can ch >ck th’ correctness of 
results at oach stag • of -working (Ref,2,3, & 6). 

Discussions * 

1* In both of th"so alternatives, we have a 

choices to work either from left to right or from right 
to left. 

2. Tho carry digits cjn bj added in second step 
or directly. 

3, 5ven left to right working can b r - directly 
done in one line, using th" -1 special carry down 
procedure of VM (Rof, 3 & 4), 

4, Urdhava method is oho general method of multi¬ 
plication, and is quit - clos^ tb the pr s- x nt method 
wl^ch in vadic tradition is called ’Go-mutra vidhi* 

5. In addition to the several choices of working 
within the tjMhva method, VIA also provides several other 
methods which ar^ v sry ifficiont in handling special patt-^j 
problems (Ref. 1,2 8. 3), Qju such method, which is useful 
for ths product of numb -rs clos:r to any base (10,100 
1000 etc) or subbas- (20 , 30,40 , 50 etc ar.’ subbases of 
10) is based on the *Nikhi3am sutra*. 


contd 
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6 , If we wish to cu/npuk kh • product of 93 x Qp 
by Nikhilam nijthod, v; fi of oil find kh ■ deviation 

of tho numbers from tb r ' bas' j (or subbasu) using, Nlkhilam, 
NavatascarameW Dasatah Sutru which n»ans, ’All from 9 
and last from 10 . Multiply fch • d 'viations ko got 
RH3, 

93 - 02 

30 - 12 

86 / 24 

We get 2 X 12 =■ 24 

Loft half of th ans 1 '-' r is simply any number 
addad to ths deviation of tho roc md number (with propur 
sign). Further we have two more methods to got LHS, 


So LHS 

is 93 

- 12 

= 86 

OR 

83 

- 02 

- 86 
1 


Hencn 3624 is th d 'sir d r ■suit (Ref. 1,2 & 3) 

4. L5FT TD RIGHT CALCULATIONS. 

In most of th- npplic-kinns it is v'ry useful 
to obtain two figures of an answer from left to right, 
i.e to got th*. most significant digit first, thon the 
most significant digits ano so on. 

4.1. ADDITION 
Example 1: 

7 6 8 1 . Addition of In ft column gives 

8 7 4 7 + 8 ? 15 = ^Jiq put* i'~as result and 

carry forward 5. 


1/6/4/2 
‘ 5/3 


t 
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7 - 13,'fis addad 

2. Addition of central column giv.-s 6 + ' ^ 

digit 5, which is equal to 50 at lov/or 

* 

13+50 =63. So’wo put 6 and carry forward 

i2 thl s ^* s 

3. Addition of right column givon 8 + 4 = 1 * 

‘ * Td So w® 

addad to tho carry digit 3* which is equal " ’r* 

got 12 + 30 = 42, and write 42. 


Bxamplo 2: 


8 5 

7 2 


7 7 


2/ 0/ 34 

2 / 2 


Addition of L'*ft column gi-V® 5 
6+7+5 = 18', which *•- m Wrl 

as 2 2, write 2 and carry 
2 etc,, 


= 2034 


4.2 SUBSTRUCTION. 
Example 3i 

5 ^ 6 ^ 2^4 

- 2 9 5 6 


2 8 6 B 


Subtraction of 1 - ft col*- ,m gi vos 
5-2=3, which wa further 

_ 2 

by l and carry it forward, 3'' 1 
and next digit 8 bo comes 18* 


rd 1, 20 9 - 


i | * 

Now ir - 9 = 9, but we need to carry *° rv,a 

^ . - 6 ; and 

1 is the figure 12-5 =7, reduced by one 7 ~ 

finally 14 ™ 6 — 8* *■ 


1. VM provides us with several othor choices 
2,3 & 6) along with cross chocking methods. 


£ working 



• • 
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2. Additional mot *itil is pr .r nt.d in l?t -r chdpt r-j 
(R. -f?r chupt ;rs 13). 

3, If Vndic Maths is sbuuind Ci?o<n. th • b -ginning t wa 

may nav. r b. r guij? *d 'xaj -p numb rr largor than 9 in 

addition and sub .trocti jo, 


f>. QDMBINSB OP v iRAriut: s OR ARX TEW S1'IC. 

Working with matric. s and d t irminar-t^ ro^uir 's a 


sarins of additions mo eubr i.rocti; 
mental working syso 'M .if Vfw provide* 
of ChoiC ,:S (Rif. 3 & £ i) . 


•ii3 of p roducts. Th^ 

■s us with a lurg ' numb.-r 


Wo shall bri fly study on m fch o baeod on thu 
Urdhva sutra. 

Example Is Compute' 21 x 32 + 24 x 22 

2 1 m 2 

* >2._2„ + £..„2„ 

- U/0 / 0 = 1200 


1. Vortical produc of unit's givo . 

1x2+4x2=10 

2. Cross product giv .-s 

(2x2 + 3xi) + (2x2 + -.x2) — 19 add l=20(l of carry ovt 

3. Vertical proouct of tons giv-'s 

2x3 + 2x2 = 10 add 2(of Carryover) = 12 

t “ < 

Th^ro is no n«.'.d t; writ: th intorfliodiatm stops. 

Wo could also v/->rk from 1-i’: bo writ.;. 

1. Vortical produc ^ f 1 ft columns-giv.'s 2x3 + 2x2 \ 0 ; 

writo l and carry fo «ard 0 
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2 . Cross products yivo j .9 and 0 

= 19 which wo cal'! usw as 

2 1 2 4 

x 3 2 + x 2 2 

__ ^ JL y 2/ 00 = 12 00 

/ 0 -l 

19=2 "I so wo writn 2 and carry forward X 


3, Vertical product of right columns give 

1x2 + 4x2 = 10 added carry forward 1 as 1 0 

10 - 10 = 00 

As such we got 1200 
Sx artlplv; 2i 

3 1 2 2 4 2 

x 2 3 + x 4_1 ’ x 3 2 

_ ___ __ - 0 /2/7 1= 271 

" /2/7. 

Left to Right 

1,3x2+2x4-4x3=02 
2. Verity 0 and carry forward 2 and 20 

2, (3x3 +1X2) + (2x1 ^ 2 x 4) ~ (4x2+2x3) 

SL. rj J Acvxjl -V 2.0 (_ Crv n 

Write 2 and carry forward 7 as 70, 

3. Ix3+2xl-2x2 = l 

And 1+70 =71 

Right to Left ____ 

2/7/1 = 271 



6. SQUARING 
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6.1 X INTRODUCTION 

Wo hev ■ swi the,l huv/ th i Urdhva m ethod is us, cl fox ■ 
multiplication of two numo rs or mor than two numb rs. 

Wo can also us .■ th*' Urdhvo m -tboc for squaring. Thj 
following examples doscrib , th ■ pr< c ;dur 

6.2 LSPT TO RIGHT 

W..* can do th-- computations ft)* loft hand side. §ut 
generally wo would n . -id to do this in two stv^ps as thu 
carry ov"X digits shall b 1 add,id in tho second st-'p. How'*vnr» 
if wo adopt tho unique carryov x approach of Vodie rnaths 
system, to the lowor sid i ana also u.«o ttv suitable,, 
alternative form of r suit i at oach stag w ■ can gut tho 
total result in a singl • st.-p, -H:r • vi--. ku^p tho 10 th 
1 v *1 digit at th-* seP, plac and shift tho unit digit to 
the R.H.3, which th.*n assuo s 10 timer. its valu i, 

6.2.1 Illustration is 3qua*? 23 

(i) Squaring from l-ft to right (R*f. 2 Chap.n) 

2 3 

4 2 a 

_ l _= 029 

STAGS Is 

Stop - 2*2 = 4 

Stop 2: RL 2 = 2*3 + 2*3 - 12 
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STAGS II: Vtf • start th- ilimin.ji 3i .. from L.H.S, 


Step 3'. RL 3 = 3 * 


- 9 


Step 4-J Add th • carryov t digits, 

(ii) S^uaro from l*;ft tc right in on' line, 

2 3 
2 3 


TV 5/ 2 / 9 - 529 

-jL£_ 

/ 

STAGS l; 

Stup l: RL^ - 2*2 - 04 wj retain 0 at this 1 3. and shift 

the unit place digit (h, r ■ 4) to th * R,H.S, which naturally g&ts 
its value ton fcim b inergae d (4*10 - 4c) 

Stop 2 : RL 2 - 2*3 + 2*3 = 12, To this w. add tho carried 
down numbor(from L,H,3*) 40. Thorufor^ 12 + 40 = 52 and out ■ 
of this numb r vj; k .p t ,iTi pluc. digit (o) at this 
level, and one. gain shift tho unit place digit (2) to R,H,3, , 
which gets its valu > incrM<*s~'d ton tinu-s ( 2*10 = 20 ) 

SIA^GS XL, . . 

Since w; hav already compl >t.'cs fch-s cp ration of all 
columns (h^-rsonly 2 ) with "eh l.fc most column. We can start 
tlio second stago of lirninati,>n froffl L.H.S, and simplification 
of tho remaining columns, 

Stap 3 : RL 3 = 3* 3 =- g t Tc this w. add th aarriod down number 
from (L.H.S.) 20 + 9 = 29, Sine this is th • last stop, 
therefore th.- number 29 is written in th; right most spac^>. 
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(1) Proceeding lik this Wv* hav obtainne th • r suits in 
ono lino* 

(2) Sine.-) all th digits ar' small, th ur.* vjus no n,>ed to 
uso th ■ vinculum lorm of th 2 ’ suit obtained in di far^nt 
stops* But wh n w- nr" handling bigger digits w s shall 
find it mojv convi l,.nt and rffici ,nt to uso th- vinculum 
form of the int-;rmodic,i, > r suit, <_s has boon illustrated 
in the next -xampl;. 

( 3 ) Vva should not., that ir ; this »n thod wo shall always 
hav j - two digits in thu right hand Host spac,., Sv^n if wo 
g-^t a singl digit valu 1 in last stop it shall b- 1 writtc.-n 
with a zoro pr.-fixed on its L,H,3. 

6,2*2 Illustration 2: Squar 39, 

(i) Squaring from 1 .ft to riyirc (Rnf, Pushp-2, Chap, 8) 

39 

39 

9 4 1 

STAL.5 I: 

Stop is RL = 3*3 = 9 

Stop 2: RL 2 = 3*9+ 3*9 = 

STAGS II: Vila start th.. limina :ic;ti from L,E, 3* 

Stop 3: RLg = 9x9 


SI 
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Step 4; Add the cariy digits to got the final result. 

(ii) Slu^ing from left to ridit in one lino. 

STAGS li 

S+pp ■RL 1 * 3 * 3 = 9 3 9 

3 9 

but it will be more 1/5/21 

convenient to write 1 6 = 1521 

this in the vinculum 
form, 

So 9 = 1 1, we retain 1 at this level and shift the unit place 
digit (l) (read as Rekhanak one) to the R.H.S. which gets its 
value increased 10 times, Hence 1 x 10= 10, As otherwise the 
cumulative total shall consist of three digits and the hundredth 
place digit shall spil over ':he thousand level (90 + 27 + 27 i =l44). 

Step 2: Rig = 3*9 + 3*9 = 54. To this we add the carried down 
number from L.H.S.(-IO). Therefore 54+(-10)-^ , Once again if 
we cariy down the unit place digib (4) we shall end up in three 
digits at the next step, therefore it shall be convenient to use 
the vinculum form of this value i.c. 44-56 we retain the tenth 
level di^it (5), and shift th unit place di L it (6) to the R.H.S. 
which naturally gets its value increased by 1C times, So 6*10=60-. 

ejTA r, ' r ’ IT 

Step 3; RL^ ~ 9*9=8l. To this we add bhe carried down number 
from l.H.S. (Here 60) So 8l + (-60)=21 and since it is the last 
simiplification we keep two digits at the right most space. 

6.3 SQUARING DWANDWA YOGA 

6.3-1. INTRODUCTION 

We have just learnt the Urdhva method of s^uarring* 
Further, for very y.uick s4.uar1d.ng of some particular type of 
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of numb rs which, nr n ■ ■.-<? ;o th ■ bas ur -rubbasn, using 
Yavadunam sutra Ref I u p J -i.iw Purhp 3, fh jr • is 
another method for squaring, using Dwondwa yog j upsutra 
(or tho Duplex combine l.io r ), This su i^ can b- us jd in two 
ways, one is fur squorriir «nd second is th..- cress 
multiplication, 

6,3,2 Th Proc,‘dur *: 

Lit us 1 .cn> th u» Viwd x. r computing dupl, xoo 
of diff rent 1 - vvlo. 


L^vol J.: 


If we h vs a on • digit number, to find the.* 


duplex (B) uf on * digit numb, r w* simply sqauar. thfa 
digit, 

2 

Fot* example 3, 0 = 3 - 9 '; . 



k^uU2 : Per 
the d:<jjits as 
oxampl- • 

35, D = 
L eyol 3; For 
tho sum of th. 


bv/o digit numb r w. find the dupl ox«s of 

% \ f 

uoubl th • 'oduefc df two digits, for 


2(3 x 3) = 2 ( 13) * = 30 

l.hr o digi numb r w*. find tho duplex as 


jqUfir 


•hi 


midhlci digit and.doublt the 


1 

\ 

\ 


product of th ■ lj i"st ri.no ehiM digits. 

For 3 2 7; D = 2 x 3 x 7 + 2 2 a 42 + 4 = 46 ' 

Luvol 4; For four digit numb c uj find th * duplex as the 
sum of doubl .■ th; p ru< uc , uf -i.hu first and fourth digits, 
and, duubl: th-* product of th secohql and third digits. 

For 145 6 JD = 2 x 1 x 6 + ? x n x 5 * 12 + 40 s 32 
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L v l 5 : We ixt nd th r. ■ ...roc c'ur - for finding the 
duplexes of fiv digit numb r 

F^r 1 2 3 4 6j-U = 2 X 1 X 6 + 2 x 2 X 4 + 3 2 

= 12 + 16 + 9 = 37 

Similarly w can jxi -nd it ven f^r th- larger 
digit numbers. We can cl >urly s?' that w- obtain duplex 
straight forward application of Urdhva Sutra, 

6,3,3. Squaring. 

Th ’ followiha illustration shall explain th 1 steps. 

O 

Illustration 3: Calculat 53 

Step is First wr- take th • dupl :< of 1st digit 3, as 
dascrib-jd in l.'Vil,. 1, 

So 3 2 - p 

i.o. thu suqaro of ch: first digit. 

. . 53 2 - / /9 

o'Oep z : Now w: take the duplex of first and second digits 

as described in lev- 1 2, so doubl the product of the two 
digits. 

m 

. . DuplOtof 52 = 2x5x3 = 30 

Th-r for => 53 2 = / 3 0 /9 

St op 3: Further we talc the dupl_ »x of 2nd dial - ’- only, 
in level 

1. So Squar of 2nd digj t is 

* 5 2 =25 

53 2 = 25/ 0 /9 


, OS 
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atop £ ' Add th j carry die Its* 

2 

53 = 25/£/9 = 2 P^O 

3 2 

H^nco 53 2809 

NOTE: Wv cun easily start th proc r; s of squaring from 

Id ft hand sido. 1 

Illustration '1: Culculat 8343-2 

SIAG5JL 

Stjp l: Duplex of fir„-t di-jit is 2^ ~ 4 

(0 3 4 2) 2 = / // // // / 4 

Stop 2; Duplex of l>-i .-•n*J 2nd digi'u (l.*v.-l 2) 

So for 42: D “ 2 x x 2 = 16 

„ * (^3.2) 2 = / / / / / 6/ 4 

1 

Stop 3: Hupli *x ',‘C 1st 2nd ond 3rd digits (1 v.’l 3). 
for 342 j D = 2 x 3 x 2 + 'V^ = 12 + 16 ~ 28 

. . (8342) 2 = // // /P / 6/4 

2 1 

Stup 4; Dupli,<x of th-- first four digits (lc-vul 4) 

For 8342: 0 = 2 x 8 x 2 + 2 x 3 x 4 = 32+24 = 56 

STAGS XI : Now w f si. jliiainatio; 1 proc-ss* 

Stop 5: Duplox of 2nd, 3rd ond 4th digits (l-’V^l 3) lc-avins 

1st digit. 


contd,. 
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For R34; D = 2 x H x 4 +3 2 ~ $4 + 9 = 73 

. . (3342) 2 a / / 3/ 6/ 8/ 6/ 4 

7 5 2 1 

Stsp. 6_j 

Duplt-x of 3rd and 4t . digits 1. . 03; 2x3x3=40 


i 

* „ (0342) 2 _ fl/ - 3 / 6 / e / 6 / 4 

4 7 5 2 1 

—St ;p Dupl 'x of 4th digit only i. . P . 2 = 64 

Stop 8 : Adding th c^ry digit*, w_ g--t sqauar of thv 5 
numb r 

( P 342) 2 = 6 4/8/ 3/6/P./6/4 

4 7 5 2 1 

= 69583 

Hr>nct? (8342) ^ = 6 9588964 . 

6 r 3.4 VlMGULUi^ IDR^s If hav bigger* digi'cs, con— 
vorting to vinculum -form shall r due. - th ■ computational 
offort. 

Illustration 5: 2l99 2 = 22 / 1 2 

- ' 4/ 8 /4/4/4/0 /1 = 4R 353/1 

QII5 LINS fiOSlTIVS RESULT; 

V»f > hav-' just s **-n lio^/ corv mient it b 'Com,s to us« 
th.i vinculum form of numb ^s. But it has th apparent 
dofici-ncy of not giving -,Jsi ansy</ r in oni lin 
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As some of the digits of th- result art- obtained in 
vinculum form* How* v r, if wo ar • interested in getting 
thi positive r 'suit in on - lin , w- hav„ ju^t to convert 
tha bar digit into ‘it* eompl -m-, it ary digits and carry 
additional 1 to th.- high ;r plac ■ as air <ndy iXplainad 
in Pushp-2 (2nd Yditition)* Compl ■ !; a .-tails arc- availably 
in the corrospondonc cou^f-*. 

Illustration 6 ; 3\|Uar 2199. Lot us do I'hir aga^n. 

2199 2 ~ 2201 Z - 4/P,/3/5/6/0/1 = 4335601 

T 7 

In 3t'-tp 3 ‘M' obUin -d th.- aupl..*x as 2*2*1 = 0*0 = 4 
which is wriit n as 16 and is shifted to th high r 1-ivJ 
and odd id to th.- nixt duplex numb ,-r, In si -p 4 tho 
d.upliox obtain--d is 4 this added to q^rryovn c. "I gives 
us 5 which is us -d in th' olt-jrnatlV- form i.a.15 etc, , 


DISCUSSIONS: 


Proceeding on th . came lines, it is 
to compute the results, , ov-tsi from 1 »ft to 
using thu vinculum form of numb t^- , in on-, 
shall fp'ift the unit digit to th - low*'.? 1 j 


also possible 
right, while 
lin H -ro wo 
vol as explained 


in Pushjb-2 and corr.- spondanc- cours"'* 

There is y't anoth-r m-thod of squaring. This upsutra 

reads, as follows Yavadu^a^ T^vacjymikrtya VargafCa Yojay^t 
{v\dp£p\ -vxt *, 

v/hich m«ans whatever th<„ axtint of its deficiv-ncy lessen it 
to tho same :;*xt «nt and s t up th - sTz^uam of oh - deficiency 
(Rcfar Pushp in 1 Chapt r 9), 
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Illustration 7: Calculnt. th squar• of -h.* numb r 98 T 
Stop 1: First w< s 1 or ‘' b-'s > rv or L.-> th' % rtumb•- r . 

Hare 100 is th.. baa--. 

Stop 2; W) clivid ! th s r-suit'in two part? by drawing a 
slash 

98 2 B L.H.S./R.H.S. 

Stop 3: Th j deficiency of th - numb-r from th ■ base is 
(100 - 98 = 02) =02 

3 t'‘>p 4: Now w•! nubstract th? s deficiency from th-* nu«ibox 

B 

to got the L. Ii* 5. as 98-02 - 96 

So 98 2 = 96/R.H.3. 

Strap 5: For R.H.S. r suit w take the squ.ar » of the 
deficiency. So the sqauor of 02is 04. K >nci th" result 
is 98 2 = 96/04 = 9604. As th -.ro ar-. 2 z -roos in the 

bas*- (100) we Tnus'c hav 2 digi-s on R.H.S* 

7. DIVISION 
7.1 INTRODUCTION 

In AVM Pushp-2 w* hav>: studied th. un .■ of throe 
sutras, nam-.ly Nikhilam (no,2) , Paravarfcy a (No,4) and 
Urdhva (No.3) f comb in .-cl with Upsutra Ohwajank for division 
of numbers. Sa«h on ’ of thenis mpt conveniently and 
efficiently applicable in particular probl -ms. Tluir 
applicability and working efficiency r„ll th’ mort- increases 
wnen wo fracily us the '4 die Vinculum approach, VA" 1 shall 
consider some additional working details in>tho section. 


con td.. 
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7.2 STRAIGHT DIVISION 


In Nlkhilnm jji.»L hoo o- «ii vision* wo us* th.; 
Nikhilam sutra "NikhiJUim M<*vataph€a.r a®3 |iJ Oasha'cah" 
too obtain the moclifi -d division (K43) uo a first stop. 
Further, we us ’ch i T'iD -for subs i r ( u 4>fc op ‘rations (Rufur 
Chapror 9 T Pushp-2). Further, ‘it has bo n shown that 
it is much mur« convcin :nt to us. th Vinculum numbers 
in place of bigg r digits* 


H ,r \' i us 
/n >ans "on th-.' top o'.u th ■ flag" 


digits er * fflor thor. J w al.v 
th r „ a who 1 procoour is ;J ur -iy 
division can b. dona straight 


Ih Dftwajnnk upsutra which 
. Further, whon th-- flag 
ur thb Urdhva Sutra (Mo* 3) 
iii nt,al and aft *r proctica 
away in on a lino. 


Di vide* 518 by 23 

23 rmff 

Stop 1* Wo writ; it as •Colli". r. 

EJU- 
3 5315* 

(op orator) 2 

Haro 3 is th • flag dijit. 

Step 2t Vie put dots fo ■" the jc< jniaindnr portion* equal fco 
the number of flag digits. 

3 jfST*: a i 
2 

Stop 3: (i) Divid 5 by 2 w« g it 2 a- firr.t quot^nt digit 
and 1 as th * remainder aon pine.* it bof<*re th~ next digit 
as 

3 : n : 

2_JL 

_2_ 



So our njxt gross dividend n. Mil 1 , dividend (ND) = 
31 “ 3 x 2 = 5. 

Step 4: Divide n.'t dlvicl 'nd (i. > # 5) by 2, v/> got 2 as the 
2nd quotient digit and 1 as ramainosr and plac.- it b..for;' 

8 as , 

3 4^51 : 8 

2 JU. 

„J22_ 

Nat gross remainder is 18, as wy hav reached the 
remainder dots. 

(ii) From 18 subtract 

,(3x2) = - 

JJ2, So 12 is our final remainder 
3 STsi *• 8 



R “* 12 


Illustration 2: In th pr vious oxa®pl- we hav.- seen 
that out of the two digit:, of divisor w- are actually 
dividing by using ono digit and tht- flag digit is being 
usad for simple readjustin' nt of th_> gross dividend. Now 
lot us taka an '-xamplv ox division by the thro • digit 
number* 

Divide 7142695 by 824, 

Hore,tha divisor is of 3 digits. In this case yr» place 
e <\$ 

the lajl^two digits of divisor h' flag digits and adopt a 
slightly different modus opvrandi on Urdhtfa Tiryak Lin.-s 
as follows: 
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24 ,$"71462 : 95: 

8 . . . 

Thu initial two st.'pn ar s Cmi 1 .;; already » xplaih-jd, 
with last 2 digits marked off. 

Stop 1: (i) divid * 71 by 3 w y -t FI and j- Hflaindor is 7* 

24 4^71426 : 95 

R 7 

P 

So 74 is th • gro^s civic >nd, 

(ii) From 74 wa subtract th producer of tho 1st digit 
of flag numb r (i,v.2) and th - 1st quoti jn c digit (i.tj.fl) 
So wo g..»t 73 - (Px2) — 7-e 16 = 58* So b r ’ is our next 

Yur^' • dividond(-Kl>), 

Th’j subsequent st -po hav > a slight modifications, 

V\in ust th Urdhva sUtru fdr urijustm>mt of our gross 
dividend, 

ot. p 2*. (i) Divid HP by n w ■ g-.t 6 and 10 as rjmaind.3r t 

24 J 714 26 ; 95 : 

8 710 


(ii) From 102 vr subtree’.., (By Urohva tiryak rule) gross 
products of two flag digits (24) ano two quotient digits just 
obtained (p 6) i. 

24 

X = 12 ,+ 32 
06 = 44 

So our remainder is 
102 
- 44 

_^ (which is our next nat d-ividond . 
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Step 3: (i) On dividing'58 by 8 w ■ g-t 6 ana 10 as ramaindnr. 
Our n*ixt grosi ( ' , iviu. ;,o is 106 

24/ 7 14 2 6 j 95 : 

8 7 . 10 10 

8 6 6 

(ii) From 106. we subtract. By Urdhva Tiryak rul^ gross 
products of twc flag digit (24) and tho last 2 quotient 
digits (66) i.c. 

24 

X 12 + 24 = 36 

66 . 

and the remaind-. r is 106 

-36_ 

70 which is our n ’xt n -t dividend, 

' Step 4: (i) Uividihg 70 by 8 we get 8 and 6 as 

r uaind .r. 

Our first gross remainder is-69, as wj havw reached 
the remainder portion, 

24 / 7 1 4 2 6: 95 

8 7 10 10 6 

8 6 6 8 

(ii) From 6 9 deduct by Urdhva Tiryak ruli , gross product 
of two flag digits (24) and last 2 quotient digits 68 i,«, 

24 

X = 16 + 24 = 40 

68 

Th .• mxt level remainder is 69 

- 40 

29 and 295, i^ ti ^reforc- th« gross 
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R. 

This has to b. furth r correct d by thj cross 
multiplication o£ 24 -with n/j" =' 32. 

Not ruinaind >r R = 2°. '—32 = 263, 

This can also b- ob -cl dir c cl) bis obtaining the 
correction using th fir it eng- os cowputai ion a of Urdhva 
mathod, 

24 = 432: Th r-for u.t R = 695 - 432 = 263 

x 63 
32 

4SL 

Illustration 3: If th ’ numb r of digits in th. divisor 

ara larg ■ and wn or 1 it re c -u t .*d to obtain .>rf y a limited 
numb -*r of digits of th guoti -.it {For >ocafApl whan wo arc 
computing pt'rc nt«g of pupulocion ate) It ;i.s int 'rooting 
to ob rv • thj°t of th bigitr of th > divisor 

as w^ll as thv uivio ud may not b, touch-d ,iv'o onco and 
still w.' can g *t th „xoct nqulrod valu ; by using this 
Vadic g jn-^ral m thoa of division fcas id on th” upsutra 
Dhwajank and y.utr a Urdhva Tirynkbhycun (No*3), 

What is th p re ntag • valuo of 432461 of 32738678. 
Th * d jsir d p.-rc n cag ■ 

=( 43246 1/ 02733673 ) * 100 

2738678 J 4: 3 2 4 6 1 0 0 
12 3 0 

1. 3 2 2 

= 1 . 32 % 


contd*. 
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Stop 2: & = 13 - 2*1 = 11 . 

5 tap 3; D = 22-(3*2 + 7*1) = 9 

Stop 4: 0 = 34~(l*3 + 7*3 + 2*2) = 6 

Not,-si 1* St'ip 4 uiay bj don - simply to confirm thj order 

of the noxt digit which if big may ba suitably roundod off, 

2, In stop 3 w'> may b-> t^mptud to tako 3 th'» quotient 
aad then in stop 4 w» shall have 

D = 04 - (1*3 + 3*7 + 3*2) 

= — 26, Th'r for. Q4 =8 

and % = 1*3^3*^ = 1*32 Ans, 

I 

3, Howav-ir in caso w„- ar~ int^rost d bo compute further 
digits thci simpl Dhwajank proc^durp is continued 

Step 5: D= 06 - (2*2 + 7*2 + 3*3 + l*n) 

= - 29 

Th.sr fur>< Q5 = -9 and H = 2 otc 
Similarly w can c. i- 'inu furth r, 

ODMM^SNTSs 1 ' 

This is another wonderful and uniqu ; feature 
of Vadic division m- thod as w. are ro H uir jd to do only 
the bare minimum essential 'amoun fc of computations. 

This is p :rf'- ctly In tuned with tho.V&dic tradition 
where a human b ing, thj roof and crown of Gods f creation, 
is required to follow th * path of divin*. bliss ano ful¬ 
filment, Thii whol •- Vudic approach is towards poised and 
balanced minimisation cf .-fforts and maximization of result' 
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8. 30UAR5 HOOTlIJta. 

8.1 IMrBOOUCIULJN 

To find th . squar r. >i; of th numb r using the 
vodic sutra is v.. ry simpl , -usy qfid rut r etin«j, Th 
sub sutra n armed Dwand*Yoga ( ^4^) or dupl&x 

process has two ii coin.' -. i 7 ir.,c on i => by squaring and 
th..- s -•concJ on is c r sr. -ual Idplica th>>>. fhis suSira 3s 
bury easy to apply. U 0 i:ig bhi• su\ra vm can also find th- 
squar;s of th i numb t ..In t.r viuu« sections vr■ have =- 3 j n 
diff r % nt m thoo'-, of '-quor 

S..1 lllustr oti n ft rino th squar roc,t of 44R9, 

5tjp l: First \r male -ch •■oir r ! f iviu digits ach from 
thu givan numb r R„L.o, ^ L.H.3. and v/rit j as 
44 : R9: 

Th firs' 1 pa?, r of - di*_1 t s from L,H,S. is written 

outsido th.. dw c.c and r ot of tho pairs ar written in 
b ‘-,.v ip th dots. 

Stop 2: ibw w fj nd tb oqUc.r of th first nino natural 


numb rs as 1,4, ',10 t kf 

j 3 i/- ' 

,s-»ni 

and 

clliio 

which is most suitrbl ■ 

o ri - i 

ss r 

than 

th' 

(i) In this cas squar 'f 

6 is 

suitnbl •. 

first quoti >nt digit. 

Aft r 

Lh? s 

<=t p 

Vj f 


part of th ■ squar- root using straight division process. 
So substract th squr.- jf 6 (i. 36) from 44 w. 1 get 

(44—36 — 8) 8 as a r -rnuind .-r "jhich is pr^fixad as the 

first digit of th-; n sxt pair (i. ■. 8) Hone,.- 8R is the 
dividend. 


con to.» 



i: 503 : 1 

(il) For finding tli • divisor w> doubl f.h‘> first quoti-nt 
digit (i.e, 2 x 6 =112) obtain'd in stop 2 (i) and write as 
follows 1 

' 44 : 89 

I t 

8 

12 _ 

: 6 : 


So 12 is our disdsor. Th.* -,*ntiro division is dona 
by 12. Step 3: (i) New oivio" bn by 12 vn g.-t 7 as a 
quotient and 4 as the r’-maind J r , which is pr'fixdd to the 
next digit 9, So *;9 is ou." n> : xt gross divid -nd. 

44 : 8 9:, 

12 _ 8 _ 4 ±__ 

: 6 : 7 : 

(ii) How subtract th cq’.u ■" of th quotient digit (i* ,7 2 = 
obtained in (5 'p 3(i) fwr th" groo-i dividend A9 wo get (49-4 
0) 0 as quotient and 0 as r ;inaind'-r. He-nco th • squar : root 
is 67, which is an ;>xact squj.ro, 

DISCUSSION’. 

(1) Wo hav ■ just seen h w asy it is tu find the square 
root of any big number, 

(2) If a number contains h digit*?,' 

(i) If n is odd than th" squar root of a number shall h< vc? 

1 numb r of digits, 

2 * * 

(ii) If n is jvc.n than th' squar 5 root of numb.r shall have 
digits. 
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(iii) If the number is of pure decimal then the number of digits 
in the square, is double that in the square root. 

(iv) If the square root is not an exact number, the decimal shall 
be put after the number of digits ey.ual 'to "the number of 
pairs formed. 

8.2 Illustration 2; Find the square root of 17. 

17 ; 00000000 
8 ; 1 2 3 2 2 6 7 3 

: 4 1 2 3 1 0 5 6 


the net dividend at each stage is 
10 

20 - 1 ^ ■= 20 - 1 = 19 
30-2 x (1x2) = 30 - 4 = 26 

20 - ( 2 x ( 3 x 1 ) + 2 2 ) = 20 - 10 = 10 
20 - (2 x (1x1) + 2 x (2x3) = 20 - 14=6 

and so on Hence, the square root of 17 is, 4.1231056 which 
is not an exact root. 

8.3 rlustration 3s Find the Square root of 1 2 4 3 5 9 

: 1 2 s 4 3 . 5 9 0 0 
3 4/6911 16 

6 s 3”. 5. 26 4 8 — 


Hence the square root is 35.2647 etc. 
VINCULUM AFP ROACH 


Let us solve this illustration again using Vinculum 

s 12 ; 4 3 59000 

6 34 0 1 2 0 0 

3:5 3 4 5 1 6 = 35.26484 etc. 


Further details arc available in AVM Puehp 3 
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Motilal Banarsi Ddr,, uoini 1965* 
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1, 2, & 3 Spiritued Sci nc j S -ri -g ( SB3) Roork-i^, 1988—89. 

3. Puri, Narind t, ’And nt V.dic Mathematics’ Corns - 
pohdunCo Courr, ■, Institute c >f V<-c lie Sci -ac ^ 

Roork" 1 .; 1988-1990. 

4. Nicholas A.P* ot. a, , *Applications of Urdhava 
Sutra Voisticolly and Cr\>snv<ri.e'.>' , Vo die Mgfchc. R^s.arch 
^roup f London 198'., 

5. Puri, Narindor, ’Highc r Applications of V >dic Maths* 
S.3.S. 3oork-» 1988.' 

6. Puri, Narind,r, ’Bri.f nf Ankur 1, 2, 3*& 3.S.5. 

Ruorko ■, 199,0. 

7. William K 3n ith, ’Dic-env ,r ’ V.'di' Mathematics* 

Vjdic Maths Ros^arcii Grlup, London 19R6. 

l-> 

8. Saraswati, Swa^y Saty- Pralca h and Qr.Usha Jyctishmati, 
*Th,i Sulba Sutras— H-xts on th' Vwdic Goufn try 

Pub. R„K.S.S. Allehabod 1979. 

9. Virahmihnr, r Anci -nt surya sindhanf .Cmara ntry by Sri 
M.p,Srivastava, Pub.R.K,S,3. Allahabad 1940, 

10. Bhaskarachary a, *Anci n’. Sidhant Sliiromani—P t. 1 
Lot;lavati* , CoOiicnttry by Pandiir 3hri Lakhanlal Jha 
Pub.ChaUkhamba Delhi l Hindi) and also English ' trans¬ 
lation by C,Brooks (available in photocopy form) 1978 and 
1390. 




The sutrae nf V die toath .mcities hav vari d 
applications in differ ni branch js of wiath Katies, 
SnViral applications la- v b ,n pr s *ni o in Teach,>r 1 s 
Guido for bucks of Cl_.ss IX, X uno XII, 


Sv.-n to." alg bra of compi x ftuunb •rg con b. v.,ry 
conveniently done by using Lh VndiQ £ribhugank approach, 

t 

Thu Tribujank approach pruvid'-s v ry cunv ,6i.-nt and dir ct 
solution of vari J proul m- -r 2-0 and 3—Q cn.vrdinat 


guomutry as vr 11 os trie hOM try, both plein and jjph rical 
(to bo a is cussed in la'.’ chap's rs) . Furth r d 'tails ar' 
availabl olsa ’-vh ?. (2 f, 0 6, '>), 


L >t u<. intruduc - .ur iv •' o fch VM Tribhujahk 
approach. 

Th ■ ancj -nt V 'die Ri-ihis had aumpi 'c knowledge and 
und r ;tending of g -ohi ■ ry , fhi', if, v ry will acc.ptad 

by all Mod scholar', H -r ' in u ■ introduc ours fives be 
a v-'ry int-'resting, u^ -ful and thought provoking fac<fcr 
of ahei nt knovl dg. , As c of thr * * numb rs x,y, and z 
which satisfy cn ’ owno-xte.’^n -*■ y^ ^ ^2 is call-'d 
Tribhujank cr\\cV^ ). This v«ro consists of thr ;•* 

parts, Tri (pronounc d os Tr • ) m «aim throu; bhuja moans 

f * 

thn side j enk m onr th' numb rs, Therefore Tribhu jank 
stands for a s. j t of thr • numb ri which essentially ropr:sent 
th; thr <o sicKs of a r&gnt -ingl r d trlangl ', having x as 

the base* y as th - ' height and z as hypotunus". Tribhu jank 

* * . 
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writ ton in this o-'.{U nc saontiarly r pros nts tha 
angle? (A) bet’.’.' on th si don x and z. 






Tho so calld Pythaaorue th.’or* m v'.-.n yxt nsivsly 
ussd by the ancimt Vrdic p.-opl- a £ -v thousand y-'ars 
bo fora th * Pythagorus p riod, Th -following four 
formulae from Kotyoyan’s nulbha sutras cl ;arly demons¬ 
trate’ th-ir p'rf ct und - c c tanking of this simple and 
important fac Ir of g'-om try, ^ 

V 3=T^T5SV; \ 

2.' X3T 

<Tn Ov v 

3- pyr 5W\; \ 

Meaning th-rnby 

1. Tho rops measuring "h-• diagnoal of a squar can 
hslp in constructing th square tvde. in ar »a as th'-) 
first. 


2, With tho h'«lp of a rop tvdc the length of a sid i 
of a squaro, you can C’»n* truck ano th *r of four timos 

in aroa, thrice in 1-ngth-nin , tim -s and four tim s in 
1 ang th-sixt)';n tim js, 

3, Half th’; 1 ng th of repo, will yield qua •■'for area, 

4, On-’ third, 1-ng th •_f rope vdll yi Tu pne ninth area. 


5van one old Babylonian tablet; (Plimpton collection 
of Columbia University, N York) wnich dot c from 1900— 
1600 B,C, pr-’sunv.s a c *t of fift in Tribhujanks, 
decreasing in stops of 1°. 
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Thy s t of numb r- 3,4,L r pri.seh on > rribhu$ank 

t 

35 3^+4^ = 5^ # If wr k.i r th hypo ton u *• and any of fhj 
other "two sid- j s , th-- Vedic Suira ( -<A^v\ vA e?V^«Vi ^ 

Sankalana Vy avakalanafohyam (i*V # 7} can b. u<- ,«d to compute 
third aido v-ry convjni.vi ,ly. Tta rsuhra m .ans by audition 
and subtraction. 

Example 1: If 13 is th hypot-.-nus ■ (z) and 12 is 'th > bas-i 
(x) of a Tribhuaank am th third sido* height is y th'p 



addition AND SUBTRACT.Iu r l Ol’ TRIBRUSAfK. 


Bobh of the a t operations can b. oasily don' 1 by dir ct 
application of th Urdhva rsufcra (No.3) which simply 
m <ans v rtically anc. cru b.*r./iso; only th sp >cific procodural 
dntails hav to b' iiui >d, Th r > .Iiths *1 mjntc of the n, v 
Tribhujank ar obtained or, fullovjs: 



+ . . * ^ 

1st il.-mont 2nd .'iloni'-nt 3rd olomonb. 

If (A) x ^ f v 1 » s and 

(B) X 2 y 2 

ar • two Trlbhujanks 

containing angl • A & B reap ctivsly. Th n th' Tribhujank 


contd*. 



contain'd Angl s 


n — 13 anu A + B arc 


A X 1 ■ *1 2 1 

B - - ~ I 2 -_- 

a-b (xi x 2 % + y x y 2 ) (* 2 ^ 1 '“ x^CZj. z 2 ) 

A + B (x^x 2 “i\-y2) ( x 2^1 +X 1 ^ 2 ) z 2^ 

Let us consider on.' oxampl’'.', 

Bxample 2: Find Iribhujank ”'f Angl. j A-B and A+B, if 

A 4 3-5 

B 12 5 13 


A-B (4x12+3x50 (12x3-4x5) (5x13) 

63 16 6b 


Similarly; (4x12-3x5) (12x3+4x5) (5x13) 

A -h B 33 ^6 6 b 


2,2, Operation of cotnpl 'X Nu mb rr>: 
(a) ADDITION A'ID SUBTRACTION: 


Addition and subtrac i'ior of compl <x numbers is 
done by using th ■ V die sutra * First by first and last by 
last’ i, b, whil- aooing compl -x numb-v-s, , th ■ real part is 
added to the* r al and co:ffici'iit of 1 i* (complex part) is 
add-id to th* complex part, sem - is tru for subtraction of 
two complex numbers. 






(b) multiplication of complex numbers: 


Th-; multiplication of complex numb 1 rs can b ■> do no 
just as w .• add th Tribhu janks. 


Sxarnpl'' 3: Multiply (4+3i) (12 + 5i) 

We consio.jr Lh ■ coeffici'nts as th ; two elements of 
Tribhujank and carryout th.- addition, 

4 +31 

-U_*.__+_ &X _ 

(4.12 - 3.b).,+(3. L2 + 4.5) i 

= 33 + 56 i i ■; th r suiting coiipl ;x numb rs. 

(c) DIVI3IUIJ OF CCMiLSX.NUMBCRB 

Ths complex numb r’• can b;i divided lilo th. subtraction 
of Tribhujanks* Wo muse also divide by th * squar ■ pf tho 
third slemnnt of th^ Tribhujank. , ' ’ 


5 x amp 1 - A : 


4 + ,3i 


So 


12 + 5i 

4 + 3i 
12 + 5i 


-XS_ 


((4.12 + 3.5) +(3.12 -4.5) i ) /169 

io tho resulting complex nuiaber. 

16 9 

5xamplv< 5: Compute (i—3)/(2i+ l) 

W5 got . -0 + i 

1+21 


“3.1 + 1.2) +(1.1 -(-3) .2) 1)^5 

= (-1 ♦ 7i)/5 is tho resulting complex 

Numbnr. 



(d) SOJARSHDCT OF A GOMPirlLI fiUtoblsB 


isjsimply th : half angl' Tribhudank of th giv ,n 
3 lemonts of th* comj j& *x numb r which can b air ctly 
computjd by using th j half angl ■ (Bo^jank for&ula)* 
The details ar. j pr '^'Tiv *d in chaot r 12 and 13 (Ref. 

3 S. 5 for compl t* details). 


5xample 

v 8 +61 = 3+ i as 3,J ar' th ■ 

B :• ■ janks -for Tribhujank (8,6,") 
Similarly, 3,2 ar Lh ■ E' janks for Tribhudank (5,12-) 

2.1 ar-> th ■ Br'janko for Tribhujank (3,4,-) 

4.1 ar :• th • Bo jjahka for Tribhujank (15,3,“) 

In g jn^ral /x + iy = J x + r + *yi 

2 jStx+r) 

* 

wh 'T<' (x, y,r) is a tribhujank. 


So, / 3 + 6 i 


y/~3~+ 4i 


V 4 + 3i 


R_ ±ZJh- 

2 

1+ i 

A+_5... 

2 

2 + i 

f4~+ E - " 

■* 2 


+ 6i- 

/2TIrT" 


( 8 , 6 , 10 ) 


+ ^• (3,4,5) 

/TTe * 

+ „3i_~ 


C3+±>/ */ 2 
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CKAPrift - 3 

. APPLICATIONS OF VSDIC ftb.T.lsAvulC 5 IM TH? C?J AD RATIO EQUATIONS 


We havo studied rsc-m xampl s of quadratic equations, 
and how to form n>w quadratic i-quations who a a roots has a 
definite relationship with throots of th giv-n equation, 
Vodic. Mathematics: siitras provide simpl proc-.-dur’s for 
obtaining directly 4 typos of oquatiohs. Further, thase 
procedures are appli d <Jir'ctly ■'v.'n to tho high jr ordor 
equations, although, h r ■ we shall b f considering mostly the 
quadratic equations only. 


A, To obtain an aquation whoso roots aro opposite in sign 
to those of a given equation* 

Ws un«> th'. fourth V .die sutra* which says r Paravartya 
Yojajet 1 - moaning *Transposo and Apply f , so wn tronspost 
th ■ sign of »vory altorncit; term, starting with the second 


and leaving tho constant, 

Example 1: 15x 2 ~ 13x + 2 ~ 0 has roots 2/3 and 1/5 

. , I5x 2 + 13 x 2 -- 0 has roots - 2/3 and„i/5 


Example 2: 

Similarly x^ ~ 30x — 216 - 0 has roo ts — 6 and 36 
. . + 30x - 216 = 0 ha-, roots 6 and —36 

B, To obtain an equation whos - roots aro reciprocals of those 
in a giv ,;n equation. 

■ We rov. rsv th--- order of th'- co *f ficien ts. 

Example 3: 2x 2 + 5x “3=0 has roots 1/2 - 3 

S 


• • 


3x 2 + 5x + 2= 0 has roots 2, {“1/3) 



Similarly 

5xampirj 4: 


- Hx 
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,2 


-V: 2 - 8x 


- 9 - 0 h-..s roors 9, “1 

-t 1 - 0 hj;~ roo '*•- 1/ 9 } — 1 


Tho proofs of ch m* simpl . jnu dir cv proc dur s 
am availabl ;ils-'v>h ,ro (R f.3,4), 

G. To obtain an aquation vh *s > roo is ar ■ all 'qual fco 
thosa of a giv^n 'qua hi on mul i.iplind by a givon number. 


This casa com s und j.r hho first Vociic upsutra, 
’Proportionat .-ly ’ - 1 Anurupy'-na 1 . 

Wa multiply th co'-fflci n I**. cf th„• giv ;n equation 
by succussiv pov >rs of th giv-n numb r, starting with 
zero. 

2 

Sxamplo 5: 2x ~ 5x *- 3 ^ 0 has roo os “1/2, 3 

supposing v/j von r on ...juatiou with dcubl th."-'* roots, i f o. - 1 

6 . 

Multiply th j co *ffici >n : ‘s by Z . 1 2 ^, 2 2 

- 5"‘2-y. - a* ** - <p 

* 09 - 2x 2 - 10 X “ 12 = 0 is th requir *d equation, 

Example 6: Th SqUntion 2x 2 “ 13x + 15 = 0 has roots 3/2 y 
5, If w want an ,quati.,n having doubl > the 
roors, 3, 10 

* r\ 

2x “ 13.2x + 15.4 = 0 

• t 

OR 2X 2 - 26 X + 60 =0 

2 * 

OR x “ 13x >+30 =0 X^ th"i r 'quimef -quation. 

Furth-.r 2x 2 “ 13.4 x + 15x16 - 0 

r 

OR 2X 2 - 52x + 240 = 0 
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OR x 2 - 26x+l20 = 0 shall h .v 4 tim’s t.h ■ roots i,s* 

D. To incr-os/ or d'-'cro^s ■ i:h - roots of on equation by 
a givon numb -r t., 

INI a obtain th. succ'.-sciv derivative': of tta ■ polynomial, 
and subs tit ut j th' 1 irarspor'-ci valU' ■ of th-* given numb«r(—t). 

Sxampl- 7: Roduc * th: 1 roo'cs of th j equation 

2x2 - 13x + 15 = 0 (roots 3/2^6) 
by 1 

• -t = -1 

• • 

If y = 2x 2 - I3x + 15 y(-l) =2+13 +15 = 30 

y’ a 4x -13 y’ (-1) = -17 

Hence Equation is 

2 . 

2x - l7x +30 =0 

„ n 2 

jxampl • R: x ~ Rx —9 = 0 hos roots 9, —l- 

to find an equation whoso roots ar 1 * 3 mor • than these roots 

• — t = -3 Th equation should hav* routs 12,2 

• • 

y= x 2 - Rx - v y(-3) - 9+ 24-9 = 24 
y? = 2x - ° y 1 (-3) -- -6-8 =-14 

As such th'.- desired equation is 
x 2 - I4x + 24 a 0 

5 x amp la S: Equation x 2 “ bx - 6, = 0 has roous - It® 

Wa wish to h:iv - an quation whose roots aro 3 loss* 

So the roots should b - 4^3, 


-t = 3 
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y = x 5x - 6 * t y(3) - 9-15-6 = -12 

y’= 2x - 5 ’ y r (3) = 6-5 - i 

* * 

As such thu drjsir'id '.qudtioii i$ 

X 2 + IX -*12 - 0 


Discussions! 


Th-’ roots of th quadratic aquations which can b> 
factorised, can b- dir ctly obtained.Vodic Mathematics 


provides easy n^touls fur factorising, which hav? boan 


presented in th' 1 t.ach'.rs manuals for Class IX and X, 
Further, details ar availabl ’Is whir (^f.1^3,4), 



GliAP 


* » # 


4 


SSCJLJStJCSS As ID SSRISS 

Vodic Methods: Froqu*.n tl> ‘ j j oT r C ,<B P tid ^ wrongly think that 
mathematical tjpicn lilc • Art-'hm .-tie Progression, Geometric 
Progression, P.sr<Autdl.it).is ana Combinations, and Binomial 
Theorem otc. ar<- r cant contributions of VJost. This is a vary 
wrong fooling as d v ai 1 d discussions and proc'-dur'in of th^so 
and ffiany oth'-r topics ar uvailnbl ■ in the ancient t^xts of 
BhasKlarecharya and Sridharachnrya, Bhaskaracharya Loelawati 
discuss*-s tfc^so topics in a .-rails alongv/ith a numbsr of inte¬ 
resting exampl s in Chap^ -r 4 and 5. Wt* find the descriptions 
of AP even in th.* V„-dic t >xts. Further for working out the 
problems of th, 1- -''’ tcpSc? ,v h simple and >asy multiple choice 
methods of vjdic math-metier can h-'lp us to p .rform the 
compuiations with oc.s and simplicity, Vodic m .fhods of 
computations as outlin'd :< n 'h • chapter of introduction can 
be directly used. Furth r d-tails art* available -jlsawhera 
(Rnf. 2 & 3). 


QjmpUT li-JG 

Computer Arithm - lie - V- -die .»-br l ;h ;. - mafcics It is in tor os ting 
to not.- that til; m ^hod of subtraction using compliments 
which w j l.arn in this topic is exactly in time with the 
Vedic method, Th-r • is a p-rf'-ci similarity b-twoen th-: 
two (Rof.2 & 3), 


Vudic m >thods huv* 'o jen found to b-' 5 oasi >r to learn 
and delightful to us .■» ^fiir regular systematic practice of a 
few weeks wo can do mo.’ I u r : th. computations directly. As we 
use the vodic procndur“s of m nfcal -working we shall save time 
and effort. 
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C H A F .T .5 R 9 
OCCRDJ 1 :ATT3 GSOi-'iSTRY 

Applications of Vedic Math ■Mules in Problems of straight 
Lin t. 

1. INTRODUCTION 

Th-J application of V, die sutrus hel^ up co solve a 
number of problems dir’ctly, Fur-th ■?, fch us - of V^dic 
Tribhujank approach drastically reduces fch nu'iib r of 
formulae required in working out problems of Co—ordihatu 
Gaom •■try (both 2-D anu 3-D) and Trigancm.*try (both plhjhfcand 
spherical), Th. • Tribhujank approach of Vadic Mathematics 
has b-on briefly introduced in th ■ second chapter on Algebra 
of complex numb rs. 

A f*ow oMampl >s ar ■ pres nt->d h* r" 1 and also lafc.sx on 
in Trigonom jtry , Illustrating th sfficiancy of ths V-.*dic 
methods. For b>tt'r understanding th Chapters of trigonometry 
may bu studied b -fore thos - illus orations. 

applications of \/3dic m, riM:c: in straight lin£ problems 

9.3 STATION OF THE LINE 

Tha ouqation of n lin passing through two points can bo 
written dir ctly by using sutra Paravartaya Yojy ‘t (No. 4) by a 
more casual look at fch- cooroinat’-s* Th gon$fcant term can 
also b« obtained by using oh' 1 upsutra Adyam Antyam and Madhyam 
(No. 3) which in -ms th product: of tlrjmuans minus (**) tho 
product of tho extremes (Rof.l). 

Fxamplj i: Find th * equation of a lin passing thiough two 

points (8,9) ana (4,o) 

8 9 

4 5 

( 3 - 4 )y= (9-5)x + (S*5-9*4) 

4Y = 4x + 4 
y = x + 1 
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The coefficients of x and y arc- the diff >ronci of th-' 
y and x coordinnt r c'f.-; ij- u nd th j constant t-xfli is 
the determinant of th 5 coordinate-, 

Example 2: Find th equation of a line passing through 
(3,5) and (2,3). 


3 

JL. 


5 

JL 


(3-2) y+ ( 5~3) x + ( 3*3—2x5) 


. . Y = 2x - 1. 

9,6 normal furm 

Vedic Tribhujorik approach pmviuos th ■ straight and 
direct solution to must of th'* problems. Further, in the 
Vodic Mo thorn a tic a approach w-j do not no "d many formulae, 

Vi» had uur first in troduc ti.-n to th '* Tribhu janks in Chapter 
2, Lot us work out th Tribhjank- of --om- standard angles 
b for " u-ing th'm tc ( -uiv - proulfimc oi straight linos, 
Sxampl 2 3: Find ih'- quation oi the lin > through tho 

point (2.3) which raak s an angl 1 of 45 <J to the line 
y-= x + 1. Th r - are two lin s: th Tribhujank^ for tho 
given lin j and 45° am 
lino 

-O 


1 1 

45° 1 1 

By adding 0 2 

Therefore the lin • is 0*y - 2y+C) 

By subtracting: 2 0 


. 2x + C = 0 
lina 2y^3 


Sine® the lin's pass through the point (2,3) wo got 2x~4 


= 0 and 2y =: 6, 
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’ r-t 

* 

M 

V\le can s -■ ■* tint how conv-niant it is to solvi 
this class of probl -is oy the Tribhujanks. 

.^rnplc! 4: Find tlv. equation of circl j with a c -ntre 

(2,3) which is tangential to thu lino y=3x. 

V'jo n-t*cl th” radius of th.- circuit, AC, since the 
circle is tangential to th.■ lin*' y= 3x, the sum of tho 
angles b a two on th«* contjn and the x-axis (S) and the 
centra and the tangent (F)has a gradient of 3, Therefor', 
tho second angle (3) and h.nc- th i radius of th > circle 
can b" obtained by finding th.* diff-jranc-’ of the 



(x-2) 2 + (y-3) 2 = 9/10 


Since wo ar■ * interest ‘d in the actual lengths 
therefore the Tribhujank has to b* divided by suitaolo nufnbor 
(hero*£o ). Further / fr'cjuontly wa do not wouir- all ’the 
three elements of th • Tribhujank, 
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EXAMPLE: 5 s 

What is tho length of perpendicular from -fcho point 
(4j3) to tho lin-- y= 2x* 

SOLUTION : If w) subtract fch ■ Tribhujank for point from th: 

Tribhu j ank for tan lin' yrs shn3 1 got tho i'ribhu jonk for fcho 
remaining angl . Th ■ mlddl -l'-m*nt of which shall b- tho 
dnsir^d length of pc rp indicuiar (S-.-a F.2). . 

_ <s>?r 

lin 1 2/5 -gy 

Poin t _4_ 3 _ 3 _ /h. 

Subtracting^_12)___5___ / N. 


Triangle OPQ = 10 J/fT b/ \/IT 5 | 

_____ 1 

Thor ■ for PQ = \/b --- 






Example 61 Compute.: th • di.vfcanc of tho point (- 2 , -3) from 
th • lin 4y + 3x = 0 


lin j 

4 ; 

“3 

point 

—2 

-3 

Subtracting j 

- 

18 

Thorafor<- PQ- 

18/5 

= 3.1 


Hxi^fflnlo 7: Find th. equation of th ■ straight lino passing 
through th pair of points (3,4) nlid (2,-1) 


Exarnr 


(3-2)y= 4-(“L) X + 3*(-j) - 4*2 
OR y=5x -Y*. is th - dnsirod aquation, 

: Find tho 


^5x.9.& p # l74 of Pt.II Class XIJ* 
Wo know that Tribhujank of 30° j_ & 'I 
30°) ^3 12 \ 


\ contd.. 

X \C A C°-V 
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Th rt'forr 1 co—ordinat ■> • »f P ur 1 (> 2) 
Tribhujanks of x-axis) irv 1 0 1 

of 120°) is, Adding + — 1 */3 2 

» 

Tribhujank of BAX) is -1-1 >/3 2 

Therefore equation of line. APB is 

-y =v/3x + c sine 3 j'c 
passes through P(2/3,2) • * - 2- 6+ C OR C= -8 


Substituting th > vain ■ of C 
Therefore -y = ^3x — 8 

OB y + /3x = 8 is tho r^quir^d -•quatioh, 

5XAMPL5 9: (Take 9.7 Sx.pp 175 of Book) 

<T 

Tribhujank for /’ 

x-aiis) 10 1 /j 

1 2 __ * K 

T^Lfihufjank for OAtl) /3 12. s 

v v 

Therefore equabi n -.if lift- 1 is 

_ 

>/ 3y = x + C 

since it passes through point 0 (-2,33) 


X - /3y = 2+3/3 

* * 

is tho required aquation. 

Discussions! Furchor th * V:-dic rishi s had a though knowledge 
of circles and conics. They had vory simple and direct working 
rules. Only simple illustrations have bo an pr son ted hc*ro du-; 
to paucity of spac. >. Further details aro available in Sulba 
sutras and oth'r texts, (Raf,3,8 & 9), 




CH-AJP X.S R 13 
TRKJJNDMTTRIC FUNCTIUMC 
Vbdic Mathematics Y/dO-C^ 

i - 1 rn^uucriuM 

This branch of inat A _ J^ci j±cs was v^xy wlj.] 
developed in ‘bh^ anci- at Saar a t. Wo havv> sviv:jral 
details available in Sanskrit bit jraturu (R->f. 8,9, J.O) 
dealing with as tronomy rc w In addition to th^ long -form 
treatment Vedic Math -matics also provides dir ;ct and 
simpl • approach of Tribhujanko for solving most of the 
problems of Trigonom try (both plain and spherical) as 
well as coordinat goom try (btoh 2—D ano 3-D). The addi¬ 
tional advantag of uring in. V'-dic Tribhujank approach 
is that most of the appliconts can b don without the • 
use of’bulk of the formula*' and idontiti .s and the time 
required for study of Trigonom-try can b> drastically 
co c down, Furth r, iribhuji.uk approach con provide batter 
accuracy and pr. oision * t hnicel aj <p'.J " It has 

also b^en found to bo 'lo 1 ' -1 wffici nt foe compu tor software. 

We had a briof in Production to til.: Tribhujank 
approach in Chapt r 2 on Algebra of compl <j< numb ,<r and then 
in straight lin - problems. H>n wr> shall studv soM: appli¬ 
cations in trigonom trie ■ >robl ms. A f iw problems of 
solution of triangles and inv rs"‘ trigonom trie functions 
have boon presented in nixx, two chapters, by way of , 
illus tration, 

2. GQM wi SNTa ON TRIB BUJ ANKS : — 

1. Any common factor can b divided out. 

2. These numbers use -ntially givu us th~> o-isirod angles, 

3. If A is 4 # 3,0 than compluinnnt of angl.' {90—A) is 

si-ply roprasenr.-d tho thi.rd angle of 

rinnl r, ; c 


.o riaH 1 . c.nalj 
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Sxarnpl: is Find to. frVohujank of 2A,If(A) is 4,3,5. 

A 4 3 5 

A 4 3 5 

- . - ■ I- M . ilm . ■■ ^ 

2A (4x4“3x3) (4x®+3x3) (5x5) 


OR 


Similarly: A-A=o 


.Q. 


7 24 25 

16+D 12-J 2 25 

25 0 25 

. — —■ '»*■*■■* ■ ■ » *—— * 


Thorofore Tribhujank of o is 1,0,1 (Sjo Fiy, l) 

The formulas for fiauincs th‘ TribiiujanJj for thu double angle 
roducos to i.h.t simple form. In yr'ji.ral if 
A x y z 


_2A.__ 2X1 _ 2L. _ 

The* first part can b; directly obtained by Using the 
seventh sutrs m ining, ’by addition -mo subtraction’, 

Sxamplo 2: Find th : Tribhujank of A + D if A and B are 

complom;>ntary angl -c* Ang] ^ A a irrational Tribhunak(A) 

4 * 

2,3 

^13. ther-jfor- B will b. 3,2 /13, wj know tho sum should be90°• 

A 2 3 y/13 

B 3 2 /i3 

A+B 6-6 9+4 13 

0 13 13 

OR O 11 

Wia ^^ijXvvU. dl o° TS °J \ . I 
is 12 " T 5 13 


Similarly A-B 











t • 

t • 
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Note that the sum and differonce of two 
irrational Tribhuj.ink njuu not essentially be 
irrational*(See Fig., 

Similarly Tribhujanlc of 180° (which is 
double of 90°) is - 1, 0,- Ij of 270° 'ivO, - 1,', 

1 and 360° is I, 0,1* These results have also 
been summarised in figures (See Fig,3). 

Hxarnple 3t Find the Tribhujank for 2A, 

— —*——uw5t- ■ » -12- 

2A 5 T -12 7 “ 2x5x 12 lb a 

-119 120 169 

The first element is negative as 2A is an obtuse 
angle. Therefore the base of the resultant triangle 
is extended in the opposite direction (See Fig*.4). 


• # 


contd 
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Example 4: Find tha Tribhujank for A-B, vharo 
5*12 ,13 


(A) 12,5,13(b) 


A-B (60+60) (25-144) 169 

120 119 169 

.». .. > ~~~~ . . , .. 

The negative sign of the second elemsnt indicates 
. that the resulting angle is negative (See fig.5) 

We can easily see that tha Tribhujank of any angle 
(**A) can be obtained by simple changa of the sign of 
middle element* 

Example 5; Tha tribhujank for 45°, 30°,60° etc.can be 
easily found from half of the sqaure and half of an 
equilateral triangle (Sea Figs.6 & 7). 


3.0 HALF ANGL5 TRIBHUJANK 

Iffi) x,y,z than A/2 Tribhujank will hs/e the same middle 
element (y). However the first element shall be addition of the 
first and third element (x+z) of A. Further, tho third element 
can ba computed by using the other two elements. 

Example 6; Find the half angle Tribhujank of (A) 3,4,5 (Fig.8). 


Both the geometric and algebraic proofs of this are 
given else. where(3,). 



Example 7s Find tho half angle Tribhujank for (A) 5,12,13, 

(F'9.9) 

A 5 12 '3 

A/2 5+13 12 

18 12 

3 2 /1 3 

The numbers in the Tribhujank do not essentially give the 
actual dimensions of the new triangle and shall have to be 
suitably modified for applications in transformation and 
co-ordinate geometry, 

TRIQONDMSTRY, 

Trigonometry deals with the relations between sides and 
angles of traingles. We ur..- six trigonometrical functions which 
arsoefined as six possible different ratios formed out of the 
three $id, of a right angled trinanglu. In ^neral let any 
A ^ represented by Tribhujank, x,y,z. Then m know that 


V., 


N 


• • 


contd 
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Function 

Abbreviated as 

‘ ‘ Formula*. 




Sine A 

Sin A 

Y/z 

cosine A 

Cos A 

x/z 

Tangent A 

tan A 

y/x 

Cosecant A 

Cosec A 

2/y 

secant A 

sec A 

z/x 

Cotangent A 

Cot A 

x/y 


Tho usaal methods of proving identifies, solving 
equations, computing ratios etc. in trigonometry, we have 
to use the appropriate formulae from a long list. But if 'm 
use tho general form of Tribhujank (reducing 2 = 1 ) we do not 
ftaed any of„the formulae, Fut’llrr, jven the use of the 
grigonomotrical functions is not necessary, If A is any 

•f' 

angle represented by the general Trlibhujank p,q,i, and A 
can take any value between Q° and 36 q°, The six trigonome¬ 
trical functions then can be defined as cosA = p; sinA^qj 
tanA=q/p; cotA = p/q; secA^l/p and cosecA=l/q, We can also 
represent them on a single diagram, (Refer Fig, 10). 

Example 8: If s inA=4/5 and sin B=12/13 find (i) tan (A+B); 

(ii) sin(A-E}; (iii) cos (A+B): (iv) cos (2A); (v) cot(l/2A) 

(vi) sin(90-A) and (vii) tan frA) 

Tho third element of each Tribhujank is obtained by using . 
the seventh Vedic sutra, which mean»-by addition ^cL-subtrsctioo^ 
(A) - f 4,5 


Base element - 4+5) (5“4j r 










53< 


Similarly 

(H) is 5, 12,13, 


. 

A 

O 

4 

5 

B 

5 

1- 

13 

(i) A+B 

(3x5-4x12) 

—33 

( 5x4+12x3) 

56 

13x5 

tr<6 

65; tan (A+B) 


-i i i—i i fn ■ n 


(ii) 

A - B 

It is not rv.cos a ary 

-16 

to CvjiilpU tc 

tc 

65 sin(A-B)- *r — 1 
(>5"* 

ail thu thr. j u cleinonts* 

(iii) 

A + B 


—33 

;coo(A+B)=_ 




65 

(iff) 

1 A 3 2 - 4 2 

_ 

r 2 

. 5 . 


- 7 

mm 

25con2A= - 7 




y . 25 . 

« 

(v) 

A /2 3+5 

4 



0 

4 

- 


2 

. • 1 

. - ■ (A/ 2 ) =2 

• 

( vi) 

90° 0 

1 

1 


A 3 

4 

If) 

! 

(vii) 

90°-A - 

3 

5;sin(90°-A)=£ 

5 


■—t 

o 

o 

,0 

i ' ' 


A - • ' - 

- , 4 

5- 

m 



**7 * . +4 


CO 

f 

°o 

1 -4 

-jtatjfA) = — 



- 

' - 3 


contd.. 









J 


\° 


9i Tv (? ^Ol\^<Xvv|<. |tTw^ \J2.C V> J2.lfe,* 

$>1Z° „; \0^*‘ , - IS**' 


Trlbhujank for 30° is>/3, X, 2 

90° is 0, X, 1 

Th^/roforo Tribhujonk for 120° is "1 /3 2 

Tfibhujank for 


60° 

1 

>/3 

2 

180° 

-1 

. O 

1 

240° | 

*"1 

V3 

2 

Tribhujank for 

i 

1 



360° 

1 

O 

1 

720° 

1 

O 

X 

o 1 

45 , 

X 

1 

v'S 

720-45=675^ 

1 ' 

-1 

J7. 

Tribhujank f 

or 



45° 

1 

1 

& 

60 ° 

1 

/3 

2 

43°+6n°= 

•10o ‘ 

1V3 1V3 

2/2 

45-60 =< 

-lb) 

1+/3 1-/3 

2/2 

Tribhujank for 15 con 

b«, obkoin-d by who 

1 

alternate vi 

60° 


1 jnr 

2 

45° 


1 1 

/2_ 

60-45s 15 

1 

» 

1+/3 

2/2 

OR 0 ■ 

_ 


ys 1 

2 


30°/2= 15° ‘ 2+/3 1 


ways * 


cont^., 
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Example 10. Prove the following: 


i) Sin A ± Sin 2 A = cot^/2 

Cos A - OosgA 2 


ii* 

iii) 


0as2B-Qos2A 

Sin2B+Sin2'X 


sr?r ssm ■ 3 tpjl ( A-B) 


Sinl05 + 0-5S105 = Oob45 * 


let Trihhiijank for (a) 

"b x y 

1 

A x . 

y 

1 

2 2 

2A x -y 

2xy 

1 

V 2 X+1 

t 

y_/(x+1) 

~2 2 
+ y 

Similarly if (B) xl 

, yi» 

i 

A x 

y 

i 

B xl 

yi 

i 

a~b (x.xi+y*yi) (xi.y-x.yi) 

2B (x1 2 -y1 2 ) 

2xiyi 

i 

(i) SinA + Sin2A = 

CosA-0oe2A 

CM 

r^S 

jbK 

CM w 
+ 1 
!>> M 

). 

s= ; 

y( 1+2x) 

O 

1 

as y‘ 


- y 1+X 

l^x 1+X 

- 2+1 = cot ( a / 2 ) 

y 



(U) 


car. 2 B - *1 ^ 

r - ■ m4 ■ M ** 

siri2D ^ ci«» 2A 


' ;r 

2 o /£ ,£ 

xi - yr -* +'/ a 


2 ° 


2X1, yl + 2XV 


= tan (A-B) 

xi.y -x.yi 

x.xi + y.yi 



xi*yi ,+xy 


- „Zx'dL.Z-XjJLi- Fsc y* = 1-x 2 \ 
x,xi + y.yi. L- -i 


By G -'> mul Aij>lyin^ c; t, 


xl* + yi^.- v?' + 


2 


(iii) 


sir. 1 CY>° ± c V 'b° = c.;s 45 ° 


rh • Tribhuj.i’k *? 1-/3» »5jP? (calculat e! 

in th> pr vit e,u :.!• .0, 


Th r for , 

V2 


1-/3 
2 /2 


1 = Cus 45 

mm 

/2 proved. 


.o 


pr 'S'-n e UK' chad* 

sin 105° + C 03 10C° = •'< • U f >'°-lro°^- car, (r>C°-100°) 

= sir. 75 c - c^s 7«b 
= 53 ! 7"" - sK (-75°) 

-■ j,75 v - -if l.j° 

o 

= 2 C ‘la rl'.’ 30 

% 

- 2 c 4V * 1/2 *£ci s .ri..V of 


formula ■ hav baon Us 


- a. 


’proved. 
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Sxampl.. 11: Pruv • th .• fnlloviruj: 

(i) Cusn+siwi — cos A — 

*■* w — 2 ttfjSA' 

cosA -sin A c. s/fc + sin^ 

2 

(ii) l_r_£c^2^_ = ton A 

1 + cos2a 

(iii) sin(45^ A) sin i40^—^») — (1/2) cl»s2A 

(iv) s-'C^k + tmiA = tnn( 45° +A/2) 


(v) sinA (Go— a) sin(6CH-A): 

-( 1/4) sin3A 

Solutions 


Th ■ Tribhujnnk for & 

x y 1 

2A 

5 2 “““ 

x*-y 2xy 1 

(i) For L,H,3. X + y 

1 

1 X 

r 

j 

i 

i 

i 

1 

x -y 

x+y 

= 4xjf 

= 2tr , r-2/-> R.H.S. Pr iv.d 


x-y* 1 * 

(ii) For L,E.3. 

2 ^ ^ 2 
1 - (x — - ten A H.Ii.5.Proved. 

2 ~ 5' " JL 

1+ (x - y ) X 


(iii) Thj Tribtaujrpk for 

-,-Q 

4fj 

1 

1 

/2 

> 

X 

y 

' 1 

> 

45°+a 

1 

X 

1 

x+y 

x/2 


45°-A 

^ x+y 

x-y 

V2 


cor ltd 


* • 
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Fur L.xi. .p. 
© 


x+y 


in (4I3+A) siji ^- 1 . ) 

n 


i-=2L> 


2 .,2 

= x - y 


/5 

= (Cup:.V.)/2 R.H«S» 


Civ). Tfcr* Tribhuj nk 


A/2 


4i>° 


x 

x+1 
1 


r 

y 


i 

n/2 


4>Hrt/2 


(x+1—y) (y+x+l) 


Kojc* 


cA + in A = 

x 


= i+y = 

X 


X- 

X 

R.I-I.3. 


a (y =f x + l)/ (x-y+l) 

^/•oss niul kipiy . .v_. I.r :i«*p ;s - 

x^ + y'- =1 

1= 1 ]r r», l v d. 

(v) Th-i Tr: uhu j ni. i j. 


60"’ 

A 

i /\r 2 

x y 1 

6Q +/\ j 

j <x-/:-y) (x/rj+y) 2 

6ci°-^ 

(x+/3y) (x/3-v) 2 

2A 

(x 2 - ?> 2xy 1 

* 

x y 1 

i 

3A | 

: 

(x^ -3xy ~) (3X 2 * y—y* 3 ) 1 


, *iO 


c..'n td * * 
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For L,H. S. 

sin A sin (60-A) <•,!' n (6 o+a) 

~y ^/ 3* x -y ^ ( /3._x+y^^ ' 

2 3 2 
= 3x y-y = 1 

— sin3rt R. H,S. 

4 ^ 

4*3 frigoiit.iii Tijcicnl oiqu^tiuns: 

5xon)pl'j 12: Solv ■ th following aquations in 



Tribiiujonk form: 

(i) 

cus^ 

= 1/ v2 

(ii) 

cu tB 

» 1/ ',"5 

(iii) 

co tA 

+ bf"iiA — 2s* 1 cA 

Solu bion 

s: 



(i) If cosA = 1 / , 21 

th n Tribhujnnk for ^ is (A) 1, - f 4 2 
Th'-r-for 1 1,1, *2 and 1, -1 >2 ar. two solutiuns, 

(ii) If cotB = 1/ ,T 

than Tribhujonk for B is (B) 1, v3 - 

Th-r^for.. , 1, 2 and 1 ^ - 2 

tho tvsfc solutions. 

(iii) Lot tho g-mrnl ‘fribhujank for 
A) bo x, y t l 

Th n 





Co sA 

JS 

y 


a. 


ton a - 

+ y - 

~x 

2 


cA 


y 


± _y.7. - 

y 


xy 

x = 1/2 

Xhor-for-- bh Tribhuj .uik fur 

A} 1-2 

X + /*3» 2 • ‘ bh * fcv'u ' olu ~i »hs« 

S^BSSJAfclK; 

In Vudic j th-. -ic'; 5 .*jg v.fit is 'bh * original 
ncfcK-s for Hlgr-br' 1 . B j *ss ■nti-.H/ M *'’ns tho 
5 odd and gnnit fti uis tnrbh nil z\ ticr>• Tfa ’X 'for 9 
Bao jganit should .re ntirO 3.y b • th sood of 
diff-r .n b fnc -ts f bi -h v ' unties. This is quite 
cl^ar and obvi* uc if • n • i :- ucii's too v>h .tOntics 
tha Anciu-t V oic vjuy. I-Jovf w shall introducu 
ourdulv.s to th 3 B' j.\ ; k olft r.-nt Tribhujanks, 
that is th d nu «b r^, W ‘'iiill study Buajonk 

through t v "> ■ us- of B jo <n? ■« (Kly bra)* although 
tha Vyhol - thing c-n J.f'. b intcoduc d through 
Vodic QvjoW try. 

L=it p unci (■[ bo bh t'5 c.‘ h nnd '•ucjnd ulufn,jnts of 
g^aoral Tribhuj v nk, r pi’."- >n Liny n halt ongio A/2. 
(A/2) P» q 

P* Mt 


/p 2 + 


Thar -for 


canid*. 



s: 538 :: 

<A) p 2 - : 2 , 2p.,, p 2 + q 2 (l) 

Hem all th : j! m -■iih-. C Tribhu jf_.r (A) shell 
be rational if p,q or- rational. Furth r, p and q 
con bo us cl to 'g, ri rat 1 m p 'rfact Tribhujank of 
(A) (with tlir * 1 fn 11 vn «.-f (A)j ns such p»q» 
am called as th . D ' ‘janhs, (se-d numb rr.) of 
Tribhujank of ansi• 

(A) Froqu-nhly b -qual to unity and in 

that cos ■ only B^jank p is sufficient to completely 
do-fine th.- Tribhujank, 

(A) p* - l, 2p, p 2 +1 

If If wo substituf p ^qual to 3,4,5,6,7 jfc. 
wo g-t th ' following Tribhujank, 

rABL3 I 
TRIBHU JAK’K 


i jank 

Raw 

Fin al 

Middle 

element 

2 

3 2 -1, 2x3, 3 2 +l 

4 f 3 f 4 

3 


8, 6, 10 

- 


4 

15,8,17 

15,3,17 

2x4 

5 

24,10,26 

12, 3, 10 

5 

6 

33,12,37 

35,12,37 

,2x6 

7 

48, 14, 50 

24, 7, 25 

7 

8 

63, IS, 63 

63, 16 , 65 2x8 

9 

80, 13, 82 

40, 9, 41 .9 

1 


tc. 


Thorufor.. v;o con s jo 


that a long list of Tribhujank can he 


built up by uL • 3 “’k p jnly. In g n ml, 
wo us- ’’v D.„ ij.'.iks p, q. 1< this cess < sine • q 
is 1 w or-- 1 adding ,10 s ub L meting ell squ..j?.> 
of q (which is ■qUt.l to l) to obtain th ■ first 
one third 'Lunni using th * V -ole su i-.h>. 7« 

Tho mi da la _ 1 jm. re is tobm-in d by u-ong tha 
Upsutro Dwancf' yn_<< (:'!' .14) (Dupl .x of p, q, is 

2pq, th- mladl 1 m '.) 

5.1 Tribhujmk Pee' r 1 

If wj cor.‘fully Buucly . pat'*, rn <- I? oh „• 
Tribhujonks b-ing bull i. up by uritiy th wh< >1*. 
numb jr Bo nj. inks V rfu 3 <. »i> ,’rcb, w c ',11 cl * rly 
obs -TV.i th -t w -.r Q LLing two distinct groups of 
Tribhujanks. 

Group Is i L consist*-. .»f th fribhuj «nks ibbciin ’d 
from .;v.‘n D ■ j^ tl k £4}' ;H ate) ■. Iici th y hciv .■ 
following distil.c 1 ' pro ■ ~ ti ■= 

i) Thj middle Xon».,r-1 i .. doubl ■ th E ■ j auk (2*4 =R, 
12,16 otc) 

ii) Th : third il m r.L i - ,ilv yjs 2 m^r than th.; 
firs t (15+2 — 1/; 35+2—37 tc), 

iii) furth r, >*w • tim •; th sum of th first and 
third olifrt-j.t i- .qu,J. bo th.’ squor-- of tho middle 
olumont. 

2(15 + 17) = 64 - 8*3 

2(35 + 37) - 144= 12* 12 tc. 

Group 2: Th 1 Tribliujon lv ' cunipu-d by using tho odd 
numbur Bj-’Junkr. (3; 3;7 ate) -mb th*- thro.- ulurnonts 
of this group jxhibit th following proportions • 

i) Thu middle -1 .m'-.it is th B -njemk (3}57 .itc) 

ii) ih-> third ol.,fih;rvi* - is always oqc mor'- than tho 
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iii) Furth -r, th 
to th i square i*f 
( 4 + b) 
(12 +13) 


su.n u f first and oh - third ul.-m^nt i s 
th j rniddlv .-l'mwifc, 

= y =■ 3*3 


aqu al 


— _, 

— — 


b*b 


tc. 


OR 

In other words w c"'n «3cy th*t both th^sroups have very 
similar prop -rti s except th: t w; h->v • th - factor of 2 present 
for nvah B.njank -,nd this factor b .com s 1 for odd Boojanks. 
The* reason of this is quit-, obvious if wo cor-fully study the 
raw and th-- final •-'lnn-nts in th * Tablj I, of Tribhujank. 

(as wo h n ' already divid o by 2 th row alafo. nts of odd 
Boojonk). 

Th j so proparti s -if Tribhu jatiks ar • v ry useful ana can bo 
usad in two alt jrnativ • ways. Firstly w. can build up the 
thr jo olnm jnts uf any Tribhujank from th" B njank,Secondly, 
we can chock the c.<rr'-.cif>,>.ss fo throo elom..nts computed 


by using thj B j..j,ink formula'; 

. 2 o 

(p - 1, 2p f +1). 

It will b;.< int r sting to point .mb that V-dic Maths 
provides two altorna "iv..s appmoch-s which aro^ndi-p indent 
of each other* 

5xampin 13: Comp lit. th Tribhujank whos- J B*ujank is 
(i) 7 (ii) 13 (iii) 27 (iv) 3&(v) ,31 

Solutionss 

(i) p =7 

Tribhujank 7*7-1, 2*7*1, 7*7+1 

48 14 bO 

Therefor- 24, 7, 25 
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Ch-.cks C'i) 25 -"4 = 1 

(ii) ' -7*7 = 49 = 24 + 25 Okay 

(ii) p - 13 

Tribhujank 10*13-1, 2*13*1, J3*13+1 


•°4 13, B5 

G-bo ck: (i) 85—84 - 1 

(ii) 13*13 = 16 9 = PA + 05 Okay 

(iii) p = 27 

Tribhujanl. 27*27-1, 2*27*1, 27*27+1 
364 27 365 

Qaocki (i) 365—354 = 1 

(ii) 27*27 - 729 = 39 4 + 365 

(iv) p * 36 

Tribhujonk 36*35 - 1 2*36*1, 36*36+1 
1293. 72 1297 

Chuck: (i) 1297—12?^ = 2 b cou.i B *o jonk i*■; 'V «~n 

(ii) (72*72)/2 - 51P4/2 - 2592 

= 1293 + 1297 Okay 


(v) p* 31 

Tribhujnak 31*31-1, 2*31*1, 31*31+1 


62 


Th**jf.-sfojr i 

Chick: (i) 

(ii) 


962 

481 


960 

48 O 31 

401-480 = 1 

51*31 - 961 =s 400 + 481 Okay, 
5^2 Boaja»vk *3 l’riohu j^.nk: 

It is v ry useful !>> 1 T*ri t th 


th > Baujanks 


thornsolV'C ar ch. Tribhuj aiik of half angle, 

if p is th-; anly B jaok th * corraspohding 
Tribhuj ank is p, 1, - or p , 1, /{ + p 2 
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Furth -r if p, q ^ th B -‘‘jnnkc tiu Tribhujank is 

p,q - or 

7 2 

p, q ^/p2 + q 

5*3 Two BaojankcS 

In computing *h j Tribhujank of ^cbl 1, wj hava 
usocl only int>gor 3. .janl*s starting with 3, wo can 
al«o hav .■ act of Tribhujonks if w tok~ Beojank as 
2*5, 3*5 ate. or in u‘*.h r words Benjank is 2.5,1# 

OR 5,2 h.-r p= b one! o=2. This will giv'* as 

' * i- . ■ j 

another sot of Tribhuljanks. In ^edition to thos^ 
alr&ady obtain .a in Tbbi . I. How-vr, tha gen-ral 
formulae Cl) fur co puling fchw Tribhujank for 
th 3 gi v 2 n Bo ■jar ks r ain.<? th- ‘ sam& * 

Sxampl-' 14: Compute th Tribhujank if (i) p, q=12 f 5 

(ii) p ,q- - 7,2(ii.i) p,q = 9,2 

Solution: 

(i) p,q = 12,5 'i 

l ' 

Tribhujank 12*±2 - a*5, 2*12*5, 12*12+5*5 

119, 120-, 169 

<ii) p,q - 7,2 

Tribhujank 7*7 - 2*2, 2*7*2, 7*7+2*2 
+45, 2P», 53 

(i,ii) p, q * *2 

Tribhujank 9*9-2*2, 2*9*2, 9*9+2*2 

77 36 B5 
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5,4 Commuting B ..j.' k 2. Tribhujrnk: 

Th- B.' jank of my lribhujrnk can. b. -'lasily 
obiain.'d by using any ,*f th 1 two all •/fin'-iv m-'thuds* 

(i) Since wo know that B . jjonk iv* -If is a Tribhujank 
of half angle, th .-r ^for • using i-h h If mg!:- formulae; 
of Tribhuj-aftk p shall b • th ■ sum th ou-ir two 

olaments $fld q sh-.ll b' th mien - .!.- lsm.-nt itsllf,. 

Sxawpla 15: For rribhujmk 4,3,5 B ■ ghnk (p,q) shall 
ba 44- 5, 3 1.3. y,3?r-,l, . 1 ** 

(ii) Th) B.-jjank cun .\Lv b ub.-.in cl by using Vrdic 
sufra (No.7) by audit?... t o-d subtr cti-.vt p shall bo 
tho square root of th. uddit* .-i of th first and tho 
third cilumont of Tribhujetnk and q shall b.. tho squaxa 
root of the diff >r nc of th - fir-1 ana th.- third clamant 
of Tribbujonk, 

Sxampin 16; (i'. rcr Tribhuj nk 4,3,5 

Bc'ajank (p,q) sir 11 bn .fs+4 j 5-4 i,- ,3,1 
(ii) For Tribqujank 77, 36, R5 

I 

By first m.-thro 85 + 77, 30 

i.a. K>2, 36, 9,2 ' ’• ' 

(iii) For Irioujank 309, 4T, 401 
By first m-'thoo 401 + oO 1 ., 40 

i 

i. BOO, 40; 20, 1 ’ 

(iv) For Tribhuj-nk 28, 53 
By first method 53 + 45, 2" 

i. 9R, 2R, 7, 2 
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(/) For Trit-huj,. • !? 40;., 31,401 

t 

By first rn -thoo 4 n O + 4B1, 31 

i.-• 5)S1, 3 .l, 01,1 

Discussion; 

(i) Vv.j can s'm «h 'C th’ J' ■ j■ iik for any Tr.Lbhujc.mk ha= much 
sffiallor numbers* such i L* is '-lwoys much mr-r. conv-eniqnt 
to opurat• th j B.„jcuks« 

(ii) As waual V idle Maths pro vie .s us two alternatives ways 
and h*nc * tho s-cond m.-th^cl cun b • usjo for checking. 

5*5 Boajank of B • •jdtilc: 

As d /iionstru'c d in di ■» Ka by a yen 1 s sulbha sutra ic is 
quibo conveniently passjbi, find put tU». Bvajank of th fi 
Boojanlcs th.-msolv r., a*j D .jm!c i\sulf is "xpr ssing a 
Tribhujonk, 

Hxampl , 17: Th^ Tribhujank 119, 120, 1&9 hus' B-‘ojank 12, 5,- 
This icoolf r.pr saics «j Tribhujank 12, 3, 13, as such thu 
Baojank for 12, 5, 13 afrOl b ■ 12 + 13 5 i.>’ 5,1. 

5.6 B-.ojanl: for Supple. mwry .vribhujank: 

Th, Boujonk f. r auj,pl a m bary Tribhujank is obzainwd 
directly by y s ing th,- P-.ruvartayn Yojy t sutra (No.4) i.o. 
by transposing th B-tj.snk. 

Bxamplo 1°: If p, q s 12, 5 

By transposit - on p, q (Si') =b,12 

5.7 Br.-jank for C 0 m p l m ntnry Tribhujank ar obtained by 
using, th sutra Sankalana Vyavekalana (No.7) meaning, by 
gddition and subLraction*• 


corxtti « « 
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For Baejaiik p, q(CT)„ = (p+q) , (p—q) 

Example 19J If p, q= 12,5 

pq(CT = (12+5), (12-5) = 17-7 

o 

5*8 Bsojank for 0, 90°, 12C° and - 27o° : 

The Boejank for th.r. shell b • l # Oj „ , OjU 1, *1 or 
*0, - 1 r .isP'ictiv.,'ly. Furtirr, v/e can clearly s':.< that by simply 
looking at the magnicud, and sign of Bngahk p itself we* can find 
out the quadrant of fch angl ■ v’ipsj B jar:k i-' represent-d by p, 

1st quadrant From 0° to 90° Bnrg^nk p vari- s from gw? to 1, 

2nd quadrant from 9o° to 180° 6^-jaril’. p varies from l to 0 

3rd quadrant from 180° to 27 q°B j; jauk p varies from 0 to -1, 

4th quadrant from 270° to 360° Br.vj.ink p varies from -1 to - & 

. 5.9 Boajank op rati .ns; 

• I 

As tho pair of Bv-ga. ks jss^r-iaily represents a Tribhujahk of 

r i 

half jingle, thawforo wo co.i add and subtract Be ganks by using the 
• Tribhujank-proc .’dure and fu'th-r tb; sum of tlr- Boo janks shall also 
be thy Besjank for tlvs sum of th - Tribhujank. This prop irty 
greatly simplify $ th. addition and subtaction pmciss of Tribhunaok 
as.Boejank am much small -r in msghatud*. 

Bxample 20: Bogonk of (A) 12, 5, 13 shall b* 5,1 and Beajank of 
(B) 4,3,5 shall' b' 3,1. Addition of B ■ ganks gives 
p(A) 5,1 

p(3) 3,1 


p(A)|p(B) 14,8=7,4 
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gOLUTIC'J OF TRIAi GLE5.. U»If!G V2jlC M^rHl'5, 

Th*. solution of plan' triangles can b v>ry conveniently 
cion,-’ by using th.* V .oic, r iribauje.nk concept. 

L^t A»B,C b' th throe v rtic >5 of a triangl 1 and o^b,c, 
bo th-i sides opposite to th-s Th r ■ ari only 

threo useful fon'nul which v; uru for th . solution of 
planetriangles in ncioi ‘cion co th Tribhujank formulae'. 

1. Kona Nyun ;no formula (Angl d.:xi 
that 

a 2 + b 2 - c 2 = 2a*DC 

DC is th*s partial baa.-'. 

1 

2. Anurupy:na formula: In triangle ABCT* if 'cicir: AB= t and 
AC^X r and th 4 - Tribhuj&nk for angles B and C are (B) q,r r s 

_ l 

and (C) Q, R, S th 'h we 

can dsily r> > : thcsO AD=\;*r/s j;s d also AD* T*R/S, 

Th-'r-'fora t*r/s - f*R/5 thir h. th'> Anurupy^na formula/ 

3. ' Boojank formula- : For th 1 traiangl - ABC 

<B + <£> / {b—c) =: p(B-C)/p<B+C). 

( 

Sxampln i: If a, b,c ars 6 ,j, 4 Finn. E. 

3olution:By Nyun.-na formula 

a 2 + c 2 - b 2 = 2a*BD 

Th ;r ’fora BD = L,E. S»/(2*BC) 

— 4*4 + 6*6 — 5 * 5 / 2 *o 

= 9/4. . . 

therefore angle B =, 9/4 - /A 

= 9,-16 

If so ddsired-this ..can furth. r b .■ conv-rtc-d into aggie; 





5xamply -2: If a and c ar . 21 & lO and angl-i B i s 3,4,5 
• compute b. 

Solution: Sine.- Trib'iu j.■ : <or 3 ir, 0,4,4 tbij'sforo BD= 

10*3/5 = 6 using Nyuu ha formula. 

10*10 + 21*21 - b*b + 2*6*21 

thor-fo.re b s, 17 

S^^nplr' 3: If b=20 and, angl ■ b and C ar - 12,5,13, and 

3,4,5 r&spictiv.'ly* Compute C. 

Solution: Uhing the Anurupy,.na •cormul.a 0*5/13 = 20*4/5 
Th.’r ’fora .C = 41*6 

If b = 2 and c = 6 angl ,4,0 compute angle* B 

Solution: L*it th • Tribhujar.k of ar.gl' B b i q,r,s, then, 
using the Anurupy na formula 
6*r/s = 2*4/5 

Thoruforts r/s = 4/15 , - 

H^nce angle B = —^ 4,15 

Sxpmplsj;5 If b, c are 2,3 and angl’j A is 4,3,5 Fino B. 
Solution: P(A) = 3(bn*j junic) 
sines (B+C) is suppl fn -ntary angl ^ of A, 
p(B+C) = j/3 


Using Bos jank formula 
p(B-C)/p(B+C)= (b+c)/(b-c) 
p(B-C)=(3+2)/jt3-2) * 3)1 



=5/3 

i 

p(B+C) 

1 

3 

- p(B-C) 

5 

3 

adding p(2B) 

.7^ 

16 

Therefore B =2,9(Sine. 

p(2B) , = B) 


W® can also compute angl- C by subtraction. 
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Exafflpi-' 6 • Sxeifupl o>can also b ■ dams by using till Beejahk 
formulas. Although this appr-: -ch is unn c-'v arily long. 

p(B) = 5* p(C) * 2 9^^ - O-NN , ~ i * 

Thjrafon p(B+C) = 9,7 oncl(.Using Bonjank formula 

. L 

(11/-3)* (7/9) = ( 20+c)/2C'-C) 

77/27 - (c + 20)/c-2CT) 


50c = 2080 

c = 41.6 



In a rig’it angl'- triangle • 3 _jc a, b an 41,13 
cofoput- angl ‘ B. 


Solution: E-*r t (D) 41,13, w,; know that 4i, 13 are tho Besjank 
of a Triangle containing an ongl' 2B. So vr-< can find 2B, 41,13 

l 

is closo to 3,1, th'-r-for: ' 

41 13 ' 

_3_1 

Subtracting 13& -j = 68; “1 

Therefore uAjLtjg tabl .« II 
2B = .6435 - 2/68 
~ 6141 

Therefore B . 3070 
SPHERICAL TRAEMOLES 


Wa know spherical triune,1 ■ A,B,C is a triangl j on the 
surface of a sphur?, th.' sia-is b'.'ing effcres of great circles* 
The three sides aro expressed as angles, thiy make at the 
centra of the sph ir -. 

Further details are available ^lsowhers* (Rvf.3,5) 
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CHA PTER- 15 

C -r 


n& t-S wb's j'V that h&nqling of invsugc >, 

-Vno-tlvM^ ** U S &X>Jr*>*•{=►| 'V\i+%jk < v\ft<I • Vaul 

t V-*dic TribhUj auk appro achjr»*, a fow 


It.io 5ntor/stin$ td'nb-a rv th 
functions using th* 
illustrations nr. giv.jn h no to demonsbrut * thj c&ro and 
simplicity provided by the- V -die m ,-thoas(Box.3-,5) 

2xample?: SvaJ,uatid (i) cot ~ i (2) +cot~ i (3), 

(ii) Rtan" 1 (3) +coi~ 1 ( 2 ) 

(iii) 3i:i"”^- (3/5) +tau ^{ 2 ) 

W*>* sr^ raquirod to add fch ■ aliyi -s r pr^s ntnd by' thj 
individual invars*' functions. 


(i) 

A 

B 


■ 2 

3 

1 

5 

VTo 


A+B 


5 

5 

- 




1 

1 

/2 


Th- 

■reform A+B 

= 4'P 

(ii) 

A 


1 

3 

, /iu“ 


2A 


-8 

6 

10 


B 


2 

1 

/5 


2A + 

B 

-22 

4 

- 




“11 

2 

- 


Tharofor'- 

2tan ~‘ J - 

(3) +cot j"- t Cli 

(Hi) 

A 


4 

0 



B 


1 

2 

£5 


f A+B 


l ~ 2 

11 

5/"5 


-1, 


Thor.'foro sin ”1 


(3/5) 


-1 


+ i -' r - '(2) » tan (-11/2) 
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GH APII^ - .16 
SiATI 6i ICS 

Introduction: Wu hav > r3 ?• '—'y c n th epplioptions of 
V^dic Mathematics in solving th^ probl .'«ir of coordinate 
goomatry and trigonom try, V *d.ic Maths provide v&ry simp la 
quick and ansy m thods for combin .d operations of arithmatic*.. 
Briwf introduction to arithruatical operations has alraady 
boon pr 'sentjd in a pr vious chap ter* S^atis^ics roquir 
a sorids of combm '■d op* rations of arxthma’cic for salving 
different problems* Vodic m. thods can b'- used to provide 
spuod and simplicity. Applications of th? V;dio procedures 
arc- illus trat -d with the h&lp of a few oxampins. 

5XAMPLS l: Tha ay -s of all the male* inhauifants of a villago 


ware r<. 


and tha following 

froquoned tabl) 

Ago 

No,of persons 

(y «ur-.) 


0-5 

12 

5-10 

18 

10 - 20 

16 

20 - 30 

19 

30-40 

14 

40 - 50 

11 

50 - 60 

04 

60 - 80 

03 


Obtain tho moan ag^ por main inhabitant. 

Solution: j 

In this ox amp la wo first compute th toial numb, r of 
persons by adding the number of p' rsons ‘.n 'iach group. 

This can bo v ry efficiently don - by iviiny Vndic upsutra 
Shudha (Rof.2,3 s & 6) " 
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• 4 
f 4 


*« - . •*< . //., 

* 

»«• i 



—p_ ‘r&. 

,1 <; M.Wtfj V ill Ur* 

(Ydars) 


X 1 

0 -5 . 

12 

2.5 

5-10 

IP* 

7*5 

10-20 

1* 

15*0 

20-30 

19 

23.0 

•30 - <10 

14 

35;0 

40-50 

. 11 

45*0 

50-60 


55*0 

60 - 80 

' j 

V.F 

'• 70.0 

■ 

^i 

= 97 

Mi;'Ml V.jlU 

f % 3 . 3- * 

Vfiplj' til V T'iiJ nf th -■ 

two limi ’ s of a'.' , 1 

•ij '.*ch in 1 • rvcl* 

For c -Hi, ‘Uibing la -uiai . z 

wh proouc hs of end X, 

wj u<si ;.i Cir-abin *d 

Op iic; O 

f multiple cuti. i, one ocidi 

using th Urdhvr.eutro. . 


Ill st ‘p 1 Vs' 

Ci ,i-.io r th 

* v rcicr.l products of th 

right mo ,t digi s'*,. 



In St'*p 2 *; 

• -c th 

. croirO jir.-fiucxr. u*r two 

digits - - f 1. f fc hui id 

sid : , ic. 



= 10/110/190/50 = 2295.0 

5t<.*p 1: 5x2 + ax' 1 + 0x6 + . . . . . . , 

... +0x« .*3 = 50 

Stop 2: (2x2+1x5) + (7x»+5xl) 

+ (5x r ~ + 0xl) 

+ (5x r 9+0xl) + (3x-i + 0x 

:i) + *^5x l+0xl) 

+(5x4+0x0) - 

!- (0X3+0X/) 


= 9+ 61 + 30 + 

45 +20 + 0 

+ 20 + 0 = 190 

Stop 3; 2x1 + 7x1 

+ ( lx6*+5xl) 

+ (2.x 9+5x1)^ 

+ (3x4+5xl) + 

(•IxI+ 5- i) -t 

■ ( 5x4+3x0) + v 7 x3+0x0) 


= § + 11 + 23 + 17 + 9 + 20 + 21 = 110 
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S b ,J p 4 ; 0 + 0 + Ixl + 2x1 r 3x1+4x1 +’ 5^0 + 7x0 
= 1 + 2+3 + 4+ 0 + 0 - j_0 

rvr oivi.-j.-H, v.-j ur. Jt.j V..diq Ph..vajanlc lAothod uf 

s'croicjhi divisx (R £ 2 «- 0). In this cus 1 s -m£j divisor 
(97) c«-ri«?isTC<=- oi bit; cii/jifcs, -v-.-n Mikhilafti m -thud uf 
ciivisi->n con b v -ry ifici.-«,tly utilis'd. 


jC, X. 


= Z20$ 
97 


/ 2 2 4 9 r 5 


2 3 7 


22 r 9 = 2 , rt4j 7x2 " 14 

49 - 14 = 3H; 35 7 v = j HR; 

7X3 = 21, RO - 21« 64; 64 4-9=6 R10 i 
7x& = 42, 100-42 = 53; 53 7 9 a 6 R4 otc. 

X = 23,66 

The- rn -nr» oq . is 21 .7 y u .\j ^.j j ■ xifAnt.-ly 

SX/jjviPLS 2 : Th>-' ^ j?> .;al „xp ns s on th lot,. r- dospatch fd -fr >ni 
an o£fic-' on u oi^'-i do.y r suit d in th, following fr qu-ticy 
distributi>n. 


(P) 


Me,of l' ,- bb>rs 


rinci th ■ iti c.!i jji. tog- p 'T 1 tl; r, Conv rt thv postal 
chargos in rup «'«s and tcujn calculat > th»* ®oan postiig p- r- 
lott -r. 
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Pont ay i (x^) 
Ipai*; j) 


No* of 1 *'‘\rp 


2. f i = 202 


T-v 

One ayoin j C niu , r.'a V die Shudhn ui.-bhoc of addSjon, 
Th.i suML'd *' uf eh. o.* 1 jCiuc'■«* can o-. dir cvly obtainjd 
by using thc >nbiri u >p r u vj/ a of njfi th»'ic‘bic a c <. u cl in'd 
in -oh-! following ohr . i;i.pa. 

<r x. = 03x4*7) + {30* x 33) +’(35X36) + (60x4l) 

+ (70x25) 

5t3p--U_ (5*7 ■_ + (0x3) + 15x6) + (0 xl) + (0x5)= 65 

carry cJinit 6 

n top 2: 6 (co'ry) + Ox7+tx*') + (3x3+0x3) + (. x6+5x5) 

+ (6x ^+0x4) + (7x3+0x2) = 126 

carry >v 'r = 12 

Stop 3; 12 (Carry) + (1x4) + (3x3) + (3x3) + (6x4) + (7x2) 


= 73 


f. x. = 7p,6y 

1 i 


> v [, x . 

— 1 ■= jU&i- 


In actual \} ■rking w o.» 1 1_. n -o to wrjlb. uown th isu stsp 


COn’i'd, 
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and ifio***■> of fchw working cor. b am* m -n'oally, 

Th' 1 clivip • -*r : i-- c-jrri o 'me dl** qtly in on.- lin? 
by u**.lnt, t.h V die ubvMj^.h 4 > \ t . <, u r f ?tre.i.c_ l a , o division 

(Rd\ 2 3,0) 

9 02 / 7.8 8 5 

£ , j jj_ 

39.0 6 - 

= 39.94 

7+2 = 3 Rl; 


0X3=0, J8~0 =18; 18 * 2 s 9, R 0 

dfc> 

0 x9 + 2x3 = 6 , 06 - 6 = 0^J+ 2 = 0^R 0 
0x0+ 2x3 = 18,0b - 18= “l3~ To* * 


13 * 2=6 R 1 tc. 


X = oB.'X'Pf'ic f! r l.-' u Lir 

„ = *IP Rup h p >jr 1 '■ -r. 

y 

SXmb-LS 3s Th ■ -tcurs of natulan A iy.,jr 38, 70 48, 34, 42,55, 
63,46,54,44 fine! fcft ■ vor? anc . 

3olu oion: 


x i 

(X,) 2 

38 

14 4 4 

.70 

4 9 0 0 

»• } 

48 

2 3 04 

34 

115 6 

42 

U 7 6 4 

55 

3 0 2 b 

63 

.*3 9 6 9 

46 

'-2 116 

.54 

*'2 916 

44 

. ► * , 
19 3 6 


<£^r = 4 9 4 ^T(x.) 2 = 2 5 5 3 0 




.5*5 


For (x^) 2 $ iv!' bale, dupl ,x 
Pushp 3 for do uoj In) 


niunb (R -f r ebap’b 'r 2 ORAViv’i 


(30) 2 

p /( 

- 9/4 r /O ’ 

s 1444 

(70) 2 

sa 49/ 0/0 

= 4900 

(48) 2 

= 1^/6 

= 2304 

(44) 2 

= 10/3'/I 

= 1936 




n 


= (41 4) 2 

"if. 


= 1 6 /7 2 /X j3 /7 2 /X 6 

10 

= 2f^iS.3C = 24403, S 

10 

( Xi ) 2 - fe t ) ? 


n 


- 2^030 - 24''.03 . 6 


Varianc,» = 


2 

O' 


Cr 


= U26'.4. 

10 

2= 112.04 


SX/WL5 4: Ta ■ rn ,'ru •< (in rain) •>£ Lh-. diam i,-r of iho 

hoaclc of 107 net* ms ».av t/i r^llovSno xr c,a*ncy tablo. 

D i /,ai ” r rr qu -ncy 

33-35 17 

30 -3ft 1- 

3 >41 23 

42- 44 Si 

43- 47 27 
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Calculat' ;-.i. j t.i. 

'an li od 

didifK, t p r ; cr *v/«. 

S'lluti jn: 



Diam.-<*b r 

Ivl - > , 

Prv.qu ‘ cy ( f^) 

33-35 

34 

17 

36-OR 

37 

19 

39-41 

40 

23 

42-44 

43 

21 

4b—47 

46 

27 



2. f i s 

Foj^f i x i 

= 


St ip li 4x7 + 7x9 + 0 x 

3 + 3x 1 

+ 6x7 


=28 + 63+0+3+42= 136 


Car-'y ov r 13 

3-t^p 2: 13 (Carry) + (3x7+4xl) + (Ox^+ijxl) 

=(4xO+0x2) + (4xl+3x2) + (4x7+6x2) 

= 13 + 25 + 34 + 12 + 10 + 40 s 234 

Carry ov >r 13 

3tap 3: 13 (c«rry) + C x 1 + . \1 :-xl + 4x2 + ,x2 + 4x2 

= 13+ 3+ 3+P+ft= 43 


f. x.^ - 4346 

,07 / 4 3/ 4 6 0 

L ' - — -* ~ 

4 3 ~p 4 = 41,4 — 40 »6 

4 * 1 = 4 R O j 0x4 = 0 03 — 0 = 03 
03 t 1 = 3 R O j 0 X 3 + 7x4 = 2fl 
^4 - 28 = 2*4 2 441=2 4 RO 


* • • • 
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APPMDIZ-II 


fcirJcehop for Development of Teachers* Guide in Mathematics for 


pH* 


it* 


ffjjuuB s The Ra man ujan Institute' for advaiiced study in Mathematics*-. 
TJniv. of Mfidr&s, Madras. * 

BPEAMO^‘21 - 27 Aizgust i$89. 

IjtST Qfr partic-ipmts 


Name 

1 , Prof. V.G.Tikekar 

2 . Prof .M.S.Rangachari 

j, ■ Br. Hemal atha Thiagarajan 

4 . Shri K. V.Jayajjothi 

5 . Mrs. Bhagyalakahmi Kailasan 

6. Shri G.R.Pranesacher 

7. Mallika Viswenathan 

* 8 . Mrs. P.V. Meenakshi Armal 

Shri S. Santharamatf. 


■Address 

Department of Applied Mathematics 
jndj BTi institute of Science# 

Bangalor©-560012. 

1 

Institute of advanced study in Matfce 
University of Madras, \ 

Madras-600005. 

Department of Mathematics, 

R. E.O., !Drichy-l5» Tamilnadu. 

Kendriya Vidyalaya, 

A.P.S. Avadi, • 

Madras-55- 

Padmseshadra, 

Bala Bhavan 5 

Sr.Secondary,School, 

Madras-54. 

Department of Mathematics# 

S. D.S. College, 

Hindupur-515202, A.P. 

Adarsh Vidyalaya Matriculation 
Higher Secondary School 
170-172 Peters Bead 

Royapettah 
Madras-600014 • 

State Institute of Education, t 
Poojjapura, 

Trivendrun. 

Sainik School, 

Satara - 415001. 


9. 




•I f l» 

J 


10* 

Miss. R. Vi jail akshni 

Vidyadaya Girla Higher Secondary 
School, Madras-600017. 

11. 

'Sh.P.K. Srinivasaa 

20,‘Twentii‘ifth Street, 

Thillaiganga Nagar, 

Madras-500061. 

• 0 *" 

12. 

Shri V.Seshan 

Atomio Energy Central School, 
Anushakti Nagar, 

Bonhay *400094. 

13. 

Shrl S .K. Reychaudhuri 

Raisina Bengali Sohool, 

Mandir Marg, 

New Delhi-110001. 

14. 

Sh.N.Gopalkrishnan Hair 

Mahatma Gandhi College, 

Penmnai Changana Cheriy, 

Kerala. 

15. 

Shri T.Dharoarajan 

Govt.Higher Secondary School, 
Aahokapuran, Ccihbatore-641022. 
laniluadu. 

16. 

Shri T. Venkatesan 

Sr.Secondary School, 

83, BIG Street, 

Iriplioan, Madras-5* 

* 

17. 

, \ 

Dr.V, Shankaran 

Regional College of Education, 
Mysore-570006. 

18 . 

Sh.C. Bright Guana Singh 

Agarwal Vidyalaya, 

54, E.V.K.SaLibolh Boad, 

Madras-7. 

19. 

Shri P.K.Tewari 

Kwndi'ija Viuyeuaya, 

Sangathan (Hqra*) New Delhi • 

20. 

Shri V. Murthy 

JCendriya Vidyalaya Unit II 
Bufcaneewar-751007. 

21. 

Prof. K.V.Bao 

DESM - NCEKT, 

Sri Aurohindo Marg, 

New Delhi-110016. 

22. 

Do\ Hokum Singh 

(Programa Coordinator) 

DESK - NCEHD, 

Sri Aurofcindo larg, 

New Delhi-110016 
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APPENDIX - III 


Worfcshop for finalization of Poachers* Guide in Mathonatics f or Claes XI# 


VENDS 

; S IE E I, Udaipur, ‘Rajasthan 

XiORAFION: 15-24 January, 1990. 



list of Participant! 

* 

Nana 

Address 

1. 

Prof. D.D. J«shi 

Indira Gandhi Rational Open University 
Maidan Garhi, New Delhi-110030. 

2* 

Prof. K.S.Chaudhari 

Department of Mathematics, Jadhvpur 
University, Calcutta-700032. 

3. 

Dr. S.R.Joshi 

Department of Mathenatios, Yogeshwari, 
Mahavidyalaya, Anbajogoi-431517, 
Maharastra. 


Shri Prabhakar Misra 

State Institute of Science, Alenganj, 
Allahabad, U.P. 

fk 

Mrs. A. N. Sidd&que 

Kendriya Vidyalaya, Sadia Ragar, 
Sector-III, New Delhi—11-0049# 

6 . 

Mias. Alka Kalra 

District South . • 

Directorate of Education Delhi Adon. 
Defence Colony, 

Row Delhi. 

7. 

Shri K.S.Pande 

Vicy r, Bhawan, 

Udaipur, Rajasthan. 

8. 

Shri Sureah Chandra Joshi 

Kendriya Vidyalaya, Rklingarh, Udaipui 
Rajasthan. 

9. 

Shri Ganpat Bur ad 

SIERI, Udaipur, Rajasthan# 

10. 

Shri Erishan Kr. Dashora 

S33H1, Udaipur, Rajasthan. 

11. 

Shri S.Ii. Jain 

Govt. Sr. Hr. Secondaiy School, 
Khannore, Udaipur, Rajasthan.^ 

12. 

-V*' 

p 

Dr. B. Deokinandan 

DESM - RCBRT, 

Sri Aurobindo Marg,_- 
New Delhi-110016. 

13* 

Dr. Mukti Acharya 

pBRM - HOERS, 

Sri Aurobindo Marg, 
wow T>o^^ri— 110016 ," 

14. 

Dr.Hukum Singh 
(Programs© Coordinator) 

DESM - ROERI, 

Sri Aurobindo Marg, 
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